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We study the theoretical effect of k-cubic (i.e. cubic-in-momentum) Dresselhaus spin–orbit coupling on the decay
time of persistent spin helix states in semiconductor two-dimensional electron gases. We show that the decay time of
persistent spin helix states may be suppressed substantially by k-cubic Dresselhaus spin–orbit coupling, and after taking the
effect of k-cubic Dresselhaus spin–orbit interaction into account, the theoretical results obtained accord both qualitatively
and quantitatively with other recent experimental results.
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1. Introduction

In recent years, the understanding of the physics of semi-
conductor electronic systems with spin–orbit interaction (SOI)
has attracted a great deal of theoretical and experimental inter-
est due to their potential applications in the emerging field of
semiconductor spintronics.[1–22] For example, the presence of
SOI may provide a natural way of manipulating electron spins
via purely electric means, without use of magnetic fields. The
most prominent examples are the spin-Hall effect and current-
induced spin polarization, both of which have received sub-
stantial theoretical and experimental interest in the past few
years.[5–7] However, SOI also causes the undesirable effect
of decay (relaxation) on the nonequilibrium spin polarizations
of electrons. Since the functionality of most of the proposed
semiconductor spintronic devices rely on the effective gener-
ation of long-lived nonequilibrium spin polarizations,[3,4] the
decay time of nonequilibrium spin polarizations of electrons
must be lengthened if we want to use them as a practical source
for information processing. Thus the suppression of the relax-
ation of nonequilibrium spin polarizations in semiconductor
electronic systems with SOI is a significant challenge in semi-
conductor spintronics.[9]

In the study of semiconductor electronic systems with
SOI, a great deal of attention has been focused on semiconduc-
tor two-dimensional electron gases (2DEGs) formed in III–V
type semiconductor quantum wells or heterostructures.[10–22]

The breaking of inversion symmetry produces the Rashba SOI,
and the strength of the Rashba SOI can be tuned by purely

electric means.[23] In addition to the Rashba SOI, the structural
inversion asymmetry of such systems also produces the Dres-
selhaus SOI.[24] For a semiconductor 2DEG with both Rashba
and k-linear (i.e. linear-in-momentum) Dresselhaus SOI, the
physics may exhibit some novelties when the strengths of the
two types of SOI are equal. One particular interesting ex-
ample is the prediction of the so-called persistent spin helix
(PSH) states.[10] For 2DEGs formed in III–V type semicon-
ductor quantum wells grown along the [001] direction, a PSH
state is a helical spin density wave with the wavevector along
the [110] direction. For such a helical spin density wave, it
was first predicted in Ref. [10] that, if only the Rashba and
k-linear Dresselhaus SOI is considered, a new type of exact
SU(2) symmetry will emerge when the Rashba and k-linear
Dresselhaus spin–orbit coupling constants are equal and the
magnitude of the wavevector is set to a certain characteristic
value. This SU(2) symmetry will significantly enhance the de-
cay time of a helical spin density wave with this characteristic
wavevector. Such a helical spin density wave is thus termed a
persistent spin helix (PSH) state. The existence of such PSH
states has been demonstrated by means of transient spin-gating
spectroscopy in GaAs/AlGaAs quantum wells.[11,12] The tun-
able suppression of the relaxation of such PSH states may find
some practical applications in semiconductor spintronics.

In most of the recent theoretical and experimental stud-
ies on PSH states in semiconductor 2DEGs, only the effects of
Rashba and k-linear Dresselhaus SOI have been investigated in
some detail.[10–15] But in a real semiconductor 2DEG system,
the structural inversion asymmetry allows not only k-linear
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Dresselhaus SOI, but also k-cubic (i.e. cubic-in-momentum)
Dresselhaus SOI.[24] An interesting question about PSH states
is whether they are stable in the presence of k-cubic Dressel-
haus SOI or whether their basic properties will be affected sig-
nificantly by k-cubic Dresselhaus SOI. The understanding of
what influences k-cubic Dresselhaus SOI may have on such
PSH states is important, not only for their practical applica-
tions, but also for the clarification of some important discrep-
ancies between the theoretical predictions and the relevant ex-
perimental results. In this paper we will present a detailed the-
oretical investigation, based on the spin-diffusion approach, on
the effect of k-cubic Dresselhaus SOI on PSH states in semi-
conductor 2DEG systems formed in III–V type semiconduc-
tor quantum wells. We will show that the decay time of PSH
states in such systems may be suppressed substantially by k-
cubic Dresselhaus SOI. After taking into account the effect
of k-cubic Dresselhaus SOI, the theoretical results obtained
accord both qualitatively and quantitatively with some recent
experimental results.

