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Parametric instabilities in single-walled carbon nanotubes™
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Parametric instabilities induced by the coupling excitation between the high frequency quantum Langmuir waves and
the low frequency quantum ion-acoustic waves in single-walled carbon nanotubes are studied with a quantum Zakharov
model. By linearizing the quantum hydrodynamic equations, we get the dispersion relations for the high frequency quantum
Langmuir wave and the low frequency quantum ion-acoustic wave. Using two-time scale method, we obtain the quantum
Zaharov model in the cylindrical coordinates. Decay instability and four-wave instability are discussed in detail. It is shown
that the carbon nanotube’s radius, the equilibrium discrete azimuthal quantum number, the perturbed discrete azimuthal
quantum number, and the quantum parameter all play a crucial role in the instabilities.
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1. Introduction

There has been a growing interest in the field of car-
bon nanotubes!' 14! since they were discovered by Iijima,!!’]
because of their unique properties and great potential ap-
plications. Their most advanced applications include nano-
electronics, hydrogen storage, field-emitters, biological and
chemical gas sensors, medicine, nanomaterials, etc. The
metallic or semiconducting properties of carbon nanotubes
depend on its radius and the geometric angle, as well as
their electron and ion components, which can be regarded
as a two-species quantum plasmas. In order to well under-
stand the characteristics and interactions of two-species com-
ponents, particular attention has recently been extensively de-
voted to their collection excitations. On the one hand, differ-
ent approaches (e.g., the classical hydrodynamic model!'®!7]
and the quantum dielectric-response model with the random-
[18.19) have been used to study the high-
On the

other hand, recently, the low-frequency ion-acoustic exci-

phase approximation

frequency electron excitation in carbon nanotubes.

tation in single-walled carbon nanotubes has been further
discussed®”! with the quantum hydrodynamic model (QHD)
that was developed by Haas et al.[>!! However, the coupling
excitation between the high-frequency electron wave and the
low-frequency ion-acoustic wave is not still very clear in the
single-walled carbon nanotubes.

It is well known that the parametric instabilities*?! (such
as decay instability, four-wave instability) induced by cou-

pling excitations between high frequency quantum Langmuir
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waves and low frequency quantum ion-acoustic waves are
closely related to the two-species quantum plasma excitation.
Therefore, we will further study the parametric instabilities in
single-walled carbon nanotubes in this context. The Zakharov
equations!>>~2%) are an effective model to investigate the para-
metric instabilities. So, we start with the quantum hydrody-
namical equations (QHE) to discuss the dynamics of the two-
species quantum plasma in the single-wall carbon nanotubes
in cylindrical coordinates, and get the dispersion relations for
the high frequency quantum Langmuir wave and the low fre-
quency quantum ion-acoustic wave, respectively. Then, using
the two-time scale method, we obtain the quantum cylindri-
cal Zakharov model describing the coupling of high frequency
quantum Langmuir waves and the low frequency quantum ion-
acoustic waves in single-walled carbon nanotubes. Further-
more, parametric instabilities in the single-walled carbon nan-
otubes are discussed in detail. Interestingly, it is found that pa-
rameter instabilities depend on the carbon nanotube’s radius,
the discrete azimuthal quantum number, and the quantum pa-
rameter which is related to the Planck constant 7. Lager dis-
crete azimuthal quantum number tends to enhance the decay
instability, while the larger nanotube’s radius suppresses the
decay instability. However, for the general four-wave instabil-
ity, the influence of the tubule’s radius and the perturbed dis-
crete azimuthal quantum number on the instability depends on
the ratio of the perturbed discrete azimuthal quantum number
to the equilibrium discrete azimuthal quantum number. But
the quantum parameter suppresses instabilities.

This paper is organized as follows. Linearizing the QHE
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for two-species particles, the dispersion relations for the high
frequency quantum Langmuir wave, and the low frequency
quantum ion-acoustic wave are given respectively. Taking
two-time scale method, the quantum Zakharov model in the
cylindrical coordinates is obtained in Section 2. In Section 3,
we discuss the parametric instabilities in detail. Finally, our
main results are briefly summarized in Section 4.

