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Numerical demonstration of three-dimensional terahertz
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A parameter retrieval algorithm based on the causality principle and Kramers—Kronig (KK) relations is employed
to calculate the effective parameters of three-dimensional (3D) metamaterials. Using KK relations, the branch selecting
problem, which is the challenge of effective parameter retrieval method, can be removed. To reveal the validity of the
proposed algorithm, the constitutive refractive index of a homogeneous polymide cube is extracted. The result is in excellent
agreement with the intrinsic refractive index of the polymide. Finally, the two terahertz metamaterials with 3D structures
are designed and their effective parameters are then retrieved using the proposed algorithm. Numerical simulations are
performed using the full-wave electromagnetic solver, CST Microwave Studio.
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1. Introduction

Since the first experimental demonstration of negative re-
fraction by Smith er al.,!'! metamaterials with negative per-
mittivity and permeability that cannot be found from among
naturally occurring materials have attracted considerable at-
tention. Metamaterials have found enormous applications in
cloaks, ! perfect lenses, ! and absorbers.[*°! In 1996, Pendry
et al.'"! introduced the first artificial material, which consisted
of thin wires and had an effective permittivity with a negative
real part in the lower frequency band. Pendry er al.®! also
presented a material with negative permittivity composed of
two-dimensional (2D) thin wires in 1998.

Artificial materials made of split ring resonators (SRRs)
having negative permeability were first introduced by Pendry
et al.®! in 1999. A combination of thin wires and SRRs
showed a negative refraction index and was presented by
Smith e al.!l in 2000.
onator structures such as spiral resonators!'’! and S-shaped

In addition, other various res-

resonators' ! have been designed to have negative values for
their refractive indices.

Most early developments in metamaterials operated in
the microwave regime due to the simplicity in fabrication
Metamaterials are of particular interest
in the terahertz regime, where most natural materials ex-
The in-
troduction of terahertz metamaterials provides the possibility

and measurement.
hibit only weak electric and magnetic responses.

to construct novel terahertz devices for practical applications
such as modulators, ' absorbers, 13! and filters.['*] While the
physical properties can already be demonstrated in 2D meta-
materials, practical applications require 3D structures.!!> Tn
recent years, various metamaterial structures which operate
over terahertz and optical frequencies have been designed and
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fabricated using fabrication techniques such as membrane-
projection lithography, focused ion beam lithography, electron
beam lithography, direct laser writing, atomic layer deposition
and multilayer electroplating. Some of these techniques have
been used for 3D structuring. [16-2!

In this paper, we present the design and characterization
of two 3D metamaterial structures which operate over tera-
hertz frequencies. An algorithm based on the causality princi-
ple and Kramers—Kronig (KK) relations is employed for the
accurate extraction of effective parameters of the proposed
3D metamaterial structures. Proposed 3D metamaterials each
have a cubic configuration with micrometer dimensions. Veri-
fication of the proposed method is presented by retrieving the
constitutive refractive index of a homogeneous polymide cube.

2. Retrieving the effective parameters using the
causality principle

Extracting the effective parameters of the metamateri-
als is a critical concept in metamaterial design and can be
achieved by several approaches, of which the S-parameter

2L.22] 1 fact, the idea is to model

method is the most prevalent. !
the metamaterial as a homogenous slab, and to calculate the ef-
fective parameters of the homogenous slab using S-parameters
based on the effective medium theory. One way to generate
the S-paramaters of a metamaterial slab is to model it with an
FDTD solver such as CST microwave studio or Ansoft HFSS
using periodic boundary condition (PBC). The boundary sur-
face perpendicular to the incident E field is defined as a per-
fect electric conductor (PEC) surface, while the surface per-
pendicular to the incident H field is defined as a perfect mag-

netic conductor (PMC) surface. Finally, the surface perpendic-
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ular to propagation vector (k) is defined as open port. When
the S-parameters of the metamaterial slab are obtained by an
FDTD solver, we can determine the effective wave impedance
z, refractive index n, effective electric permittivity €, and ef-
fective magnetic permeability u of this metamaterial by the

S-parameter method which can be described as follows: 212!

