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Condensation of Fermions in the double-well potential∗
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The density distribution of ultracold two-component fermionic gases 6Li, which are confined in a gradient magnetic
field and a symmetrical double-well potential, is investigated by employing local-density approximation. It is found that
three different regimes including quasi-molecular Bose–Einstein condensation (BECm), the dimers in the unitarity limit
(ULd), and Bardeen–Cooper–Schrieffer superfluid (BCS) can coexist at the same time. Furthermore, the ranges of these
regimes can be controlled to some extent by tuning the gradient of the magnetic field and the parameters characterizing
the properties of the double-well potential. This study is of guidance and significance for experimentally realizing the
coexistence of BECm, ULd, and BCS in the double-well potential.
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1. Introduction
In 1925, Einstein predicted[1] that, below a certain tem-

perature a finite fraction of the number of gas particles begins
to condense into the ground state. Much attention and effort
has since been focused on the research of Bose–Einstein Con-
densation (BEC), both experimentally and theoretically.[2–4]

In 1995 the phenomenon of BEC was finally realized in the
laboratory.[5–7] It is well known that fermions cannot form
BEC directly. However, when there are interactions among
fermions it is possible for fermions to form BEC. The strength
of these interactions are usually characterized by the s-wave
scattering length a, and they are repulsive when a < 0 and at-
tractive when a > 0. Recent investigations show that Feshbach
resonance[8] makes it possible to realize the crossover from
the BEC of molecules to the superfluid, as described by the
Bardeen–Cooper–Schrieffer (BCS) model.[9–11] The crossover
has been investigated from different viewpoints; for exam-
ple, the condensate fraction,[12,13] collective excitation,[14–16]

and quantum pressure correction to the collective excitation
spectrum.[17] Moreover, with the rapid development of the
Feshbach resonance technology and the cryogenic cooling
technology, some groups have observed the phenomena of
BEC in fermionic atoms, such as 40K[18] and 6Li,[19,20] which
provides a new way to study ultracold fermions.

Recently, for the ultracold two-component fermionic
gases 6Li, the coexistence of quasi-molecular BEC (BECm),
the strongly interacting fermionic dimers in the unitarity limit
(ULd), and the BCS superfluid have been predicted.[20] Here,
6Li atoms located in a harmonic potential are trapped in a uni-
form gradient magnetic field near the Feshbach resonance.[21]

Since a large number of experiments have recently been

performed upon atomic BEC trapped in the double-well
potential,[22–27] and there are several tunable parameters to
change the properties of the double-well potential, we can ex-
pect that the controllability of different regimes for fermionic
gases 6Li can be improved by introducing the double-well po-
tential. To check our conjecture, in the present work we study
the density distribution of the two-component fermionic gases
6Li trapped in a symmetrical double-well potential. Mean-
while, an external magnetic field near the Feshbach resonance
is applied to these gases. Our results predict the coexistence
of the above three states, and the ranges of these states can be
controlled to some extent by tuning the gradient of the mag-
netic field. Besides, tuning the parameters characterizing the
properties of the double-well potential can control both the
density distributions and the ranges of these states, to a cer-
tain degree.

The remainder of this paper is organized as follows. Sec-
tion 2 describes the basic model and main calculations. We
will focus on the density distributions in various regions. Sec-
tion 3 shows the results of density distributions of the three
different states and the corresponding discussion. Finally, a
summary is given in Section 4.

2. Basic model and calculations
For fermionic atoms 6Li, there are two different inter-

nal states, which can be characterized by expressions |1〉 =∣∣ f = 1/2,m f =−1/2
〉

and |2〉=
∣∣ f = 1/2,m f = 1/2

〉
, where

f is the total atomic spin and m f is the spin projection quan-
tum number. The interactions between |1〉 and |2〉 can be de-
scribed by the s-wave scattering length a. In this work, we sup-
pose that the two-component fermionic gases 6Li are trapped
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in a gradient magnetic field 𝐵 = (B0 +αz)𝑒x, where B0 is the
magnetic field at which the Feshbach resonance peaks, α is
the magnetic field gradient, z is the coordinate, and 𝑒x is a unit
vector in the x direction. For 6Li described above, the scatter-
ing length near B0 is[21]

a(z) = Aa0

(
1− ω

B−B0

)
. (1)

Here A is a constant, a0 is the Bohr radius, and ω is the width
of the resonant magnetic field. According to Eq. (1), the scat-
tering length a(z) is very large in the vicinity of the Feshbach
resonance; that is, a(z)→ −∞ on one side of the resonance
and a(z)→ +∞ on the other side. This means that there are
strongly repulsive interactions among atoms on one side of the
resonance and strongly attractive interactions on the other side.
According to Ref. [28], for different values of a(z) the space
can be divided into three regions, which correspond to three
different states. They are BECm, ULd, and BCS. Their bound-
aries are determined by |a(z)|n1/3 = 1 (n is the average parti-
cle density, and n−1/3 represents the average distance between
particles, while |a(z)| denotes the range of the interaction).