2. Model
2.1. QHE

In single-walled carbon nanotubes, we assume that elec-
trons and ions are distributed uniformly over the cylindrical
surface, and consider the single-walled carbon nanotubes as an
infinitesimally thin and infinitely long cylindrical shell with a
radius a. The QHE for the two-species plasmas in the partic-
ular cylindrical coordinates r = (a, ¢,z) can be described by
the continuity and momentum-balance equations20-22-24.27-29]

on

=, V) (neue) =0, (1)
8ni
7+VH -(nju;) =0, (2)
du, e 1
8: (Ue V”) —mfeE— mon, VHPe
n? 1

+55V) (ﬁvﬁﬁ>’ 3)
du; e
T—F(u V”) EE, (4)

where subscripts e and i stand for electrons and ions, respec-
tively. me;, ne i, and u. ; represent the mass, density, and fluid
velocity of electrons and ions, respectively.

1d a .
= ; %ed, + = 92 €,

FE is the self-consistent electric field, 7 is the Planck constant

Vi

divided by 2. The pressure term P, appearing in Eq. (3) must
be related to the electron density n. via an equation of state

(EOS) in order to close our system of electron fluid, we take

P, = ;nokBT ( e/n())y

for the homogeneous electron gas. Here, kg is the Boltzmann
constant, 7, is the electron temperature, ng is the equilibrium
electron density, ¥ = (2+d)/d represents the polytropic ex-
ponent, and d = 2 is the relevant dimensions. In addition, the
third term on the right-hand side of Eq. (3) is the so-called
Bohm potential due to the quantum diffraction effects. In gen-
eral, we assume ions to be pressureless and neglect quantum
diffraction in view of their large mass. The self-consistent
electric field E satisfies the Poisson equation V| - E = p /&,

where € is the vacuum dielectric. Since we have assumed that

electrons and ions are distributed uniformly over the cylindri-
cal surface, when the carbon nanotubes’s radius a is infinites-
imally small we can write the volume charge density (per unit
length of the tubes) p = 27ae(n; —n.)/ma’. So, we have the
Poisson equation in the cylindrical coordinates r = (a, ¢,72)

2e

V||~E:%(ni—ne). %)

As is usually done in linear disturbance theory, around the ho-
mogeneous equilibrium n, = n; = ng, u, =0, and E =0,
every relevant physical quantity is divided into its equilib-
rium and perturbed components n, = ng+ ne1, U = Uel, and
E = E,. We linearize Egs. (1), (3), and (5), further apply the
Fourier transform A = Ae!K&+1m0=1® here A represents any
of the above-list perturbed components. As a result, one ob-
tains the following dispersion relation for the high frequency

quantum Langmuir wave

2 2, .2(;2 m? W 4 m*
[0) :wp+ve (k >+42(k “!‘a4>, (6)

where k is the longitudinal wave number, m is the discrete az-
imuthal quantum number, ® is the Langmuir wave frequency,
@, = (2npe? /(m.€oa))'/? is the electron plasma frequency,
and v, = (kgT, /m, )"/ is the electron thermal velocity. Then,
following the steps of Ref. [25], we get the dispersion relation

for the low frequency quantum ion-acoustic wave

2 2 4
2[00, M h 4, m
“ | k — k —
VI< +a2)+4mime< +a4)

Q%=
R o — O
14+ — ( k2 — K+ —
ra () ey (4%
where, £ is the ion-acoustic wave frequency, £, =

(2npe? /(m;€9a))'/? is the ion plasma frequency, and v; =
(kgT./m;)"/? is the ion thermal velocity. Assuming the
plasma system is a quasineutrality one, namely, n; = n,, the

relation can be further simplified as

2 2 4
2_2(;2, M h 4 Mm
Q —Vi(k +a2>+4mime (k +a4>' ®)

It can be seen that the tube’s radius a and the azimuthal quan-

tum number m modify the dispersion relations of the quantum
Langmuir wave and the quantum ion-acoustic wave in single-

walled carbon nanotubes.

