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Ferrimagnetism and metal insulator transition
in an organic polymer chain∗
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The ferrimagnetism and quantum phase transition of a bipartite lozenge periodic Anderson-like organic polymer,
in which the localized f electrons hybridize with the odd site conduction orbitals, are investigated by means of Green’s
function theory. The ground state turns out to be gapless ferrimagnetism. At a finite temperature, the ferrimagnetic-to-
paramagnetic phase transition takes place. The Kondo screenings and Ruderman–Kittel–Kasuya–Yosida (RKKY) inter-
action can reduce and increase the transition temperature, respectively. Two Kondo screenings compete with each other,
giving rise to the localized f electron spin screened antiferromagnetically. Accordingly, in a magnetic field, all spins are
aligned along the chain easily, which is associated with metal–insulator transition. Furthermore, in a temperature-field
plane, we reveal the gapless and spin polarized phases, which are characterized by susceptibility and specific heat, and
whose behaviours are determined by the competition between the up-spin and down-spin hole excitations.
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1. Introduction
The magnetisms and quantum criticalities of low-

dimensional organic quantum magnets have attracted much
attention both experimentally and theoretically in recent
years.[1–24] Many quasi-one-dimensional (1D) organic fer-
romagnets have been reported, such as poly-BIPO,[1]

p-NPNN,[2] and 2-benzimidazolyl nitronyl nitroxide (2-
BIMNN).[20] Particularly intriguing are the conjugated or-
ganic polymers with electronic correlations.[3–14,19,21–23]

Heeger et al.,[26–28] who first discovered the conducting or-
ganic polymers, have conducted intensive studies, paving a
new way to realize various functions in molecular-electronic
or spintronic devices with organic polymers or oligomers like
transistors[29] or spin-valves.[30] Meanwhile, the design of
organic polymers to realize ferromagnetism is becoming in-
creasingly realistic.[19] Ovchinnikov[31] first proposed an idea
to obtain organic ferromagnets, which is the synthesis of al-
ternate hydrocarbon with a high-spin ground state, where the
π-electrons along the main zigzag chain were considered to
be itinerant, while the unpaired electrons on the side radicals
were regarded as being delocalized or localized (see Fig. 1(a)).
Subsequently, the Su–Schrieffer–Heeger (SSH) and Hubbard
models[3–8,21] were proposed to describe this quasi-1D conju-
gated organic polymer, considered as a delocalized π-electron
system, where the orbitals of successive carbon atoms over-
lap, giving rise to charge mobility along the backbone of the
polymer chain. Besides this, Wang[14] proposed a periodic
Anderson-like model to describe this conjugated organic poly-

mer, whose ground state properties were studied using an exact
diagonalization technique. Within this model, the conduction
electrons with uncorrelated orbitals which reside in the main
zigzag chain form a conduction sea, while a correlated local-
ized f orbital is located at the side radical R (as illustrated in
Fig. 1(a)). In this structure, since the f electrons are strongly
localized, while the conduction electrons form a conduction
sea distributed throughout the system, which presents a Fermi
liquid coupling with localized spins, two interactions compete
between each other.[32–35] One interaction is the Kondo cou-
pling, which happens as the spin of the localized f electron
is screened by the conduction orbital (l,2), favoring a non-
magnetic singlet state; the other is the superexchange, i.e.
the indirect ferromagnetic Ruderman–Kittel–Kasuya–Yosida
(RKKY) interaction of the two contiguous localized spins me-
diated by a conduction sea, which tends to stabilize a mag-
netically ordered phase. As is well known, the Kondo cou-
pling JK ∼V 2/U ,[36] implies that the behaviour of the system
is controlled by two parameters: the hybridization V and the
Hubbard repulsion U . Thus, the interplay between Coulomb
interaction and hybridization accounts for the competition be-
tween Kondo coupling and RKKY interaction. In addition,
another interesting structure for the organic polymer is the bi-
partite lozenge lattice shown in Fig. 1(b), which was described
by a Hubbard model, manifesting a ferrimagnetic insulating
ground state.[3,4,9,11] However, in contrast to Fig. 1(a), the un-
correlated conduction orbitals are still located at the zigzag
chain, while the localized f orbital is located at the side radi-
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cal R hybridized with the odd site conduction orbitals. This re-
sults in a bipartite lozenge chain, which can also be described
as a periodic Anderson-like model.
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R R R

(a) (b)(a) (b)
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Fig. 1. (a) A quasi-one-dimensional organic polymer chain and (b) a
bipartite lozenge chain.