Considering that the ultracold two-component fermionic
gases 6Li are confined in a symmetrical double-well potential,
we can illustrate the general features of the double-well poten-
tial by the following form[29]

Vopt = γm
(

z2−
ω2

z

8γ

)2

+
1
2

mω
2
r
(
x2 + y2) , (2)

where γ is the tunable parameter, ωz is the trap frequency
in the z direction, and ωr is the trap frequency in the x–y
plane. Obviously, a double-well potential contains two po-
tential wells which are separated by a barrier. According
to Eq. (2), the height of the middle barrier is mω4

z /64γ at
z = 0. The bottoms of the two wells are separately located
at z = −

√
ω2

z /8γ and z =
√

ω2
z /8γ , which means that the

distance between the two wells is 2
√

ω2
z /8γ . Figures 1(a)

and 1(b) plot the results for the coordinate z dependence of
the double-well potential for various values of the parameter γ

and the trap frequency in the z direction ωz, respectively (Vopt

is in unit of 10−31 J, and γ is in unit of m−2·s−2). As shown
in Fig. 1(a), as the parameter γ increases, the bottoms of the
two wells approach each other, and the height of the barrier
becomes shorter. Thus, the double wells become more un-
obvious. However, the influence of ωz on the property of the
double-well potential is contrary to the parameter γ , which can
be seen from Fig. 1(b): as ωz increases, the bottoms of the two
wells go far away from each other, and the height of the barrier
becomes higher, which indicates that the double wells become
more obvious.
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Fig. 1. (color online) The relationship between the double-well poten-
tial Vopt (Vopt is in unit of 10−31 J) and the coordinate z with different
values of (a) the parameter γ for the case of ωz = 240 π and (b) the trap
frequency in the z direction ωz for the case of γ = 7.0×1013 m−2·s−2.

Since the crossover from BEC to BCS occurs near the
Feshbach resonance, which appears at z = 0, the parameter γ

should ensure that the distance is not too large and also make
the two wells obvious enough in a certain range. Thus, we
chose the parameter γ varying from 6.0× 1013 m−2·s−2 to
8.0×1013 m−2·s−2. When ωr is large enough, in the x–y plane
most of the particles are gathered near the origin (0,0). Since
there is no magnetic field gradient in the directions of both x
and y, setting x = y = 0 is a reliable method to ignore the af-
fection coming from the x–y plane. In this case, the external
potential for the fermionic atom 6Li in the internal state |i〉
(i = 1,2) is

V|i〉 =Vopt−𝜇|i〉 ·𝐵 = γmz4−
mω2

z

4
z2 +

mω4
z

64γ
−𝜇|i〉 ·𝐵, (3)

and for molecule 6Li2, the total external potential is[21]

Vm = 2γmz4−
mω2

z

2
z2 +

mω4
z

32γ
−𝜇m ·𝐵. (4)

The last term in Eq. (3), which has the same physical meaning
as the last term in Eq. (4), denotes the Zeeman energy. How-
ever, 𝜇|i〉 in Eq. (3) is the magnetic moment of the internal state
|i〉 and 𝜇m in Eq. (4) is the magnetic moment of the molecule.

When the gases, which are trapped in the double-well po-
tential and confined in the external magnetic field, reach their
thermal and chemical equilibrium, the size of the paired atoms
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is much smaller than the size of the Fermi cloud. Thus, the
local-density approximation can be used to calculate the den-
sity distribution of each region.

The chemical potentials of BECm, ULd, and BCS|i〉 are
obtained as follows:[30,31]

µ
BEC
m = gmmnBEC

m +V
′
m + εm, (5)

µ
UL
d = εFm (𝑟)+Vmf (𝑟)+∑

i
V|i〉 (𝑟) , (6)

and

µ
BCS
|i〉 =

h̄2 (6π2
)2/3

2m

(
nBCS
|i〉

)2/3
+V|i〉. (7)

Here, gmm = 2π h̄2am (z)/mm is the molecule–molecule cou-
pling with am (z) = 0.6a(z)[32] being molecule–molecule
scattering length and mm being the reduced mass of the
molecule, V

′
m = ∑i V|i〉 denotes the total external potential of

the two different atoms that combine into a molecule, εm =

−h̄2/ma2 (z) is the binding energy of the molecule; εFm (𝑟) =

h̄2 (6π2
)2/3 (nUL

d

)2/3
/2mm represents the local Fermi energy,

Vmf (𝑟) = βεFm (𝑟) is the mean-field contribution to the chem-
ical potential, and nBEC

m , nUL
d , and nBCS

|i〉 are the density distri-
butions of the molecular BEC, the unitarity limit regime, and
the fermionic atoms 6Li in the BCS regime, respectively.