2.2. Quantum cylindrical Zakharov model

Using two time scale theory, all quantities are separated
into high frequency (subscript h) and low frequency (subscript
1) components, n, = ng + ny+ ny, n; = no+ny, Ye = U+ Up,
u; = uy, £ = E)+ Ey, the high frequency parts are neglected
for ions, which is also due to the larger ion mass. As usually
done, [22-24]

EhE[exp(—ia)pt) +exp(iwpt)]/2, here, E is the slowly vary-

writing the fast time scale electric field in the form
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ing envelope of the high frequency electric field. We get the

following equation about E in the high frequency case
2

. aE ve -~ h2 =
st 2wpevu(vH -E) - S e wpevH Vi(V)-E)]
= Oelp ©
2 no

Taking a time-averaging method!*>?3! to the high frequency

quantities, one obtains the equation in the low frequency case

2 2
% —ViVEm + 4rzilnevﬁnl ~ %Zvﬁ(w\?). (10)
Equations (9) and (10) are the quantum Zakharov equations in
the cylindrical coordinates r = (a, ¢,z). Normalizing Egs. (9)
and (10) with r ~ 2,/lir/A¢, t ~ 2 @yt, n ~ n/4uny, and
E ~ 6177/4\//.7mea)pve, here, u = m¢/m;, A, =v./@,, we
get

0E
i—=+V(V)-E) —H’V|[V{(V|-E)]=nE, (11)
9*n 2 24 2 2

where the dimensionless quantum parameter H = 1€, /kgT,.
In general, the radius of the single-walled nanotubes ranges
from 1 nm to 15 nm, surface electron density ng = 4 x
38 nm~2.27:3% Setting the nanotubes radius as 5 nm, elec-
tron temperature 7 = 10* K, we roughly estimate H = 0.25
and dimensionless radius a = 12. We have obtained the ef-
fective models (11) and (12) for studying the coupling inter-
action between high frequency quantum Langmuir waves and
low frequency ion-acoustic waves in the single-walled carbon
nanotubes. Therefore, two parametric instabilities (i.e. the
decay instability and the four-wave instability) in the single-
walled carbon nanotubes need to be further discussed in the

next section.

3. Parametric instabilities in single-walled car-
bon nanotubes

3.1. Decay instability

The decay instability generally involves the interaction
between the primary Langmuir wave, its longitudinal pertur-
bation, and one ion-acoustic wave. We assume the forms of
the solution E = Eqexp|i(koz+m¢ — wyt )| +E1 (1) expli(kiz+
m19 — qt)], and n = n; (¢t) cos(Kz+ M¢ — Qt). For the sake
of simplicity, we use the notation eg | = expli(ko 1z+mo 19 —
wp11)], ex = exp[ti(Kz+M¢ — Qr)], and E(r) and n;(t)
are the first-order quantities. According to quantum Zakharov
Egs. (11) and (12), we can obtain the dispersion relation of the
quantum Langmuir wave and the quantum ion-acoustic wave,

respectively

m2 m4
=(kK+-2)+H>(ki+2 13
COO (0+a2>+ 0+a4 ) ( )

m2 m4
m<ﬁ+;)+#(ﬁ+;>, (14)
a a
M? M*
Q2= <K2+2> + H? <K4+4). 15)
a a

Using the usual parameter resonant conditions kg = k; +
K, my=m; +M, g = o + 2, which meet momentum, an-
gular momentum, and energy conservation, respectively, the
forms of three waves are inserted in Eqs. (11) and (12), tak-
ing the resonance part and E; = i@E), we have the dispersion

relation
MZ
o’ +2Q0° + (K2+2> |Eo|* =0. (16)
a

In Eq. (16), @ can be neglected because of 2 >> ||, letting
o = 1Y, and using Eq. (15) we obtain the growth rate