The paper is organized as follows: In Section 2 we give
a brief description on the theoretical model and the theoreti-
cal formalism used in this paper. The results obtained will be
presented and discussed in some detail in Section 3. Finally, a
summary is given in the last section.

2. Model and formalism
We consider a semiconductor 2DEG system of noninter-

acting electrons in a III–V type semiconductor quantum well
grown along the [001] axis. We choose the [100] axis as the
x axis, the [010] axis as the y axis, and the [001] axis as the
z axis. In the presence of both Rashba, k-linear, and k-cubic
Dresselhaus SOIs, the single-particle effective-mass Hamilto-
nian of such a semiconductor 2DEG system reads

Ĥ =
h̄2k2

2m
+αR(kyσ̂x− kxσ̂y)+αD1(kxσ̂x− kyσ̂y)

+ αD3(kxk2
y σ̂x− kyk2

x σ̂y)+Vi(r), (1)

where m is the effective mass of electrons, 𝑘 = (kx,ky) is the
two-dimensional wavevector, σ̂ = (σ̂x, σ̂y, σ̂z) are the Pauli
matrices, αR, αD1, and αD3 denote the coupling constants of
Rashba, k-linear, and k-cubic Dresselhaus SOIs, respectively,
and Vi(𝑟) denotes a random spin-independent impurity poten-
tial. We assume that the random impurity potential is short-
ranged, implying that the fluctuations of the impurity potential
satisfy δV (𝑟)δV (𝑟′) = niv2

0δ (𝑟−𝑟′), with ni being the den-
sity of impurities and v0 the scattering amplitude.

For a disordered and noninteracting spin–orbit coupled
2DEG system, the spin dynamics, at much longer length scales
than the mean-free path of electrons, can be described by a set

of coupled spin-diffusion equations. These equations can be
obtained by the standard density matrix formalism.[16–19] As-
suming that a nonequilibrium spin density distribution is cre-
ated at the initial time t = 0, then at length scales much longer
than the mean-free path of electrons, the nonequilibrium spin
density distribution at time t > 0 can be expressed as

Sα(𝑟,t) =
∫

d𝑟′Pαβ (t,𝑟,𝑟
′)Sβ (0,𝑟

′), (2)

where Sβ (0,𝑟′) is the initial spin density created at 𝑟′ and
Pαβ (t,𝑟,𝑟′) (α,β = x,y,z) is the diffusion Green’s function.
In the momentum space and for a homogeneous system, equa-
tion (2) can also be expressed as

[Î− P̂(ω,𝑘)] ·𝑆 = 0, (3)

where Î is the unit matrix and P̂(ω,𝑘) the Fourier transforma-
tion of the diffusion Green’s function.

The diffusion Green’s function can be calculated by us-
ing the disorder-averaged retarded (advanced) single-particle
Green’s function.[16] For short-ranged spin-independent ran-
dom impurity scattering, the first Born approximation can be
made in the calculation of the disorder-averaged retarded (ad-
vanced) single-particle Green’s function. In the first Born ap-
proximation and in the momentum space, the 2× 2 retarded
(advanced) single-particle Green’s function ĜR(A) satisfies the
following equations of motion,[25][

ω− Ĥ0±
i

2τ

]
· ĜR(A)(ω,𝑘) = Î, (4)

where Ĥ0 (= Ĥ−Vi(r)) is the disorder-independent part of the
Hamiltonian (1) and τ = 1/niv2

0m is the momentum scattering
time of electrons. From Eq. (4), the 2×2 retarded (advanced)
single-particle Green’s function ĜR(A) can be obtained. In
the linear-response approximation, the diffusion Green’s func-
tion can be obtained by using the 2× 2 retarded (advanced)
single-particle Green’s function ĜR(A) through the following
formula,[16]

Pαβ (ω,𝑘) =
1

4πρFτ

∫ d2𝑞

(2π)2 Tr
[
σ̂α ĜR(ω/2,𝑘+𝑞/2)

× σ̂β ĜA(ω/2,𝑘+𝑞/2)
]
, (5)

where Tr[· · · ] denotes the trace over spin indices and ρF the
density of states at the Fermi level. Substituting the re-
tarded (advanced) single-particle Green’s function ĜR(A) ob-
tained from Eq. (4) into Eq. (5), the Fourier transformations of
the diffusion Green’s function can be obtained. In this paper,
we will concentrate on the limit of weak spin–orbit interac-
tions, i.e. the momentum scattering time of electrons is much
shorter than the spin-precession period due to spin–orbit inter-
actions. This diffusive limit corresponds to the low frequency
and long wavelength limit of Eq. (3). Taking the low frequency
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and long wavelength limit of Eq. (3) and then transforming
the equations back to real space, we get the following coupled
spin-diffusion equations for the time-dependent and position-
dependent spin densities:

