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Heat transfer for boundary layers with cross flow
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An analysis is presented to study the dual nature of solutions for the forced convective boundary layer flow and heat
transfer in a cross flow with viscous dissipation terms in the energy equation. The governing equations are transformed
into a set of three self-similar ordinary differential equations by similarity transformations. These equations are solved
numerically using the very efficient shooting method. This study reveals that the dual solutions of the transformed similarity
equations for velocity and temperature distributions exist for certain values of the moving parameter, Prandtl number, and
Eckert numbers. The reverse heat flux is observed for larger Eckert numbers; that is, heat absorption at the wall occurs.
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1. Introduction
The usual way in which a heat convection problem is

modeled is, in general, to solve the differential equation gov-
erning the conservation of energy by assuming that the flow is
driven either by a surface temperature or by a prescribed sur-
face heat flux. A large number of calculations have been per-
formed, especially for the large Reynolds number (or bound-
ary layer) limit, for such surface conditions and for various
geometrical configurations. Much of this work is well de-
scribed in Bejan,[1] Schlichting and Gersten,[2] and Pop and
Ingham.[3] A somewhat different driving mechanism for the
forced convection heat transfer boundary layer flow was pro-
posed by Kubitschek and Weidman,[4] and was also recently
used by Aziz[5] and Magyari[6] to investigate the bottom sur-
face of a plate that is heated by convection from a hot fluid at
temperature Tf, which provides a heat transfer coefficient hf.

On the other hand, the interesting cross flow problem
over Blasius boundary layer was described by Sowerby[7] and
Loos.[8] Klemp and Acrivos[9,10] demonstrated the boundary
layer flow with a reverse flow region. Hussaini et al.[11]

studied the boundary layer on a flat plate with a constant
velocity opposite in the direction to that of uniform main-
stream. Weidman[12] investigated the transverse flow over
a flat plate moving with, or against, the uniform stream.
The case of simultaneous effects of mass flux (suction) and
tangential movement on the two-dimensional forced convec-
tion boundary layer flow (momentum boundary layer) pass-
ing through a semi-infinite flat plate beneath a uniform stream
was also considered by Weidman et al.[13] Relating to the re-
verse flow, some other important investigations can be found
in Refs. [14]–[37].

The main objective of the present investigation is to con-
sider the forced convection heat transfer (thermal boundary

layer) in the presence of viscous dissipation over a flat plate
moving with a uniform velocity into and out of the origin be-
neath a uniform stream of a three-dimensional (streamwise
and transverse) flow. The momentum (velocity) boundary
layer of this problem has been considered by Weidman.[12]

The governing partial differential equations (PDEs) are trans-
formed into nonlinear self-similar ordinary differential equa-
tions (ODEs), which are then solved by the shooting method.
Then, to explain the heat transfer characteristics, the computed
numerical results are plotted in some figures.

2. Basic equations
Following Weidman,[12] we consider a three-dimensional

uniform (streamwise and transverse) flow over a heated flat
plate moving with the uniform velocity −λU into and out of
the origin located at x = 0, where x is the coordinate mea-
sured along the flat plate, λ is a dimensionless constant (say,
moving parameter), and U is the constant velocity of the outer
flow. It is assumed that the constant temperature of the plate is
Tw, while the uniform temperature of the free stream (inviscid
fluid) is T∞. It is also assumed that the cross-flow is of infinite
extent in the spanwise direction and, thus, fully-developed.
Hence, the velocity and temperature fields are independent of
the coordinate z, so that the boundary layer equations with the
viscous dissipation terms included into the energy equations
can be written as (see Bejan[1] and Weidman[12])

∂u
∂x

+
∂v
∂y

= 0, (1)

u
∂u
∂x

+ v
∂u
∂y

= ν
∂ 2u
∂y2 , (2)

u
∂w
∂x

+ v
∂w
∂y

= ν
∂ 2w
∂y2 , (3)
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u
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+ v
∂T
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= α
∂ 2w
∂y2 +

ν

cp

[(
∂u
∂y

)2

+

(
∂w
∂y

)2
]
, (4)

along with the boundary conditions{
u =−λU, v = 0, w = 0, T = Tw at y = 0,
u =U, w =W0, T = T∞ as y→ ∞.