1+811)%— 83
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€= 27 .u = nzg, (3)

where kg is the wave number of the incident wave and d is the
effective thickness of the unit cell of metamaterial. The ambi-
guity on the sign of Eq. (1) is prevented if account is held, ow-
ing to the fact that the real part of the impedance is positive if
it is a passive medium, and the imaginary part of the refractive
index is positive to ensure that the incident wave amplitude de-
creases inside the structure. The complex refractive index can
be calculated from

1

- m{Im[ln(ei”kod )] +2mm — iRe[ln(e™09)]}, (4
0

n
where m is an integer related to the branch index of n and
“Re” and “Im” denote the real and imaginary parts, respec-
tively. Since complex logarithmic function is a multi-branch
one, refractive index n cannot be uniquely determined using
Eq. (4). Assuming that n = Re(n) + ilm(n), we can write

_ —Re[In(e"od))]

tm(n) = <L, ®
Im[In(e!"™0d)]  2mn 2mm

Re(n) = —no+ M (6

e(n) kod +kod no + kod | (6)

where ng is the real part of refractive index corresponding to
the principal branch of the logarithmic function with m = 0.
The integer number m in Eq. (6) is referred as a branching
problem, which affects only the real part of the refractive in-
dex. Recently an improved method introduced in Ref. [23] and
developed in Ref. [24] based on the causality principle and KK
relations for extracting effective parameters of metamaterials.
The KK dispersion rules connect the real and imaginary parts
of the material parameters and also lead to important integral
relations, so-called sum rules, for electromagnetic parameters
of medium.> In this method, the branch selecting is per-
formed according to the approximation solution of the real part
of the refractive index obtained from KK relations. The imagi-
nary part of refractive index can be unambiguously determined
using Eq. (5). Considering this fact, KK relations which con-
nect the real and imaginary parts of the material parameters
based on the causality principle are used for solving the branch

selecting problem in Eq. (6). This method was demonstrated
in Ref. [24] and the proposed method is then employed for
extracting the parameters of 2D metamaterial structures with
different effective thickness values. In this paper, we perform
an algorithm based on the same approach to retrieving the ac-
curate parameters of the 3D metamaterial structure while the
procedure of the algorithm is explained with detailed demon-
strations. The KK relations are given by

Re{a(w)} = Re{a(eo)} + %PV /0 ) %du, )

Im{a(0)} = _27‘%\/ /0 ) Re{"(“ilj:l;i{“(”)} du, (8)

where PV refers to the principal value of the integral, and a(®)
can be either £(®), 1 (®), or n(®) in a metamaterial slab. Sub-
stituting n(®) into Eq. (7), we can write

2 > ulm{n(u)}
KK (@) — 1+;PV/O ) . )

Notice that due to the unknown exact value of Re{n(® = )},
it is assumed that n(es) = 1. As demonstrated in Refs. [26]
and [27], it can be assumed that for very high driving fre-
quency, the frequency will be much higher than any binding
frequency of the electrons in the medium, and so the electrons
will behave as though they are free. The equation of motion of
an electron can be expressed as

mx =eE =eEge 19 (10)

where E is the incident field, m, is the electron mass, and e
is the elementary charge. Considering = x,e '?" and sub-
stituting it into the equation of motion, it can be found that
x = —(e/m.®*)E. The polarization of the medium is given

by

Ne?