∂Sx

∂ t
= D∇

2Sx +ASy +

(
B

∂

∂x
+C

∂

∂y

)
Sz−

Sx

τs
, (6)

∂Sy

∂ t
= D∇

2Sy +ASx +

(
C

∂

∂x
+B

∂

∂y

)
Sz−

Sy

τs
, (7)

∂Sz

∂ t
= D∇

2Sz−
(

B
∂

∂x
+C

∂

∂y

)
Sx

−
(

C
∂

∂x
+B

∂

∂y

)
Sy−

2Sz

τs
. (8)

Here D = v2
Fτ/2 is the diffusion constant (with vF the Fermi

velocity), τs is a spin relaxation time defined by

τs =
τ

8(mD/h̄)2[α2 +(βD1 +βD3)
2 +β 2

D3
]
, (9)

A, B, and C are three coefficients defined by

A = −
8(mD/h̄)2α(βD1 +βD3)

kFτ[α2 +(βD1 +βD3)
2 +β 2

D3
]1/2 , (10)

B = 8(mD/h̄)2
α/kFτ, (11)

C = 8(mD/h̄)2(βD1 +βD3)/kFτ, (12)

where α = h̄2kF/mαR, βD1 = h̄2kF/mαD1 , βD3 = 4h̄2/kFmαD3 ,
with kF denoting the Fermi wave vector.

The relaxation kinetics of a helical spin density wave can
be described theoretically, based on the spin diffusion equa-
tions (6)–(8). For a helical spin density wave with a given
wavevector 𝑞, the time development of the position-dependent
spin densities can be expressed as 𝑆(𝑟,t) = 𝑠(𝑞, t)e i𝑞·𝑟,
where 𝑠(𝑞, t) is the time-dependent factor. Then from
Eqs. (6)–(8), the time-dependent factor 𝑠(𝑞, t) will satisfy the
following equation:

∂𝑠(𝑞, t)
∂ t

= L̂(𝑞)𝑠(𝑞, t), (13)

where L̂(𝑞) is a 3× 3 matrix whose elements can be written
down directly from Eqs. (6)–(8). In general, the 3× 3 matrix
L̂(𝑞) has three eigenmodes. We denote the set of eigenvalues
and the normalized eigenvectors of the three eigenmodes as
−λi(𝑞) and 𝑛i(𝑞) (i = 1,2,3), respectively. With these defi-
nitions, the solution of the time-dependent factor with a given
initial condition 𝑠(𝑞, t = 0) = 𝑠0 can be found by expanding
𝑠0 in terms of the set of the eigenvectors of L̂(𝑞). The solution
of 𝑠(𝑞, t) is then of the form

𝑠(𝑞, t) = ∑
i=1,2,3

ai𝑛i(𝑞)e−λi(𝑞)t , (14)

where ai (i = 1,2,3) are the expansion coefficients. From
Eq. (14) one can see that the decay rate of a helical spin density

wave with a given wavevector 𝑞 will be determined by the set
of the eigenvalues of the 3×3 matrix L̂(𝑞), and the decay time
of the i-th eigenmode is defined by the inverse of the absolute
value of the corresponding eigenvalue.

3. Results and discussions

Now we use the formalism introduced in Section 2 to
study the decay time of PSH states in 2DEGs with both
Rashba, k-linear, and k-cubic Dresselhaus SOIs. In accordance
with the experimental setup of Refs. [11] and [12], we consider
the propagation of helical spin density waves along the [110]
direction in 2DEGs formed in GaAs/AlGaAs quantum wells
grown along the [001] axis. The input material parameters
used in the calculations are as follows: the electron effective
mass m, the electron density n, the electron momentum scat-
tering time τ , the Rashba and k-linear and k-cubic Dresselhaus
spin–orbit coupling constants αR, αD1, and αD3 . The values
of these input parameters will be set by making reference to
the material parameters presented in Refs. [11] and [12]. The
direction of the wavevector 𝑞 will be fixed along the [110]
direction and the Rashba and k-linear Dresselhaus spin–orbit
coupling constants will be set to equal.

