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Application of radial basis functions to evolution equations
arising in image segmentation”
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In this paper, radial basis functions are used to obtain the solution of evolution equations which appear in variational
level set method based image segmentation. In this method, radial basis functions are used to interpolate the implicit level
set function of the evolution equation with a high level of accuracy and smoothness. Then, the original initial value problem
is discretized into an interpolation problem. Accordingly, the evolution equation is converted into a set of coupled ordinary
differential equations, and a smooth evolution can be retained. Compared with finite difference scheme based level set
approaches, the complex and costly re-initialization procedure is unnecessary. Numerical examples are also given to show

the efficiency of the method.

Keywords: radial basis functions, evolution equations, image segmentation, re-initialization

PACS: 87.57.nm

1. Introduction

Image segmentation is a significant branch of image pro-
cessing and computer vision applications. The aim of segmen-
tation is to separate image domain into a collection of distinct
areas, in which other high-level tasks, such as tracking and ob-
ject recognition, can be further implemented. During the past
two decades, the level set method!!! has been widely used in
the field of image segmentation and other scientific and engi-
neering problems.!>~ This is a versatile and simple method of
calculating and analyzing the motion of an interface and fol-
lowing the evolution of the interface. The primary idea is to
implicitly represent an interface of codimensional one as the
zero level set of a function in higher dimension, which is re-
ferred to as a level set function, and then derive an evolution
equation of the level set function by minimizing a certain en-
ergy functional defined at the level set function. [®!

The evolution equation is a time-dependent differential
equation and is numerically solved by finite difference meth-
ods (FDMs) in most cases. Although these numerical meth-
ods have been used to gain accurate solutions, they are of-
ten time consuming and computationally expensive. More im-
portantly, in using conventional level set methods, the upwind
scheme is usually used to maintain numerical stability, and the
level set function often develops irregularities during its evo-
lution, which causes numerical errors and eventually destroys
the numerical stability. To accurately solve the evolution equa-
tion using FDMs, a numerical remedy procedure called re-
initialization!”! is introduced periodically to restore the reg-
ularity of the level set function and remain as a stable level set
evolution. In re-initialization algorithms, complicated differ-
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ential equation solving procedures are involved in general. Be-
sides, re-initialization may incorrectly move the zero level set
away from its original position.'%) Although alternative tech-
niques without re-initialization were recently developed,!!~13]
they often require dedicated and complicated extension of the
speed function defined in the zero level set.

Radial basis functions (RBFs) are a class of functions
where the Euclidean distance of a fixed node from a vari-
able field point is used as the independent variable. From
1990, RBFs have been used as meshless (or meshfree)
methods!"417! to approximate the solutions of partial differ-
ential equations (PDEs).18-221 The so-called Kansa’s method
is one of the collocation methods, '®! in which the approximate
solution is obtained by collocation with RBFs on nodes.

In recent years, Wang et al.!”*! developed RBFs-based
collocation method for evolution equations arising from the
Xie and

Mirmehdi[®*! presented a research in level set representation

level set-based structural topology optimization.

and evolution using RBFs. In their work, PDE-based level
set evolution equations were used to represent the considered
problem, and multiquadric (MQ) function was used to define
the implicit level set function. Since MQ is a conditionally
positive-definite RBF, the implementation of their methods re-
quires the addition of a polynomial term together with some
homogeneous constraint conditions in order to obtain invert-
ible interpolation matrices. As a result, the number of un-
knowns is added. In addition, Gelas et al.[?] explored the
use of compactly support radial basis functions (CSRBFs) for
the level set evolution equation. Nevertheless, as pointed out
by Zhang and Liu,[*'! CSRBFs are less accurate than non-
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compact RBFs.

In this paper, positive-definite and non-compact RBFs are
developed for solving evolution equations appearing in image
segmentation. The variational level set evolution equation is
used to define the image segmentation problem. Following
Refs. [23]-[25], the implicit level set function is interpolated
using RBF implicit modeling. Then, by collocation, the origi-
nal variational level set evolution equation is discretized into a
system of mathematically more convenient ordinary differen-
tial equations (ODEs). Finally, Euler’s method is employed to
solve these coupled ODEs. Because the used RBFs are global-
support and positive-definite, a smooth level set evolution can
be kept without re-initialization. Consequently, the interface
contour can be initialized anywhere in the image. Besides, we
demonstrate that the segmentation can be implemented even
without any initial interface contours.

The rest of this paper is organized as follows. In Section 2
the RBFs interpolation scheme is described. In Section 3, the
variational level set evolution equation for image segmenta-
tion is presented. Then, a detailed numerical implementation
for the evolution equation is provided in the next section. In
Section 5 some numerical results are given. Finally, the con-
clusions are drawn from the present study in Section 6.