In this bipartite lozenge periodic Anderson-like organic
polymer, at half filling, though the ground state lies in the gap-
less ferrimagnetic phase, it is neither metallic nor insulating.
Different from Fig. 1(a), two Kondo screenings compete be-
tween each other, resulting in the localized f electron spin
screened antiferromagnetically. Thus, as the magnetic field
is turned on, it will make all spins align along the chain easily,
together with a metal–insulator transition. At a finite temper-
ature, phase crossover behaviors are expected. Accordingly,
we shall explore the magnetic properties and quantum phase
transition (QPT)[37–39] for this periodic Anderson-like organic
polymer using Green’s function theory in an external magnetic
field. In the forthcoming section, we will present the Hamilto-
nian model and give an outline of the Green’s function method.
In Section 3, the energy bands, the magnetization, the suscepti-
bility, and the specific heat will be calculated; the temperature-
and field-induced phase diagrams will be explored; and the
hole excitations, which are closely related to the thermody-
namic behaviors, will also be discussed. Finally, we draw a
conclusion in Section 4.

2. Model Hamiltonian and method
The Hamiltonian for the bipartite lozenge periodic

Anderson-like polymer chain illustrated in Fig. 1(b) in an ex-
ternal magnetic field reads

H = −t ∑
l,σ

(
c†

l,1,σ cl,2,σ + c†
l,2,σ cl+1,1,σ +h.c

)
+ε f ∑

l,σ
c†

l, f ,σ cl, f ,σ +U ∑
l

nl, f ,↑nl, f ,↓

+ ∑
l,σ

V
(

c†
l,1,σ cl, f ,σ + c†

l+1,1,σ cl, f ,σ +h.c
)

− h
2 ∑

l
∑

η=1,2, f

(
nl,η ,↑−nl,η ,↓

)
, (1)

where t is the hopping integral between the nearest-
neighbouring conduction orbitals; c†

l,η ,σ and cl,η ,σ

(η = 1,2, f ) denote the creation and annihilation opera-
tors with spin σ =↑,↓ for the conduction and localized f
electrons, respectively; nη

l,σ = c†
l,η ,σ cl,η ,σ is the number op-

erator; ε f is the bare energy of the localized f orbital; U is

the f orbital electron–electron Coulomb repulsion; V is the
hybridization, denoting the f electrons screened by conduc-
tion orbital (l, 1); h = gµBB is the reduced magnetic field
(Zeeman energy) with g being the Landé g factor, µB the Bohr
magneton, and B the magnetic field.

Now, we employ the equations of motion to calculate the
retarded Green’s function[17,23,40–42] for the electrons, which
is defined as

Gσ
i j (t1− t2) = 〈〈ci,σ (t1) ;c†

j,σ (t2)〉〉

= −iθ (t1− t2)
〈
ci,σ c†

j,σ + c†
j,σ ci,σ

〉
, (2)

where the subscripts i and j denote the lattice sites. After the
time Fourier transformation, the Green’s function is put into
the equation of motion,

ω〈〈ci,σ ;c†
j,σ 〉〉

=
〈[

ci,σ ,c
†
j,σ

]
+

〉
+ 〈〈[ci,σ ,H] ;c†

j,σ 〉〉. (3)

By performing the equation of motion analogous to
Eq. (3) for the high-order Green’s function 〈〈[ci,σ ,H] ;c†

j,σ 〉〉,
the higher-order Green’s function will appear on the right side,
resulting in an infinite set of coupled equations. In terms of
Wick’s theorem, we adopt the decoupling scheme for the four-
operator Green’s functions,[42]

〈〈A†BC;D†〉〉 ≈ 〈A†B〉〈〈C;D†〉〉−〈A†C〉〈〈B;D†〉〉. (4)

Herein, it is noted that the Green’s functions are diagonal in
spin space Gσσ ′

i j = Gσ
i jδσσ ′ .