Equations (5)–(7) present the chemical potentials of dif-
ferent particles. As the magnetic field B increases, the dis-
tance between the two tight-binding atoms becomes larger
and larger, making the quasi-molecules begin to evolve into
dimer, and then the dimers begin to evolve into two atoms.[33]

When the whole system achieves thermal and chemical equi-
librium, the chemical potentials of molecules, dimers, and the
two atoms have the same value µsys (the chemical potential of
the whole system); that is,

µ
BEC
m = µ

UL
d = ∑

i
µ

BCS
|i〉 = µsys. (8)

From Eqs. (5)–(7) one can get the density distribution of each
regime based on the determination of µsys ≡ µUL

d (𝑟 = 0) and
µsys = µeff +∑i V|i〉 (𝑟 = 0). The density distributions of the
three regions are given as follows:

nBEC
m =

m
(

µeff +
h̄2

ma2 (z)
−2γmz4 +

mω2
z

2
z2
)

1.2π h̄2a(z)
, (9)

nUL
d =

4m
(

µeff−2γmz4 +
mω2

z

2
z2
)

(1+β ) h̄2 (6π2)2/3


3/2

, (10)

and

nBCS
|i〉 =

m
(

µeff−2γmz4 +
mω2

z

2
z2
)

h̄2 (6π2)2/3


3/2

. (11)

3. Results and discussion

In this section, we present the results of density distri-
butions obtained from Eqs. (9)–(11), and discuss the effects
of the gradient α , the parameter γ , and the trap frequency in
the z direction ωz. The order of magnitude of the parameter
γ is determined by the double-well potential Vopt, the coordi-
nate z, the angular frequency ωz, and the mass of the parti-
cle trapped in the double-well potential m. Our calculation
indicates that, when the order of magnitude of the parame-
ter γ is thirteen, we can get some interesting results. When
the order of magnitude of the parameter γ is much smaller,
the term containing the parameter γ can be neglected, which
can be seen from Eqs. (9)–(11); when the order of magni-
tude of the parameter γ is much larger, the density distribu-
tion will be negative. To get the curves of the density dis-
tributions, we set nUL

d (𝑟 = 0) = 1012 cm−3. The values of
Aω (in Eq. (1)) and β are estimated as follows: Aω = 6 Gs
(1 Gs = 10−4 T)[34] and β =−0.3.[13,35] Under the parameter
of m = 9.98×10−27 kg, one can get the following results (the
density distribution is in unit of nUL

d (𝑟 = 0) and the coordinate

z is in unit of Rz =
√

µsys/m(240π)2 for simplicity).
According to Fig. 1 choosing γ = 7.0× 1013 m−2·s−2,

ωz = 240 π and employing Eq. (9), we plot Fig. 2, which
shows the curves of the coordinate z dependence of the molec-
ular density distribution with different values of the gradient
α in the BEC regime. As shown in Fig. 2, when z increases
to zero, the density nBEC

m increases from zero to a maximum
nBEC

max and then decreases to zero. Moreover, the growth rate is
much larger than the reduction rate. The peak located in the
left region of the whole BEC region indicates that most of the
BEC molecules distribute in the left part of the left well. It is
obvious that the magnetic field gradient α has an observable
effect on the range of the BEC region: when α increases, the
range of the BEC region becomes larger and larger. Figure 2
exhibits that nBEC

max increases with the increasing α . From the
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Fig. 2. (color online) The density distribution of quasi-molecular BEC
as a function of the coordinate z for α = 8, 10, 12, 14, and 16 Gs·m−1

(1 Gs = 10−4 T) with the given values of γ = 7.0× 1013 m−2·s−2 and
ωz = 240 π .
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above results and discussion, we know that it is much easier
to form molecular BEC when the gradient α is larger. When
|𝐵| < B0, we can control the axial width of the BEC region
to some degree by adjusting the magnetic gradient α . This
may be a reliable method that can contribute to realizing the
condensation of fermions 6Li.