2. Radial basis function interpolation

Let  be a bounded domain in R?. A general point of
R? is denoted by & = (x,y). Assume that there are N distinct
nodes x; (j = 1,2,...,N) inside the domain £.

The radial basis function interpolating u () from the sur-
rounding nodes of a sampling point « can be written as

aiR; () = RT (z)a, (1)

=

p(z)=

i=1

where R; (x) is an RBF, ¢; is a coefficient,
RT(:B) =[R| (x),Ry(x),...,Rn (x)],

and
T
a=lay, ay, ..., ay] .

The unknown coefficient a; is normally solved via collocation,

aiRi(@)) = (), j=12....N. @)

M=

i=1

The system of Eq. (2) is uniquely solvable providing that
the coefficient matrix

Ry (wl) RZ(:BI) RN(:BI)
v — Ry (:1:2) R, (:152) Ry (:122) )
Ry (;BN) Ry (.wN) Ry (}cN)

is nonsingular. Theoretically, the positive definiteness of the
matrix is sufficient to guarantee its invertibility. Neverthe-
less, most of the globally defined RBFs are only conditionally
positive-definite. [>!]

The effectiveness and accuracy of the interpolation de-
pend on the choice of RBFs. A variety of RBFs have been
suggested and can be employed for this purpose. Three com-
monly used RBFs are multiquadric (MQ), Gaussian, and thin
plate spline (TPS). For MQ and TPS, the linear polynomial
basis is required. Gaussian can be implemented without any
additional polynomial terms as it is positive-definite.[?®! The
following Gaussian is chosen in this research:

Ri(@)=e "7, 4)
where b is a shape parameter and r; = || — ;|| is the Eu-
clidean distance between the interpolation point  and a node
;.

Equation (2) can be expressed in matrix form as follows:

Ya=p, &)

where i = [ (1), 1t (2),..., 1 (xy)]". Therefore, the un-
known vector a can be obtained uniquely from Eq. (5) as

a=v"a. (6)
Then inserting Eq. (6) into Eq. (1) yields
u(z)=R'(z)¥ ', )

where RT (z) @~ ! is the shape function vector.

3. Evolution equation for image segmentation
3.1. Evolution equation

Let]: Q — Rbe aprescribed image, then I () will be the
corresponding pixel intensity. The image segmentation prob-
lem is to find a contour C which segments the image domain
£ into two non-overlapping regions £2; and 2. Here, £2; and
£, denote, respectively, the object and the background, and C
is a closed interface boundary between €2 and £2,.

In the level set formulation, the embedded interface C is
expressed implicitly by the zeros of a Lipschitz continuous
level set function ¢ (). Namely, the location of the interface
corresponds to the following zero level set

C={zeR?|¢(x)=0}.

Besides, ¢ (x) can be used to define 2 and £, as follows:

¢(x)=0, Vel
o (x)>0, Ve,
¢ (x) <0, Ve

In order to let the level set function ¢ () dynamically change
in time, a continuous speed function V is introduced. Then,
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the general form of the evolution of ¢ can be described as the
following Cauchy problem:?!

WJFV(:W) 8 (¢ (x,1)) =0, ®)

¢ (z,0) = go (). ©

Equation (8) is referred to as a variational level set evolution
equation. Here, ¢ is the artificial time and ¢ is a regularized
Dirac function, [©!

4

5€(¢):W7

where € is a real positive constant. Besides, ¢o(x) embeds
initial position of the interface. In practical computations, the
initialization can be obtained either from a priori knowledge
about the image to be segmented or from user interaction. >

In the traditional level set approaches, the solving pro-
cedure of the aforementioned Cauchy problem requires suit-
able selection of the upwind schemes and re-initialization al-
gorithms. This procedure involves excessive computational
efforts and, therefore, restricts the application of the level set
approaches.

In the current research, the level set function is to be ap-
proximated by RBFs. Then, RBFs implicit model discretizes
the aforementioned Cauchy problem into a set of mathemati-
cally more convenient coupled ODEs. Thus, the obtained level
set function is global smoothness. More importantly, the com-
plex and costly re-initialization is unnecessary on account of
the global smoothness. The restriction on the time-step size
may be relaxed and the computational efficiency may be in-
creased. In what follows, this developed method is to be dis-
cussed in detail.

3.2. The C-V model

The level set evolution equation (8) can be derived
by minimizing a certain energy functional defined on the
level set,!!!] such as the Mumford-Shah model,[” the C-V
model,®! the piecewise smoothing model,®! the local binary
fitting model,°! etc. The C—V model is one of the most pop-
ular used models, which has been successfully used in seg-
mentation of the image into regions with piecewise constant
intensity.

Taking the C-V model for example, we set up a frame-
work for the application of RBFs in image segmentation. In

the C-V level set model, the energy functional is defined by!6!