For further Fourier transformation into k-space, the
Green’s function reads

Gσ
i j =

1
N ∑

k
gσ (k,ω)e ik·(i− j). (5)

The integral of the wavevector k extends over the first Bril-
louin zone. Accordingly, the momentum space Green’s func-
tion gσ (k,ω) behaves as a function of a wave vector k and the
elementary excitation spectrum ω = ω (k).

Associated with the standard spectral theorem, the corre-
lation function of the product of the electron operators can be
expressed as〈

c†
j,µ,σ ci,v,σ

〉
=

i
2πN ∑

k
e ik·(i− j)

×
∫ gσ

µv
(
k,ω + i0†

)
−gσ

µv
(
k,ω− i0†

)
eβω +1

dω, (6)

where β = 1/kBT , with kB being the Boltzman’s constant, and
T the absolute temperature.

The spin density (sublattice magnetization) at one site is
defined as〈

Sz
l,η

〉
=

1
2

(〈
nη

l,↑

〉
−
〈

nη

l,↓

〉)
, (η = 1,2, f ) . (7)
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Then the average magnetization of the unit cell and the mag-
netic susceptibility are obtained as follows:

M =
1
N ∑

l

(〈
Sz

l,1

〉
+
〈

Sz
l,2

〉
+
〈

Sz
l, f

〉)
, χ =

∂M
∂h

. (8)

Likewise, the specific heat can be attained as

CV =
d 〈H〉
dT

. (9)

Accordingly, the above equations can be solved self-
consistently.[23] In calculation, an initial state, composed of
a set of electron numbers and a spin density of f orbital, is put
into the equations to produce resulting values. The iteration
goes on until convergence is reached.

3. Results and discussion
We first discuss the sublattice magnetization (spin den-

sity) and the temperature-induced phase diagrams for the bi-
partite lozenge periodic Anderson-like chain at half filling. In
what follows, all parameters are scaled by the hopping integral
t, which is set as a unit. For the symmetrical case U +2ε f = 0,
there is no charge fluctuation, and the ground state always lies
in a ferrimagnetic phase which is clearly manifested in the in-
sets of Figs. 2(a) and 2(c), where the magnetization per unit
cell M = 0.5 = Ms/3 (Ms = 1.5 is the saturation magnetiza-
tion). On the one hand, for U = 2.0, it is evident that the
sublattice magnetizations 〈Sz

2〉,〈S
z
f 〉 > 0, and 〈Sz

1〉 < 0, indi-
cating antiferromagnetic correlations between conduction or-
bitals, and also between localized f orbital and conduction
orbital (l,1) as shown in the inset of Fig. 2(a). Although
〈Sz

1〉 < 0, its absolute value is close to zero, implying the se-
rious double occupation on the conduction orbital (l, 1). Nev-
ertheless, the sublattice magnetization 〈Sz

2〉 increases mono-
tonically with the increasing of hybridization V , whereas it is
opposite to 〈Sz

f 〉, implying that the spin density mainly trans-
fers from the localized f orbital to the conduction orbital (l,
2) through the conduction orbital (l, 1). Figure 2(a) manifests
the temperature dependences of sublattice magnetization 〈Sz

α〉
(α = 1,2, f ) for different hybridizations. In weak hybridiza-
tion, the f orbital is nearly singly occupied and highly local-
ized, which mainly contributes to the ferrimagnetism, while
a large double occupation is located on the conduction or-
bitals, implying that the paramagnetism-like (disorder) behav-
ior takes place in the main zigzag chain. In this case, the
indirect RKKY interaction predominates. With the increas-
ing of V , the transition temperature TC (T → TC, M→ 0) de-
clines because the Kondo screening becomes more and more
dominant and the chain shows ferromagnetic correlation be-
tween adjacent conduction orbitals (l, 2) and (l + 1, 2) grad-
ually, of which the magnetic moment becomes frangible with
respect to temperature. As V is very large, the conduction
orbital (l, 2) is nearly singly occupied while the f orbital is

seriously doubly occupied, giving rise to the very weak spin
correlation between two f orbitals (indirect RKKY interac-
tion). Thus, we construct the T –V phase diagram as shown in
Fig. 2(b), from which it is found that the transition temperature
decreases monotonically with the increasing of V , revealing
the enhancement of Kondo screenings against ferrimagnetic
order. On the other hand, for V = 1.0, at zero temperature,
〈Sz