E, Y
where N is the number density of the electrons and (@) =
(n*(w) — 1) /4 is the electric susceptibility. By comparing
the result of Eq. (11) with the relation of electric susceptibil-
ity, we conclude that

1, Né?
= —(n*(o)—1)~—
4717(”( ) ) me >

x()

(@ —00). (12)

Hence, n(w) — 1 as @ — oo from the physical considerations.
Equation (9) is an approximate relation determining the gen-
eral behavior of the KK solution properly. Equation (9), con-
necting the unambiguous imaginary part of # to its ambiguous
real part, can be used for solving the branch selecting prob-
lem of Eq. (6). However, in simulations and experiments, S-
parameters are measured in the limited frequency ranges, and
so the integrations of Eq. (9) should be truncated. For accu-
racy, the range of the integration should be as large as possible.
On the other hand, if the frequency becomes too large, we may
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reach a point where the concept of effective medium parame-
ters is not meaningful since the guided wavelengths are on the
order of the dimensions of the metamaterial unit cell. There-
fore, the upper limit of integration should be truncated at a fre-
quency at which effective medium definition is valid. There-
fore, the KK relations yield only an approximate real part of
refractive index. To determine an exact value of m, the real
part of n with m = O (principal branch) should be considered
according to Eq. (6) and compared with approximate value of
real part of refractive index n*X calculated by Eq. (9) using a
numerical integration method such as the trapezoid rule. Thus,
the value m can be obtained such that the result of Eq. (6) is

the closest to the KK approximation of refractive index n*X.

Therefore, the branch number m can be expressed as[24]

kod
m:Round<(nKK—n0)zo—ﬂ), (13)

where the function Round ( ) rounds towards the nearest inte-
ger. Finally, the branch number m is substituted into Eq. (6),
and the proper value of thr real part of the refractive index
Re(n) is calculated. It should be noted that, generally, Re(n)
may be continuous or discontinuous. If the discontinuity per-
severes even when the frequency range of the simulation is
increased, this indicates that the effective medium theory has
reached a limited range. As demonstrated in Ref. [28], the
value of m can determine how many wavelengths are inside
the slab. If the wavelength in air is A, then the wavelength in
the slab is A /Re(n). For given frequencies, the thicker slab
(compared to the wavelength) corresponds to the higher val-
ues of m or, for a given slab, the lower frequency corresponds
to the smaller m. In the very low frequency, the wavelength is
very large, and the given slab cannot hold one full wavelength,
and thus m is usually zero.

3. Verifying the algorithm

In this section, to validate the method, the refractive index
of a homogeneous polymide cube is retrieved. The intrinsic
parameters of polymide are e =3.5, y =1l,andn= /e X u ~
1.87. The geometrical dimensions of the polymide cube are
100 pm x 100 pm x 100 wm. We run the CST Microwave Stu-
dio simulations using periodic boundary condition (PBC) to
extract the S-parameters of the proposed polymide cube. The
effective parameters extraction algorithm is then employed to
calculate the refractive index using KK relations. In the next
step, we compare the extracted refractive index with the in-
trinsic refractive index of the polymide. The purpose of this
comparison is to reveal the applicability and accuracy of the
employed algorithm. The results of the extracted parameters
using MATLAB are shown in Figs. 1(a) and 1(b).

The principle branch of refractive index ng has a discon-
tinuity at nearly 0.82 THz, which can be seen in Fig. 1(a).
We can conclude that the thickness of the proposed polymide

cube is comparable to the wavelength of the incident wave.
As indicated in Fig. 1(a), no discontinuity is seen in the nXK,
so considering the results from the KK relations and properly
choosing the value of m, the discontinuity of the real part of the
refractive index is removed and the nearest solution to the KK
relations is achieved. Figure 1(b) shows the branch number m
as a function of frequency. As shown, the branch number m
can equal 0 and 1, resulting in the physically correct refractive
index. The calculated refractive index using the demonstrated
algorithm is independent of the cube thickness (comparable to
the wavelength) and equal to intrinsic refractive index of the
polymide, which can be seen from Fig. 1(a). Therefore, it can
be concluded that the proposed algorithm is correct.
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Fig. 1. (color online) Plots of (a) retrieved real and imaginary
part of refractive index, KK approximation of refractive index nXK,
principal branch of refractive index ng of the proposed polymide
cube, and (b) branch number m versus frequency.