Fler(9).e2(0).9)
=7 8:(0)[Vo]

[ (@)= (9)H(9)da
o [ ((@)=e2(0)*(1-H($)de, (10

where ¥ > 0, A; > 0, and A, > 0 are fixed parameters; H (¢)

is the following regularized Heaviside function, ¢!

1 {1 + %arctan ((P)] .
2 T €

Besides, ¢ (¢) and ¢; (¢) are the following constants that ap-

He ((P) =

proximate, respectively, the image intensities inside and out-
side the interface C:

Jo!I(x)H (¢)dx
0= (9 de
and
Jo(1—H(¢))dz

Minimizing the energy functional F with the steepest
descent method, the following variational formulation is ob-
tained for the solution of the level set method:!®!

%‘f = 5 (9) [ydw<|v¢”> — M (I(@)—c1(9))

T <1<w>—cz<¢>>2]

In Eq. (10), the first term on the right-hand side mini-
mizes the length of the interface C given by the zero-crossing
of the level set function ¢ (x), while the last two terms min-
imize the gray value variances inside C and outside C in two
separated phases. Since the approximate function generated
by RBFs is intrinsic global smoothness, the smoothness term
of the energy functional F is not required and we set Y = 0.
In addition, because A; and A, govern the tradeoff between
the last two terms, we set A| = A, = 1. As a result, the speed

function V used in our study is finally represented as

V(1) =(I(x)—c2(9))” — (I(z) —c1(9))*.

4. Numerical solution of the evolution equation

Because the evolution equation (8) is time-dependent, fol-
lowing Refs. [23]{25], it is assumed that the space and time in
the level set function ¢ (,7) are separable. Consequently, the
RBF interpolation of the level set function ¢ (x,7) becomes
time-dependent as

RY(z)a(r), (11)

=

¢(x,t)=) Ri(x)a;(t) =

i=1

where a (1) = [ai (1),a2(t),...,an (1)]".

Inserting Eq. (11)
into Eq. (8) yields
Z Ri( (Z Ri( ) 0.

Then by simple collocations at internal nodes @ ;, we obtain a

set of ODEs
N
da; (¢
ZRi(il:]) (;( V(xj,t) (ZR (xj)a;(t >—0
i=1
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j=12,...,N. (12)

It is assembled in matrix form as follows:

da (1)
v
dr

+F(t,a(t))=0, (13)

where ¥ is a known N X N interpolation matrix given in
Eq. (3), a(¢) is an unknown vector, and

F(t,a(t)) = [F1,F,..., "

is a vector with
N
Fj:V(:Ej,t)Sg ZR,‘(.’BJ')II,'(Z‘) , J=12,...,N.
i=1

The resolution of Eq. (13) requires the definition of an
initial value for the time-dependent variable a (7). At the ini-
tial time 7y = 0, collocating Eq. (11) at internal nodes x; and
using Eq. (9) lead to

Ya (O) = 450,

where B0 = [@o (1), 00 (2) ..., 00 (xx)]" is a known vector.
Therefore, the initial value is

a(th) =a(0)=v ', (14)

Now, the level set evolution equation (8) is converted into
a set of coupled nonlinear ODEs of Eq. (13). Thus, the orig-
inal time-dependent initial value problem defined by Egs. (8)
and (9) in the traditional level set methods is reduced into a
time-dependent interpolation problem for the initial values of
the unknown variable a (¢), and the evolution of the level set
is governed by the time-dependent coupled equation (13) with
initial value given by Eq. (14).

Since the stiffness matrix ¥ is theoretically invertible,
equation (13) can be rewritten as

da(t)
dr

=¥ 'F(ta(r).
Then, using the first-order forward Euler’s method leads to
a(tws1) =a(ty) =@ " F(ty,a(t)), n=0,1,2,..., (15)

where T > 0 is the time-step size. Experimentally, we observe
that the segmentation remains unchanged when 7 € [0.1, 10].
This result shows the robustness of the current method to the
selection of the time-step size. Therefore, 7 is fixed to be 1 for
the following experiments.

Equation (15) involves the inverse of the matrix ¥. Since
the distance is directionless, we have R; () = R; (z;), which
implies that the coefficient matrix ¥ is symmetric. Besides,
the coefficient matrix is positive-definite. Therefore, as done

in Ref. [25], the Cholesky decomposition is used to avoid com-
puting @ ~!. At the initial stage, ¥ is decomposed as the prod-
uct of a lower triangular matrix L and its transpose; that is,

w=LL"

Then, for each iteration we solve instead of Eq. (15) the fol-
lowing lower triangular system

Luy,. | = F (tn,a(ty)),
and upper triangular system
L 1 = ups.
Finally, equation (15) is equivalent to

a(thr1) = a(ty) — TV (16)