MZ
¥ K%+ 72|E0|
a

ﬂ{HHZ <K4+A§>/<K2+A§>]l/4'

It can be seen from Eq. (17) that the growth rate of decay insta-

bility in single-walled carbon nanotubes depends on the tube’s
radius, the discrete azimuthal quantum number, and the quan-
tum parameter. However, the maximum growth rate Ypax is
not affected by the carbon nanotube’s radius ¢ and the discrete
azimuthal quantum number, but by the quantum effects, be-
cause when K — oo, ¥ = Ynax = |Eo|/V/2H. Figure 1 shows
the growth rate of the decay instability for different a, M, and
H. We can clearly see that, for long-wavelength region (i.e.,
K is small), the instability growth rate decreases as the carbon
nanotube’s radius a increases, while it increases as the discrete
azimuthal quantum number M increases. But the growth rate
is suppressed by increasing the quantum parameter H. For
fixed H, the carbon nanotubes’s radius a and the discrete az-
imuthal quantum number M play important role for relatively
long wave-length perturbation (i.e., with small K or K — 0),
but for medium-short length perturbation (i.e., with large K or
K — o) the influence of a and M on decay instability is evi-

dently weakened.

3.2. Four-wave instability

The four-wave instability is yielded by the interaction
between one equilibrium Langmuir wave, its longitudinal
and transverse perturbations,'”>>3! and one ion-acoustic wave.
Taking E = Egexp(ikoz+ imo9 — impt) + Ex expli(ko +k)z+
i(mo+m)o —i(wy+ )]+ E_expli(ko—k)z+i(mo—m)p —
i(wy) — 0*)t], n = fiexp(ikz + im¢ — iwr)+ c.c., where c.c.

denotes complex conjugate, following the related proposal for
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Fig. 1. The growth rate of the decay instability against K, Ey = 0.5. Panels (al)—(a3) represent the different tubes’ radius a and quantum parameter H for
M = 2. Panels (b1)—(b3) represent different azimuthal quantum number M and H fora = 5.

the four-wave instability,?>?3! combining Eqgs. (11) and (12)

and
2 4
2 M 2[4, M
we have
2 m? 2
DsD\D; = (k +az> E§(D1+Da), (18)
where,

2 4
D = w?— <k2+’"2> —H? (k4+m4),
a a

1
Dy = o — (k* + 2kok) — E(m2 +2mgm)
— H? [(k4 + 4kok® 4 6k3k> + 4k k)

1
+ (m* + 4mom> + 6m3m* + 4m8m)} )
a

1
Dy = — — (k* — 2kok) — a—z(m2 — 2mgm)

- H? [(k4 — dkok® + 6kGK* — 4k k)

1
+ s (m* — 4mom?® + 6m3m* — 4m8m)} .

Equation (18) is the dispersion relation of four-wave instabil-
ity in the single-walled carbon nanotubes, which is a fourth-
order polynomial about @ and depends on the carbon radius

a, the perturbed discrete azimuthal quantum number m, the
equilibrium discrete azimuthal quantum number mg, and the
quantum parameter H. In order to further reveal their char-
acteristics in the four-wave interaction process, equation (18)
can be numerically analyzed to deduce the four-wave instabil-
ity. Some results are shown in Figs. 2 and 3. It can be seen
from the figures that the carbon radius a, the perturbed dis-
crete azimuthal quantum number m, the equilibrium discrete
azimuthal quantum number m, and the quantum parameter H
have an obvious influence on the instability of the four-wave
interaction in single-walled carbon nanotubes. Figure 2 shows
the influences of m and myg on the instability for fixed radius
a. It is important to note that, for fixed my (i.e., for a fixed col-
umn), the instability region in k direction (as shown by dashed
lines) up to its maximum when m = mq (Figs. 2(al), 2(b2),
2(c3), 2(d4) for columns 1, 2, 3, and 4, respectively). When
m < my, the instability region expands to a larger k region with
increasing m, but contracts to a smaller k region when m > my.
From the left column to the right column (i.e., with increasing
my for fixed m) we can find that the instability will appear in
larger k region with increasing mg. Figure 3 displays the in-
fluences of a on the instability for fixed m. It is found that the
effects of the nanotube’s radius on the instability depends on
the ratio of the perturbed discrete azimuthal quantum number
m to the equilibrium discrete azimuthal quantum number my,