4. First 3D metamaterial structure

The geometry of the unit cell of the first proposed 3D
metamaterial is described in Fig. 2 showing its design param-
eters and incident EM wave direction. The dielectric sub-
strate of the proposed 3D metamaterial is polymide (&, = 3.5
and tan § = 0.0027) with a cubic configuration. As shown in
Fig. 2, four SRRs are printed on the inner faces of the unit
cell and one metal rod placed in the middle of the unit cell.
In this 3D metamaterial structure, the role of the SRRs is to
provide the negative magnetic permeability, while the role of
the rod is to produce the negative electric permittivity. Each of
the metallic parts is made of gold with a constant electric con-
ductivity of 4.1 x 107 S/m. The thickness of each of the gold
SRRs is 0.2 wm. The numerical simulations for one unit cell
are done with CST Microwave Studio with periodic bound-
ary condition. Simulation results of S-parameters are plotted
in Fig. 3. We use the demonstrated retrieval algorithm to ex-
tract the effective parameters of the proposed 3D metamaterial
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structure. Calculated effective impedance, the real and imagi-
nary parts of retrieved refractive index, KK approximation of
refractive index n¥K, principal branch of refractive index ny,
and integer number m are shown in Figs. 4-6.
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Fig. 2. (color online) (a) Perspective view of unit cell of first proposed 3D
metamaterial structure with indicated incident EM wave direction; (b) front
view of the unit cell; (c) design parameters of the gold rod. The geometric
parameters are as follows: a =b =50 pum, d = ¢ =175 pm, t =5 pum,
f=46pum, r=7 ym, h =2 pm, w =5 um, s = 26 pm, v = 18 um,
g=7um,g=2pum,i=j=>5pum,and /=50 um.
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Fig. 5. (color online) Plots of retrieved real and imaginary parts
of refractive index, KK approximation of refractive index nKK and
principal branch of refractive index ng versus frequency of the first
proposed 3D metamaterial.
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Fig. 6. (color online) Branch number m versus frequency of first
proposed 3D metamaterial.
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Fig. 3. (color online) (a) Magnitudes and (b) phases versus fre-
quency of the simulated S-parameters for one unit cell of the frist
proposed 3D metamaterial.

1.5

§ 1.0} — Re(zen)

< ---- Im(zf)

T o0sf ‘

g

- 0 ke N

o= A . Daiaes

b —0.5¢ ‘\: i - ~~_,,' AN

o) [ ~

m —1.0f H N
[} \
i \

71.5 1 ! 1 1 1 1 1 1
0.2 0.6 1.0 1.4 1.8
Frequency/THz

Fig. 4. (color online) Effective impedances versus frequency of the
first proposed 3D metamaterial.
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Fig. 7. (color online) Variations of (a) retrieved effective electric
permittivity and (b) effective magnetic permeability of the first pro-
posed 3D metamaterial with frequency.

These results show that the principal branch of refractive
index is discontinuous at nearly 1.1 THz. The proper integer
number m is determined by comparing the curves of KK ap-

KK and principal branch of

proximation of refractive index n
refractive index ng. By setting proper m, the accurate value of

the real part of refractive index is achieved. The discontinuity
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of the real part of refractive index at nearly 1.63 THz indi-
cates that the limit of the effective medium theory has been
reached and the proposed 3D metamaterial structure can no
longer be considered as a homogenous medium. At the dis-
continuity point at nearly 1.63 THz, the real part of refractive
index is n = 1.84 and the wavelength in medium can be calcu-
lated to be A & 100 um. The effective thickness is a = 50 pm,
which is comparable to the wavelength in medium, a/A = 0.5.
Therefore, we explain this discontinuity as an upper limit of
the effective medium theory. Effective electric permittivity
and effective magnetic permeability of this 3D metamaterial
structure are presented in Fig. 7.