2〉 and 〈Sz
f 〉 decrease and increase monotonically with the

increasing of U (see the inset of Fig. 2(c)), respectively, sug-
gesting that the spin density mainly transfers from the conduc-
tion orbitals to the localized f orbital. Figure 2(c) manifests
the plots of sublattice magnetization 〈Sz

α〉 (α = 1,2, f ) versus
temperature for different U values. With the increasing of U ,
the transition temperature ascends and the spin density trans-
fers to the localized f orbital gradually, resulting in a singly
occupied f orbital and the enhancement of RKKY interaction
favouring a ferrimagnetic state. The corresponding T –U phase
diagram is plotted in Fig. 2(d). It is clearly seen that with the
increasing of U , the transition temperature ascends, suggesting
that the ferrimagnetism is stabilized by the Hubbard repulsion,
which is consistent with the result of the ground state obtained
by Wang.[9]

In order to present the natures of different magnetic and
conduction states, we plot the energy bands in Fig. 3, where
there are three up-spin and three down-spin bands. The Fermi
level is located at EF = 0, below which two up-spin and
one down-spin bands are completely occupied. Therefore,
the ground state is ferrimagnetic and possesses the net spin
S = 0.5 per unit cell, which is also demonstrated in the insets
of Fig. 2. In weak hybridization, the flat parts of the bands far
below Fermi level are almost occupied by the f electrons (see
Fig. 3(a) for V = 0.1), which is hardly excited at low temper-
ature and mainly contributes to the ferrimagnetism, reflecting
the large single occupation on the localized f orbital. As V
ascends, the flat band broadens and approaches Fermi level
gradually as shown in Fig. 3(b) for V = 1.0. In this case, the
single occupation on conduction orbital (l, 2) is enhanced. In
fact, both the conduction orbitals and localized f orbital are
partially doubly occupied. In the large-V limit, the split of
the energy band with respect to spin becomes much smaller
and the intermediate energy bandwidth becomes narrower, as
shown in Fig. 3(c) for V = 2.0 clearly. Here, the conduction
orbital (l, 2) is almost singly occupied and the nearly double
occupation is located on the f orbital. Hence, the conduction
orbital (l, 2) mainly contributes to the ferrimagnetism, which
is also demonstrated in the inset of Fig. 2(a). It should be
pointed out that the intermediate up-spin band is very close to
Fermi level, which is excited easily at low temperature. That
is why the transition temperature increases with U ascending,
but decreases with V ascending. On the whole, the system is
gapless, but it is neither metallic nor insulating.
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Fig. 2. (color online) (a) Variations of sublattice magnetization (spin density) with temperature for different V values with U = 2.0; the
inset shows the curves of sublattice magnetization versus V at zero temperature. (b) The T –V phase diagram, wherein a ferrimagnetic
(ferri.) phase transits into paramagnetism (para.) phase. (c) Variations of sublattice magnetization with temperatures for different U
values with V = 1.0; the inset displays the curves of sublattice magnetization versus U at zero temperature. The corresponding T –U
phase diagram is shown in panel (d).
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Fig. 4. (color online) (a) Variations of magnetization with h for different
temperatures; the upper inset shows the entanglement entropy against h
at zero temperature; the lower inset exhibits the curves of dM/dh ver-
sus h for different temperatures. (b) h–T phase diagram: the phase
boundary between the gapless regime and the spin polarized state, re-
sults from (h, T ) values corresponding to the maximum of dM/dh as
shown in the lower inset of panel (a).