(5)

Here, y is the normal coordinate in the plane of the flow, z is
the spanwise coordinate in the direction of the transverse flow,
u, v, and w are the velocity components along x, y, and z axes,
respectively, W0 is the transverse velocity at the origin (e.g.
w =W0 at x = 0 for y > 0), T is the fluid temperature, α is the
thermal diffusivity of the fluid, ν is the kinematic viscosity of
the fluid, and cp is the specific heat at constant pressure. It is
worth pointing out that for λ < 0 the plate moves out of the
origin x = 0 and for λ > 0 the plate moves into the origin.

Following Weidman,[12] we look for a similarity solution
of Eqs. (1)–(4) with the boundary conditions (Eq. (5)) of the
following form:{

ψ =
√

2νUx f (η), w =W0g(η),

θ(η) = (T −T∞)/(Tw−T∞), η = y
√

U/2νx,
(6)

where ψ is the stream function defined in the usual notation as
u = ∂ψ/∂y and v =−∂ψ/∂x, and η is the similarity variable.

Substituting Eq. (6) into Eqs. (2)–(4), we obtain the fol-
lowing ODEs:

f ′′′+ f f ′′ = 0, (7)

g′′+ f g′ = 0, (8)
1

Pr
θ
′′+ f θ

′+Ec1 f ′′2 +Ec2g′2 = 0, (9)

and the boundary conditions (Eq. (5)) become{
f (η)=0, f ′(η)=−λ , g(η)=0, θ(η)=1 at η =0,
f ′(η)→ 1, g(η)→ 1, θ(η)→ 0 as η → ∞,

(10)

where primes denote differentiation with respect to η , Pr
= ν/α is the Prandtl number, and Ec1 and Ec2 are the Eckert
numbers, which are defined as

Ec1 =
U2

cp(Tw−T∞)
, Ec2 =

W 2
0

cp(Tw−T∞)
. (11)

The physical quantities of interest are the skin friction co-
efficient for the streamwise flow Cfx, the skin friction coeffi-
cient for the cross flow Cfz, and the local Nusselt number Nux,
which are defined as

Cfx =
τwx

ρU2 , Cfz =
τwz

ρW 2
0
, Nux =

xqw

k(Tw−T∞)
, (12)

where ρ is the density, k is the thermal conductivity of the
fluid, τwx and τwz are the wall shear stresses along the stream-
wise direction and along the transverse direction, respectively,
and qw is the heat flux from the flat plate, which are defined as

τwx = µ

(
∂u
∂y

)
y=0

, τwz = µ

(
∂w
∂y

)
y=0

,

qw =−k
(

∂T
∂y

)
y=0

. (13)

By substituting Eq. (6) into Eq. (13) and using Eq. (12), we
obtain

(2Rex)
1/2Cfx = f ′′(0), (2Rex)

1/2(W0/U)Cfz = g′(0),

(Rex/2)1/2Nux =−θ
′(0), (14)

where Rex =Ux/ν is the local Reynolds number.

3. Numerical solution and discussion

As we know, the decoupled ordinary differential equa-
tions (ODEs) (7)–(9) subject to the boundary conditions (7)
form a two-point boundary value problem (BVP), which is
solved numerically using the shooting method,[38–44] by con-
verting it into an initial value problem (IVP). In this method we
need to choose a suitable finite value of η → η∞, say η = η∞.
We set

f ′ = p, p′ = q, q′ =− f q, (15)

g′ = h, h′ =− f h, (16)