For clarity in making comparisons, we first present the
results obtained by the formalism derived in Section 2, but ne-
glecting k-cubic Dresselhaus SOI (i.e. setting αD3 = 0). In
Fig. 1 we show the dependence of the decay times of the three
eigenmodes of the spin diffusion equations on the magnitude q
of the wavevector in the absence of k-cubic Dresselhaus SOI.
From Fig. 1 we can see that the decay times of two eigenmodes
decrease monotonously as the magnitude q of the wavevec-
tor increases. These are two ordinary modes. In addition to
the two ordinary modes, from the spin diffusion equations we
also obtain an anomalous mode whose features contrast signif-
icantly with those of the two ordinary modes. For this eigen-
mode, the decay time has a maximum value when the magni-
tude of the wavevector is equal to a special value qmax, i.e. the
dispersion curve of the decay time in q-space shows a sharp
peak at q = qmax. The characteristic value qmax of the mag-
nitude of the wavevector is determined by the equal Rashba
and k-linear Dresselhaus spin–orbit coupling constants, with
qmax ≈ 4mαR/h̄2 = 4mαD1/h̄2. In the region of q < qmax, the
decay time of the anomalous mode increases rapidly as q is
increased towards qmax, and in the region of q > qmax, the de-
cay time decreases rapidly as q is increased further. Since the
decay time of this anomalous mode at q≈ qmax is significantly
larger than that of the two ordinary modes, in the vicinity of
q ≈ qmax the decay rate of a helical spin density wave propa-
gating along the [110] direction will be determined principally
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by the decay time of this anomalous mode. The nonequi-
librium spin polarization state described by this anomalous
mode is just the PSH state proposed in Ref. [10]. Since, in
the vicinity of q ≈ qmax, the decay rate of a helical spin den-
sity wave propagating along the [110] direction is determined
principally by the decay time of the PSH mode, our discussion
below will be focused on the properties of this eigenmode of
the spin diffusion equations.
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Fig. 1. The dependence of the decay time of the three eigenmodes
of the spin diffusion equations on the magnitude q of the wavevec-
tor in the absence of the k-cubic Dresselhaus SOI. The direction of
the wavevector 𝑞 is fixed along the [110] direction, and by making
reference to the material parameters presented in Refs. [11] and [12],
the values of other input parameters used in the calculations are set to
the following: m = 0.067me, n = 7.8× 1011 cm−2, τ = 5.7× 10−12 s,
αR = αD1 = 0.16×10−10 eV·cm.

Though the theoretical results shown in Fig. 1 are in
qualitative agreement with the recent relevant experimental
observations,[11,12] we note that there are two important dis-
crepancies between them. First, the maximum values of the
decay time of the PSH mode obtained in the absence of k-
cubic Dresselhaus SOI are much larger (about two orders of
magnitude larger) than the corresponding experimental re-
sults. Secondly, the experimental results indicate that the
variations of the decay time of a PSH state, with the varia-
tions of the magnitude of the wavevector, are much smoother
but not so sharp as the theoretical results indicates (see, e.g.
the experimental results shown in Fig. 2 of Ref. [12]). We
find that these two important discrepancies can be accounted
for by taking the effect of the k-cubic Dresselhaus SOI into
account. From the spin diffusion equations derived in Sec-
tion 2, we find that, in addition to two ordinary modes (whose
decay time decreases monotonously as the magnitude of the
wavevector increases), an anomalous mode can still be ob-
tained in the presence of k-cubic Dresselhaus SOI, which
shares much similarities with the PSH mode obtained in the