Using Eqs. (9)–(11), one can obtain Figs. 3(a), 3(b),
and 3(c) by setting α = 12 Gs/m and ωz = 240 π , and ob-
tain Figs. 3(d), 3(e), and 3(f) by setting α = 12 Gs/m and
γ = 7.0× 1013 m−2·s−2. Figure 3(a) exhibits that nBEC

max de-
creases with the increasing γ . While figure 3(d) exhibits that
the trap frequency ωz has no influence on nBEC

max . The den-
sity distribution of the condensed molecules has a single-peak
structure (see Figs. 3(a) and 3(d)), while the density distribu-
tions in the ULd and BCS|i〉 regions have a double-peak struc-

ture (see Figs. 3(b), 3(c), 3(e), and 3(f)). Moreover, two peaks
correspond to the bottoms of the two wells of the potential.
For given values of gradient α , tuning the parameters γ and
ωz can change the properties of the double-well potential, as
shown in Fig. 1. This results in the changes of the axial width
of the three regions and the density distributions in them. Fig-
ure 3 exhibits the related results. The axial widths of BECm,
ULd, and BCS|i〉 become smaller and smaller as γ increases.
While for given values of gradient α and γ , as ωz decreases,
the changing trends of the curves are similar to those in the
case with increasing γ . This can be seen from Figs. 3(d), 3(e),
and 3(f). However, when z approaches zero, the effects of
the parameter γ and the trap frequency ωz become unobvious:
different curves overlap near the origin. At z = 0, the mag-
netic field satisfies 𝐵 = B0𝑒x, where the Feshbach resonance
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Fig. 3. (color online) Comparisons of the density distributions in different regions as a function of the coordinate z for different γ and ωz with the given
value of α = 12 Gs/m: panels (a) and (d) show the density distributions of the quasi-molecular BEC; panels (b) and (e) give the density distributions in the
unitarity limit regime; panels (c) and (f) exhibit the density distributions of the fermionic atoms 6Li in the BCS regime.
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occurs. Compared with the region away from the Feshbach
resonance, the effects of γ and ωz are weakened near the Fesh-
bach resonance. From the above discussion, we can conclude
that, besides the gradient of the magnetic field α , the param-
eter γ and the trap frequency ωz can also be used to tune the
axial widths of BECm, ULd, and BCS|i〉.

Setting α = 12 Gs/m, γ = 7.0×1013 m−2·s−2, and ωz =

240 π , the density distribution of the particles in each regime
is plotted in Fig. 4. This shows that fermionic gases in forms
of BECm, ULd, and BCS|i〉 can coexist at the same time in
different regions. According to |a(z)|n1/3 = 1, the vertical
lines located at z = −1.223 Rz and z = 1.0983 Rz in Fig. 4
denote the boundaries of the three regimes: I, II, and III rep-
resent the regions of BECm, ULd, and BCS|i〉, respectively.
The middle barrier of the double-well potential isolates the
molecular BEC from the atomic BCS. Actually, as the mag-
nitude of the magnetic field B increases, the distance between
the two tight-binding atoms becomes larger and larger, mak-
ing the molecules evolve into dimmers and Cooper pairs, sub-
sequently. Furthermore, the Cooper pairs could form a BCS
superfluid when B is large enough. In other words, if the ap-
plied magnetic field has a uniform gradient, the three states of
fermionic gases can coexist at the same time.
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Fig. 4. (color online) The density distribution of each regime for the
case of α = 12 Gs/m, γ = 7.0× 1013 m−2·s−2, ωz = 240 π , and the
boundaries of the regions of BECm, ULd, and BCS|i〉 (vertical lines).

4. Summary
This work has employed the local-density approximation

to study the density distribution of two-component ultracold
Fermi gases 6Li trapped in a gradient magnetic field and a
symmetrical double-well potential. Three important states, in-
cluding BECm, ULd, and BCS|i〉, are obtained by the scattering
theory and the Feshbach resonance theory. We have analyzed
in detail the density distributions in the three regimes, espe-
cially in the molecular BEC regime. It is found that the gra-
dient of the magnetic field α , the parameter γ , and the trap
frequency in the z direction ωz have an influence on the den-
sity distribution of the condensed molecules 6Li2. Moreover, γ

and ωz may affect the density distributions of ULd, and BCS|i〉.
Consequently, by tuning the gradient of the magnetic field α ,

the parameter γ , and the trap frequency in the z direction ωz,
one can to some degree control the ranges of the three regimes.
This provides a pathway for experimentally realizing the co-
existence of BECm, ULd, and BCS|i〉 in the double-well poten-
tial.
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