5. Second 3D metamaterial structure

The geometry of the second proposed 3D metamaterial
is shown in Fig. 8, showing its design parameters and inci-
dent EM wave direction. The second proposed 3D metamate-
rial structure is comprised of symmetrical-ring resonators!?’!
printed on the inner faces of cubic polymide substrate (&, = 3.5
and tan 0 = 0.0027) and a symmetrical 3D array of four metal
rods in the middle of the structure. In this 3D metamaterial,
the symmetrical-ring resonator is to provide the negative mag-
netic permeability, while the metal rods are to produce the neg-
ative electric permittivity. Each of the metallic parts is made
of gold with a constant electric conductivity of 4.1 x 107 S/m.
The thickness of each of the symmetrical-ring resonators is
0.2 pm. Numerical simulations for one unit cell are performed
using CST Microwave Studio, and the extracted S-parameters
are plotted in Fig. 9. The results of the retrieved effective
impedance, real and imaginary parts of refractive index, KK
approximation of refractive index nXK, principal branch of
refractive index ngp, and integer number m are presented in
Figs. 10, 11, and 12.
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Fig. 8. (color online) (a) Perspective view of unit cell of the second pro-
posed 3D metamaterial structure with indicated incident EM wave direc-
tion; (b) front view of the unit cell; (c) design parameters of the gold
rods. The geometric parameters are as follows: a = b =50 um, t =5 pm,
d=14pum, c=14um, f=43 um, r =7 pm, h =3.5 um, g =5 pum,
u=2pum, w=5pum, s =26 pum, v=10.5 pm, i = j =2 pm, / = 50 pm,
and e = p =8 pum.
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Fig. 9. (color online) Variations of (a) magnitude and (b) phase of
the simulated S-parameters with frequency for one unit cell of the
second proposed 3D metamaterial.
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Fig. 10. (color online) Effective impedances versus frequency of
the second proposed 3D metamaterial.
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Fig. 11. (color online) Variations of retrieved real and imaginary
parts of refractive index, KK approximation of refractive index
n®K and principal branch of refractive index ny with frequency

of the second proposed 3D metamaterial.
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Fig. 12. (color online) Branch number m versus frequency of the
second proposed 3D metamaterial.
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These results show that principal branch of refractive in-
dex is discontinuous at nearly 1.65 THz. By setting proper
m, exact value of the real part of refractive index is achieved.
The discontinuity of the real part of refractive index at nearly
2.34 THz indicates that the proposed 3D metamaterial struc-
ture can no longer be considered as a homogenous medium.
At the discontinuity point (nearly 2.34 THz), the real part of
refractive index is n = 2.73 and the wavelength in medium is
A = 47 um. The effective thickness of the proposed 3D meta-
material is @ = 50 um and a/A = 1. Thus, we can explain this
discontinuity as an upper limit of the effective medium theory.
Effective electric permittivity and effective magnetic perme-
ability of the second proposed 3D metamaterial are shown in
Fig. 13.
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Fig. 13. (color online) Plots of (a) retrieved effective electric per-
mittivity and (b) effective magnetic permeability versus frequency
of the second 3D metamaterial structure.

6. Conclusion

In this paper, we numerically demonstrated two 3D meta-
material structures using an algorithm in which we employed
the causality principle and Kramers—Kronig relations for ac-
curately extracting effective parameters. After presenting the
theory and formulation the algorithm is validated by retriev-
ing the refractive index of a homogenous polymide cube. Us-
ing this algorithm, the proper branches of refractive index of
proposed 3D metamaterials are selected. The proposed 3D

metamaterial structures operate over the terahertz frequencies
but with geometrical scalability, and this metamaterial could
be designed to work in other frequency bands with negative
refractive index.
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