absence of k-cubic Dresselhaus SOI. This is illustrated clearly
in Figs. 2(a) and 2(b), where we show the dependence of the
decay time of the anomalous mode on the magnitude q of the
wavevector obtained in several different cases with αD3 6= 0.
From Figs. 2(a) and 2(b) one can see that the main features
of the anomalous mode remain the same as that of the PSH
mode shown in Fig. 1. After the effect of the k-cubic Dres-
selhaus SOI is taken into account, there is still a characteristic
value qmax of the magnitude of the wavevector at which the
decay time of the anomalous mode has a maximum value.
In the region of q < qmax, the decay time of the anomalous
mode increases monotonously as q increases, and in the re-
gion of q > qmax, the decay time decreases monotonously as
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Fig. 2. (a) The q-dependence of the decay time of the PSH mode
obtained in three different cases with αD3 = 0× 10−32 eV·m3, 5×
10−32 eV·m3, and 10 × 10−32 eV·m3, respectively. (b) The q-
dependence of the decay time of the PSH mode obtained in three dif-
ferent cases with αD3 = 1.6× 10−30 eV·m3, 1.8× 10−30 eV·m3, and
2.4× 10−30 eV·m3, respectively. The direction of the wavevector 𝑞 is
fixed along the [110] direction and the values of other input parameters
used in the calculations are set identically to those given in the caption
of Fig. 1. The peak values of the decay time of the PSH mode shown
in Fig. 2(a) are about two orders of magnitude larger than that shown in
Fig. 2(b).
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q increases. But by making detailed comparison between the
results shown in Fig. 1 and Figs. 2(a) and 2(b), one can see that
there are two important discrepancies between them. First, af-
ter the effect of the k-cubic Dresselhaus SOI is taken into ac-
count, the variations of the decay time of the anomalous mode
with the change of the magnitude of the wavevector will be-
come smoother and smoother as the strength of the k-cubic
Dresselhaus SOI increases, i.e. the peak of the dispersion
curve of the decay time in q-space will be broadened sig-
nificantly by the k-cubic Dresselhaus SOI. Second and more
importantly, from Figs. 2(a) and 2(b) one can see that the
maximum value of the decay time of the anomalous mode at
q = qmax may be reduced significantly as the strength of the
k-cubic Dresselhaus SOI increases, suggesting that the stabil-
ity of a PSH state in a real semiconductor 2DEG system may
be suppressed substantially by the k-cubic Dresselhaus SOI.
By making a detailed comparison with some recent relevant
experimental results (see, e.g. the experimental results shown
in Fig. 2 of Refs. [11] and [12]), we find that, after taking into
account the effect of the k-cubic Dresselhaus SOI, the theoret-
ical results obtained by our formalism accord not only qualita-
tively but also quantitatively with the relevant experimental re-
sults. For example, from Fig. 2(b) one can see that, as the cou-
pling constant of the k-cubic Dresselhaus SOI is increased to
around (1.5∼ 2.5)×10−30 eV·m3, typical for 2DEGs formed
in III–V type semiconductor quantum wells,[13] the maximum
value of the decay time of the PSH mode at q = qmax will
be decreased to be around (4 ∼ 10)× 102 ps, in quantitative
accordance with the relevant experimental results reported in
Refs. [11] and [12]. From Figs. 2(a) and 2(b) we also note that,
while the maximum value of the decay time of the anomalous
mode will be reduced significantly as the strength of the k-
cubic Dresselhaus SOI increases, the characteristic value qmax

of the magnitude of the wavevector (at which the decay time
of the anomalous mode has the maximum value) is insensitive
to the variation of the strength of the k-cubic Dresselhaus SOI
but is still determined mainly by the equal Rashba and k-linear
Dresselhaus spin–orbit coupling constants. The characteristic
value qmax of the magnitude of the wavevector obtained by our
formalism, which is around the order of (0.5∼ 1.0)×106 m−1

for the cases shown in Fig. 2(b), is also in accordance with the
relevant experimental data.[11,12]

From a strict theoretical point of view, for a 2DEG formed
in a III–V type semiconductor quantum well grown along the
[001] axis, the exact SU(2) symmetry shown in Ref. [10] can
occur only if the direction of the wavevector of a helical spin
density wave is strictly along the [110] direction. But it is
not usually easy to arrange the direction of the wavevector
strictly along the [110] direction in an actual experimental

setup. Thus it is interesting to investigate whether the PSH
mode can still survive if the direction of the wavevector is
slightly deviated from the [110] direction. From the spin dif-
fusion equations derived in Section 2, we find that if the di-
rection of the wavevector is only slightly deviated from the
[110] direction, an anomalous mode similar to the PSH mode
discussed above can still be obtained. This is illustrated in
Fig. 3, where we show the q-dependence of the decay time of
the anomalous mode when the direction of the wavevector is
slightly deviated from the [110] direction. From Fig. 3 one can
see that the main features of the anomalous mode are similar
to those of the PSH mode discussed above, but the peak value
of the decay time of the anomalous mode decreases rapidly as
the direction of the wavevector is turned away from the [110]
direction.
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Fig. 3. (color online) The q-dependence of the decay time of the PSH
mode as the direction of the wavevector is slightly deviated from the
[110] direction. In the plot θ denotes the angle between the direc-
tion of the wavevector and the [100] axis. The values of other input
parameters used in the calculations are given by: m = 0.067me, n =
7.8×1011 cm−2, τ = 5.7×10−12 s, αR = αD1 = 0.16×10−10 eV·cm,
αD3 = 1.7×10−30 eV·m3.

4. Summary
In summary, we have presented a detailed theoretical in-

vestigation on the effect of k-cubic Dresselhaus SOI on the
decay time of PSH states in 2DEGs with both Rashba, k-linear
and k-cubic Dresselhaus SOIs. The results indicate that the
stability of a PSH state may be suppressed substantially by
k-cubic Dresselhaus SOI, and after taking the effect of the k-
cubic Dresselhaus SOI into account, the theoretical results ob-
tained accord but qualitatively and quantitatively with some
recent experimental results.
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