As the magnetic field is turned on, a metal–insulator tran-
sition will occur. Recalling Fig. 2, for V = 1.0, the spins of
partial electrons on the localized f orbital are screened by con-
tiguous conduction orbitals (l, 1) and (l + 1, 1), giving rise to
two Kondo screenings which compete with each other. Ac-
cordingly, the localized f electron spin is screened antifer-
romagnetically. Thus, in a magnetic field, it will make all
spins align along the chain rapidly. Figure 4(a) shows the
magnetization curves for different temperatures, and at zero
temperature, it clearly shows a critical field hs (labeled in the
figure), suggesting the QPT may occur. As is well known,
the single-site (localized f orbital) entanglement entropy Ev =

−z log2 z− u+ log2 u+− u− log2 u−−w log2 w,[38,43,44] where
w =

〈
n f↑n f↓

〉
, u+ =

〈
n f↑
〉
− w, u− =

〈
n f↓
〉
− w, and z =

1−
〈
n f↑
〉
−
〈
n f↓
〉
+w, is a good indicator of QPT, as shown

in the upper inset of Fig. 4(a), wherein Ev vanishes as h > hs,
which corresponds to the fully polarized state (singly occupied
state). In fact, the magnetic field acts as a Fermi level or chem-

ical potential. As it increases, the down-spin bands are lifted
while the up-spin ones are lowered, leading to the interme-
diate up-spin and down-spin bands traversing the Fermi level
(see the lower inset of Fig. 3(d)). For the field beyond hs, the
system shows ferromagnetism and all up-spin bands are be-
low the Fermi level while all down-spin ones are above it (see
the upper inset of Fig. 3(d)) with an energy gap opened up.
The critical field hs manifests the phase transition from metal-
lic state to ferromagnetic insulator, which is demonstrated
by the plot of Fermi velocity versus magnetic field[45,46] as
shown in Fig. 3(d). At a finite temperature, the critical field
is rounded and the M–h curve becomes smooth. The peak
of dM/dh moves towards low field with temperature increas-
ing (see the lower inset), which can depict the crossover of
two phases.[47,48] Accordingly, a (T , h) phase diagram can be
constructed from the shifts of the peak of dM/dh as shown
in Fig. 4(b). Strictly speaking, only for T = 0, QPT hap-
pens at hs, which is induced solely by quantum fluctuations,
whereas at a finite temperature only a crossover takes place. It
can be clearly seen that a crossover line separates the gapless
phase from the spin polarized state. The magnetic suscepti-
bility and specific heat will be calculated to characterize with
corresponding phases.

At low temperatures, the magnetic susceptibility reflects
the gapless or gapped low-lying excitations under different
fields. As the intermediate energy bands are located near the
Fermi level, the low-lying excitations with minus energies are
regarded as being of hole type. Thus, at low temperature, the
susceptibility is determined by the competition between the
down-spin and up-spin hole excitations near the Fermi level.
In a weak field, the susceptibility displays a single peak, and
decays to a finite value as T → 0, indicating the gapless behav-
ior as shown in Fig. 5(a). From the lower inset of Fig. 3(d), it
follows that the density of the state of up-spin holes is larger
than that of the down-spin ones near the Fermi level, yielding
more excited up-spin holes and thus a decrease in the mag-
nitude of the peak of susceptibility, together with the peak of
susceptibility shifting towards the high temperature side. Nev-
ertheless, when the temperature is high enough, the suscepti-
bilities coincide under different fields, indicating the param-
agnetic behavior by which the thermal fluctuations predomi-
nate. By increasing h further, a double-peak structure appears,
which becomes clearer and clearer as h approaches hs (see the
inset). The first peak shifts towards the lower temperature side
with its maximum ascending due to the fact that the critical
fluctuation and the down-spin hole excitations become more
and more dominant, and that the flat band (up-spin) is pushed
down deeply to the Fermi sea. At hs, the susceptibility di-
verges with the decrease of temperature, demonstrating QPT.
As h goes beyond hs but still nearby, a double-peak structure
emerges again. The first peak moves towards the high tem-
perature side as its amplitude is suppressed, because the small
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gap is washed out by thermal fluctuations and only the up-
spin holes are excited. However, for sufficiently high fields,
the system lies in the fully polarized ferromagnetic state, and
a large gap is opened up by the field. As a consequence,

the susceptibility goes exponentially to zero as T → 0. The
double-peak merges into a round maximum, which decreases
and shifts towards high temperatures with h ascending due to
the enhancement of the gap as shown in Fig. 5(b).
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Fig. 5. (color online) Temperature dependences of the magnetic susceptibility for (a) h < hs and (b) h > hs. The inset in panel (a)
shows the curves of susceptibility versus temperature as h is close to hs.