With standard arguments used in the proof of Proposi-
tion 1 in Ref. [25], we can prove that in Eq. (15) the norm of
the unknown vector a (¢) can increase slowly at each iteration
step. To bound it, the following normalization is added after
Eq. (16) for each iteration

o a(thy1)
@) = g o) {1

Because equation (11) indicates that equation (17) sim-
ply corresponds to ¢ /||a (¢,+1)|| and the division of the level
set function ¢ (x,t) by a nonzero coefficient does not change
its associated interface, this normalization makes sense. As in
Ref. [25], a global convergence of the algorithm is obtained if
the following condition is satisfied:

la () —a(tn)| < lla(t-1) — a2l

5. Numerical experiments

Firstly, we apply the present method to an image shown
in Fig. 1. In this analysis, the RBF centers are located on
a regular rectangular grid with 77 x 59 nodes. To show the
advantage of the current RBF-based collocation method, we
also apply the CSRBF-based collocation method!>! and the
well-known C-V model using finite difference scheme with
re-initialization procedure!® to this image.

10}

20 ¢

30+

40

50 ¢

10 30 50 70
Fig. 1. (color online) An image to be segmented (the solid line denotes
the initial contour).

028702-4



Chin. Phys. B Vol. 23, No. 2 (2014) 028702

Figure 2 shows the comparison among the behaviors of
The initial
level set is computed from the region enclosed by the quadri-
lateral enclosing as shown in Fig. 1. In this case, our RBF
method takes 15.17 s with 3 iterations, the CSRBF method
takes 17.59 s with 9 iterations, while the C—V model takes

the level set evolution in the three formulations.

244.8 s with 2500 iterations. From this figure, it can be found
that both our RBF method and the CSRBF method achieve
convergent and accurate results, but only roughly accurate
result is obtained for the C—V model. Therefore, our RBF
method is faster than both the CSRBF method and the C-V
model for this image.

10 3 iterations (a) 10

9 iterations

(b) 10 2500 iterations (c) |

|\ll

N il
i

Fig. 2. (color online) Segmentation results with initial interface contour shown in Fig. 1. Panels (a)-(c) show the zero level contours
obtained from our RBF method, the CSRBF method, and the C-V model, respectively. Panels (d)—(f) display the converged level set
functions of our RBF method, the CSRBF method, and the C-V model, respectively.

10 4 iteration ., (a) 10} 14 iteratio (b)
30 30
50 50

10 30 50 70 10 30 50 70

. MH. W".‘:"“

Fig. 3. (color online) Segmentation results without any initial interface contour. Panels (a) and (b) shows the zero level contours
obtained from our RBF method and the CSRBF method, respectively. Panels (d) and (f) exhibit the converged level set functions
obtained from our RBF method and the CSRBF method, respectively.

3 iterations

| ".’! il || i

6 iterations

Fig. 4. (color online) Segmentation results on a noisy image. Panels (a)—(c) show the zero level contours of the initial interface contour,
the zero level contours obtained from our RBF method and the CSRBF method, respectively. Panel (d) exhibits the level set function
of the initial interface contour. Panels (e) and (f) display the converged level set functions obtained from our RBF method and the

CSRBF method, respectively.
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When the initial interface contour is absent, figure 3
shows the results obtained from our RBF method and the
CSRBF method. In this case, our RBF method takes 15.59 s
with 4 iterations, while the CSRBF method takes 20.08 s with
14 iterations. This figure indicates that the segmentation can
be implemented even without any initial interface contour.

Next, figure 4 shows the segmentation results on a noisy
image with weak boundaries. In this analysis, the RBF centers
are located on a regular rectangular grid with 75 x 75 nodes.
The initial level set is computed from the region enclosed by
the quadrilateral enclosing, as shown in Fig. 4(a). In this case,
our RBF method takes 28.17 s with 3 iterations, while the
CSRBF method takes 29.50 s with 6 iterations. Again, both
our RBF method and the CSRBF method achieve convergent
and accurate results, and our RBF method is faster than the
CSRBF method for this model.

6. Conclusions

An RBF-based collocation method for image segmenta-
tion using variational level set evolution equations is presented
in this paper. The implicit level set function is approximated
by using the RBF implicit modeling. Because of the global
smoothness of this representation, a high level of accuracy
and smoothness of the implicit function is achieved. Besides,
the evolution equation is discretized into a mathematically
more convenient coupled ODE system and the original time-
dependent initial value problem becomes a relatively simple
time-dependent interpolation problem. It turns out that a rel-
atively smooth level set evolution can be maintained without
re-initialization due to the use of RBFs.

Numerical experiments are conducted to validate the cur-
rent RBF-based collocation method. For all examples, a con-
vergent solution is gained. The numerical experiments also

indicate that the developed RBF-based collocation method
is faster than both the CSRBF-based collocation method
and the C-V model using finite difference scheme with re-
initialization procedure. Consequently, the developed algo-
rithm is attractive for evolution equations in image segmen-
tation.
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