θ
′ = z, z′ =−Pr( f z+Ec1q2 +Ec2h2), (17)

with the boundary conditions

f (0) = 0, p(0) =−λ , g(0) = 0 and θ(0) = 1. (18)

In order to integrate Eqs. (15)–(17) with Eq. (18) as an initial
value problem the values for q(0), that is, f ′′(0); h(0), that
is, g′(0), and z(0), that is, θ ′(0) are required but no such val-
ues are given in the boundary. The suitable guess values for
f ′′(0), g′(0), and θ ′(0) are chosen and then an integration is
carried out. We compare the calculated values for f ′(η), g(η),
and θ(η) at η = η∞(= 20) with given boundary conditions
f ′(η∞) = 1, g(η∞) = 1, and θ(η∞) = 0 and adjust the esti-
mated values, f ′′(0), g′(0), and θ ′(0), to give a better approxi-
mation for the solution. We take the series of values for f ′′(0),
g′(0), and θ ′(0), and apply the fourth order classical Runge–
Kutta method with step-size ∆η = 0.01. The above procedure
is repeated until we obtain the converged results within a tol-
erance limit of 10−5.

Using the above numerical scheme, solutions are obtained
for some values of the moving parameter λ , Prandtl number
Pr, and the Eckert numbers Ec1 and Ec2. The dual solu-
tions are obtained by setting different initial guesses for the
values of the reduced skin friction coefficients f ′′(0), g′(0),
and the reduced local Nusselt number −θ ′(0), where all pro-
files satisfy the far field boundary conditions (10) asymptoti-
cally but with different shapes. The results are given to carry
out a parametric study showing influences of several of these
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non-dimensional parameters. It is found that, for λ < 0, solu-
tions of Eqs. (7)–(9) along with the boundary conditions (10)
can be obtained while for λ ≥ 0 these equations have solu-
tions only in the range 0≤ λ ≤ λc, where λc(> 0) is a critical
value of λ , so that for λ > λc(> 0), equations (7)–(9) have
no solutions. However, for λ in the range 0 ≤ λ ≤ λc, the
solution is not unique, there being two (dual) solutions, upper
and lower branch solutions for a given value of λ . This can be
seen from Figs. 1–4, where f ′′(0), g′(0), and −θ ′(0) are plot-
ted each as a function of λ . The values of λc for f ′′(0) and
g′(0) are both 0.3541, that is, λc = 0.3541, which is in per-
fect agreement with the value found by Weidman.[12] There-
fore, we are confident that the present numerical results are
very accurate. Furthermore, it is seen from Figs. 2–4 that the
value of λc for −θ ′(0) is λc = 0.3541 for any value of Pr,
Ec1, and Ec2; that is, the value of λc is the same as that for
f ′′(0) and g′(0). Therefore, the range of the dual solution does
not change for any change of the parameters in Eq. (9) and
even in Eq. (8) (though there is no such parameter in Eq. (8)).
The dual solution range for forced convective flow changes
only when there are some other external forces imposed on
the flow field-like magnetic field, suction/blowing, resistance
due to porous medium, etc., for which some extra terms are
added either in Eq. (7) or in the streamwise velocity bound-
ary conditions. Furthermore, from Fig. 2, it is observed that
in the case of dual solutions (λ ≥ 0) the value of −θ ′(0) de-
creases with the increase of Pr for both solution branches but
for the unique solution case (λ < 0), −θ ′(0) increases with
the increase of Pr. In addition, for the increase of the Eckert
numbers Ec1 and Ec2, the value of−θ ′(0) decreases for upper
branch solution as well as for lower branch solution. So, due to
the increase of Eckert number the rate of heat transfer reduces;
that is, the viscous dissipation causes the reduction in the rate
of heat transfer. From Fig. 3, it is important to note that for
λ =−1 the Eckert number Ec1 does not affect the heat trans-
fer. Actually, for λ = −1, equation (7) has an exact solution
in the form f (η) = η and equation (9) becomes independent
of Ec1.
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Fig. 4. (color online) Variations of −θ ′(0) with λ for different values of Ec2.