025202-4



Chin. Phys. B Vol. 23, No. 2 (2014) 025202

Fig. 2. The frequency @ (solid lines represent the real parts, dashed lines represent the imaginary parts) against k for different m and mg. From the top row
to the bottom one, m =0, m = 1, m = 2, and m = 3. From the left column to the right one, mo = 0, mg = 1, my =2, and mo = 3. Dy, D1, and D, indicate the
branches of Eq. (18), respectively. a =3, Ey = 0.8, ky = 0.7, H =0.3.

4/ (al) (b1) (c1) (d1)
B - O

Fig. 3. The frequency @ against k for different a. From the top row to the bottom one, a =2, a =3, a =5, and a = 8, from the left column to the right one
my=0,mp=1,my=2,my=3. Wehave Eg = 0.8, m=2,ky=0.7, H=0.3.
when m > my the instability expands and appears in larger k  case: kp = 0 and mo = 0. Setting @ = i7, the dispersion rela-
region with increasing a, but contracts and appears in small k )
. . tion (18) becomes
region when m < myg. (These results differ from the results of
the decay instability.) 2 4
g Y . . . Pr(+S ) +m? (+ 2
Let us focus on the four-wave interaction for a simple a2 a*
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m? m*\1?
X 72+Kk2+2>+H2(k4+4ﬂ
a a
2 2 4
—2<k2+’:2)E§{<k2+’;12>+H2<k4+’;)} (19)

Solving 2, we get

m? 1/2
+8<k2+a2> Eg} , (20)

the square of the growth rate y> > 0, namely,

1 ,  m? 54 mt ? 5, m?
Ey>- (| kK+— | +H (K 4+ — E+—,

the system is unstable because ® is imaginary. Figure 4 shows
y? against k? for different radius a, discrete azimuthal quan-
tum number m, and quantum parameter H. We can find that,
for fixed m =1 (m > my, Figs. 4(al), 4(a2)), the instability re-
gion becomes wider and expands to a larger k region with in-
creasing a, but it becomes narrower and contracts to a smaller
k region with increasing m for fixed a = 5 (Figs. 4(bl), 4(b2)).
The maximum growth rate > also depends on a and m when
H # 0. And the quantum parameter H decreases the maximum
value of y* and suppresses the instability.

(b2) H=0.5
—m=0
----m=1
Smem =2
m = 3|

0.5 1.0

Fig. 4. ¥* as a function of k2 for the four-wave instability with kg = 0
and my = 0. Ey = 0.8. Panels 4(al) and 4(a2) represent different tube’s
radius a and quantum parameter H for m = 1. Panels 4(bl) and 4(b2)
represent different discrete azimuthal quantum number m and H for
a=>5.

4. Conclusions

We have studied the parametric instabilities induced by
the coupling excitation between high frequency quantum
Langmuir waves and the low frequency quantum ion-acoustic
waves in single-walled carbon nanotubes. The quantum Za-
kharov model in the cylindrical coordinates is obtained by us-
ing the quantum hydrodynamic equations and the two-time
scale theory. We get the dispersion relations for the high fre-
quency quantum Langmuir wave and the low frequency quan-
tum ion-acoustic wave, respectively. Then, we obtain the dis-
persion relations of the decay instability and four-wave insta-
bility in the single-walled carbon nanotubes, and study the
influence of the carbon nanotubes’s radius, the discrete az-
imuthal quantum number, and the quantum parameter on the
parametric instabilities. We have found that the carbon nan-
otubes’ radius, the equilibrium discrete azimuthal quantum
number, the perturbed discrete azimuthal quantum number,
and the quantum effects all play a vital role in the instabili-
ties.
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