Figure 6 shows the temperature dependences of specific
heat under different fields. In a weak field, the specific heat
shows a double-peak structure due to the up-spin hole excita-
tions of flat band, which is also observed in bipartite lozenge
chain compounds A3Cu3(PO4)4 (A = Ca, Sr, and Pb)[49] as
shown in Fig. 6(a). With the increasing of h, the flat band
(up-spin) is pushed down deeply to the Fermi sea, resulting
in the double-peak merging into a single one, which shifts to-
wards the high temperature side. At ultra-low temperature, the
variation of specific heat CV/T with T displays a constant, i.e.
CV is T -varied linearly, indicating gapless behavior (see the
inset).[46] As h approaches hs, a shoulder emerges at low tem-
perature, reflecting the important critical fluctuations. When h
exceeds hs but nearby, the low-temperature shoulder still ex-
ists, while as the field is higher and higher, the shoulder van-

ishes and only a single peak remains, which moves toward the
high temperature side due to the larger gap opened up by the
field, as shown in Fig. 6(b). However, at low temperature,
the specific heat becomes exponentially activated (see the in-
set), where log(CV ) varies linearly with 1/T , giving rise to
CV ∝ e−∆/kBT. In fact, the slope of log(CV )–1/T curve at
low temperature manifests the magnitude of the energy gap
(−∆).[46] Apparently, for h < hs (h = 2.0 and 4.0), the slope
of log(CV )–1/T curve at low temperature is zero, suggesting
the zero energy gap, of which the gapless behavior is in accor-
dance with that in Fig. 6(a). In addition, at ultra-low temper-
atures, CV/T = 0 (see the inset of Fig. 6(a)) because all spins
are aligned along the field in the polarized ferromagnetic state,
giving rise to the thermodynamic entropy remaining at a value
of zero.

0 1
0

1

2

0 1 2 3
0

1

2

0 0.05 0.10
0

1

2

3

0 30 60 90

-120

-80

-40

0

T

h/.

 0.7

 1.3

 2.0

 2.6

C
V

(a)

 3.3

 4.0

 4.8   

h/.

 7.0

 8.0

(b)

h/.
 2.0
 4.0
 7.0

T
/T

h/.

 8.0

 2.0

 4.0

lo
g
(C

V
)

C
V
/
T

Fig. 6. (color online) Temperature dependences of the specific heat for (a) h < hs and (b) h > hs; the inset of panel (a) shows the
curves of CV /T against T at ultra-low temperature; the logarithm of CV as a function of 1/T is plotted in the inset of panel (b).
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4. Conclusions
In this paper, we studied the magnetic properties and QPT

of a bipartite lozenge periodic Anderson-like organic polymer
by means of Green’s function theory at half filling. The ground
state of the system lies in gapless ferrimagnetism. At a fi-
nite temperature, a transition from a ferrimagnetic state to a
paramagnetic phase occurs. The transition temperature can be
reduced by Kondo screenings, while it can be enhanced by
RKKY interaction, which stabilizes the magnetic order. Two
Kondo screenings compete between each other, resulting in
the localized f electron spin screened antiferromagnetically.
Thus, in a magnetic field, it will make all spins align along
the chain rapidly associated with a metal–insulator transition.
Meanwhile, the single-site entanglement entropy can also be
exploited as a useful tool to detect the QPT. In addition, we
construct the temperature-field phase diagram, and reveal the
gapless phase and spin polarized state, which are characterized
by magnetic susceptibility and specific heat, denoting gapless
or gapped low-lying excitation as a result of the competition
between the up-spin and down-spin hole excitations.
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