We expect that the upper branch solution is stable, while
the lower branch solution is not. It is, however, worth mention-
ing that according to the studies by Weidman et al.,[13,45] Mer-
rill and Weidman,[46] and Postelnicu and Pop,[47] the upper
branch solution is stable and physically realizable because the
upper branch solution is the only solution when λ > 0, while
the lower branch solution is not stable. Although the lower
branch solution is less important physically for this problem,
from a mathematical point of view this lower branch solution
is very important because a similar equation may appear in
some other physical problems where the lower branch solu-
tion acquires proper physical meaning.

The dimensionless streamwise and cross velocity profiles
f ′(η) and g(η) are plotted for several values of the moving
parameter λ (> 0) in Figs. 5 and 6. On the other hand, fig-
ures 8–11(b) show the temperature distributions for several
values of the moving parameter λ (> 0), Prandtl number Pr,
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and the Eckert numbers Ec1 and Ec2. It is seen from Fig. 5
that the momentum boundary layer thickness increases with
the increase of the moving parameter λ for the upper branch
solutions, while the momentum boundary layer thickness de-
creases with the increase of λ (> 0) for the lower branch solu-
tions. It should be noted that the momentum boundary layer
thickness for lower branch solution is larger than the thickness
for upper branch solution. The dimensionless reduced stream
function f (η) (for λ > 0) in Fig. 7 initially decreases to some
negative values and then it increases from negative to positive;
that is, the profiles exhibit a reverse flow region. This happens
because of the opposite directions of the free stream velocity
and the wall velocity. The dual temperature profiles θ(η) for
some of the values of the parameters λ (> 0), Prandtl num-
ber Pr, and the Eckert numbers Ec1 are illustrated in Figs. 8–
11(b). It is noticed that, for fixed values of Pr, Ec1, and Ec2

the behavior of the temperature profile θ(η) shown in Fig. 8
is similar to that of the velocity profile f ′(η) shown in Fig. 5;
that is, the thermal boundary layer thickness increases with
the increase of the moving parameter λ (> 0) for the upper
branch solution, while the thermal boundary layer thickness
decreases with the increase of λ (> 0) for the lower branch
solution. It should also be noticed that the thermal bound-
ary layer thickness for lower branch solution is larger than the
thickness for upper branch solution. However, for fixed values
of λ , Ec1, and Ec2 the temperature at a point decreases mono-
tonically with the increase of the Prandtl number Pr for the
upper branch solution (except very near the wall), while it first
increases and then decreases for the lower branch solution, as
can be seen from Fig. 9. What should also be noticed is that
the thermal boundary layer thickness decreases with the in-
crease of Pr. Finally, figures 10(a)–11(b) demonstrate that for
fixed values of λ and Pr the thermal boundary layer thickness
increases with the increase of the parameters Ec1 and Ec2.
From Figs. 10(b) and 11(b) it follows that for higher values
of Ec1 and Ec2, the thermal overshoot occurs in both solution
branches. So, for large values of Ec1 and Ec2, the tempera-
ture in the ambient fluid is higher than the wall temperature,
consequently heat absorption at the surface occurs; that is, the
direction of heat flux is changed.
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Fig. 11. (color online) Plots of temperature profile θ(η) for (a)
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4. Conclusions
The heat transfer in a cross flow with viscous dissipation

effect is investigated. The similarity transformations are used
to convert the governing equations. Then, the transformed
ODEs are solved numerically using the shooting method. The
dual solutions (depending on the moving parameter) of the
temperature distribution are obtained in addition to the veloc-
ity field. It is also observed that, due to viscous dissipation,

the rate of the heat transfer decreases. In the presence of vis-
cous dissipation, the increase of Prandtl number results in a
decrease in the rate of heat transfer for the dual solution case.
For larger values of Eckert numbers, heat absorption at the
surface occurs.
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