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Heat transfer for boundary layers with cross flow
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An analysis is presented to study the dual nature of solutions for the forced convective boundary layer flow and heat
transfer in a cross flow with viscous dissipation terms in the energy equation. The governing equations are transformed
into a set of three self-similar ordinary differential equations by similarity transformations. These equations are solved
numerically using the very efficient shooting method. This study reveals that the dual solutions of the transformed similarity
equations for velocity and temperature distributions exist for certain values of the moving parameter, Prandtl number, and
Eckert numbers. The reverse heat flux is observed for larger Eckert numbers; that is, heat absorption at the wall occurs.
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1. Introduction

The usual way in which a heat convection problem is
modeled is, in general, to solve the differential equation gov-
erning the conservation of energy by assuming that the flow is
driven either by a surface temperature or by a prescribed sur-
face heat flux. A large number of calculations have been per-
formed, especially for the large Reynolds number (or bound-
ary layer) limit, for such surface conditions and for various
geometrical configurations. Much of this work is well de-
scribed in Bejan,[!! Schlichting and Gersten,?! and Pop and
Ingham.®! A somewhat different driving mechanism for the
forced convection heat transfer boundary layer flow was pro-
posed by Kubitschek and Weidman,* and was also recently
used by AzizP! and Magyaril® to investigate the bottom sur-
face of a plate that is heated by convection from a hot fluid at
temperature Ty, which provides a heat transfer coefficient A¢.

On the other hand, the interesting cross flow problem
over Blasius boundary layer was described by Sowerby!”! and
Loos.®! Klemp and Acrivos!®!?l demonstrated the boundary
layer flow with a reverse flow region. Hussaini et al.!'!l
studied the boundary layer on a flat plate with a constant
velocity opposite in the direction to that of uniform main-
stream. Weidman!!?! investigated the transverse flow over
a flat plate moving with, or against, the uniform stream.
The case of simultaneous effects of mass flux (suction) and
tangential movement on the two-dimensional forced convec-
tion boundary layer flow (momentum boundary layer) pass-
ing through a semi-infinite flat plate beneath a uniform stream
was also considered by Weidman et al.!'3! Relating to the re-
verse flow, some other important investigations can be found
in Refs. [14]{37].

The main objective of the present investigation is to con-
sider the forced convection heat transfer (thermal boundary
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layer) in the presence of viscous dissipation over a flat plate
moving with a uniform velocity into and out of the origin be-
neath a uniform stream of a three-dimensional (streamwise
and transverse) flow. The momentum (velocity) boundary
layer of this problem has been considered by Weidman.!'?!
The governing partial differential equations (PDEs) are trans-
formed into nonlinear self-similar ordinary differential equa-
tions (ODEs), which are then solved by the shooting method.
Then, to explain the heat transfer characteristics, the computed
numerical results are plotted in some figures.

2. Basic equations

Following Weidman,!?! we consider a three-dimensional
uniform (streamwise and transverse) flow over a heated flat
plate moving with the uniform velocity —AU into and out of
the origin located at x = 0, where x is the coordinate mea-
sured along the flat plate, A is a dimensionless constant (say,
moving parameter), and U is the constant velocity of the outer
flow. It is assumed that the constant temperature of the plate is
T, while the uniform temperature of the free stream (inviscid
fluid) is T.. It is also assumed that the cross-flow is of infinite
extent in the spanwise direction and, thus, fully-developed.
Hence, the velocity and temperature fields are independent of
the coordinate z, so that the boundary layer equations with the
viscous dissipation terms included into the energy equations
can be written as (see Bejan!'! and Weidman!!?1)

du dv

oy M
du  du 2%u

Ma +V87y —VTyZ, (2)
dw  dw *w

"y TV )
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along with the boundary conditions

y=0,

=AU, v=0, w=0, T=T, at
{u Y , W , w a 5)

u=U, w=Wy, T=1, as y—oo.

Here, y is the normal coordinate in the plane of the flow, z is
the spanwise coordinate in the direction of the transverse flow,
u, v, and w are the velocity components along x, y, and z axes,
respectively, Wy is the transverse velocity at the origin (e.g.
w=Wyatx=0fory>0),T is the fluid temperature, c is the
thermal diffusivity of the fluid, v is the kinematic viscosity of
the fluid, and ¢, is the specific heat at constant pressure. It is
worth pointing out that for A < 0 the plate moves out of the
origin x = 0 and for A > 0 the plate moves into the origin.

Following Weidman,'?! we look for a similarity solution
of Egs. (1)—(4) with the boundary conditions (Eq. (5)) of the
following form:

{w=vmwwwn,w=mex
0(n) = (T -T.)/(Tw—T.), n=yy/U/2vx,

where v is the stream function defined in the usual notation as
u=0y/dyandv=—dy/dx, and 1 is the similarity variable.

Substituting Eq. (6) into Egs. (2)—(4), we obtain the fol-
lowing ODEs:

(6)

=0, ™

§'+f8' =0, (8)
1

ﬁe// +f6/ +Eclf//2 +EC2gl2 _ O7 (9)

and the boundary conditions (Eq. (5)) become

{f(n)=0, Fm)=-A, g(n)=0, 6(n)=1 at n=0,

ff(m) =1, gm)—1, 6(n) =0 as N — oo, (10)

where primes denote differentiation with respect to 1, Pr
= v/a is the Prandtl number, and Ec; and Ec; are the Eckert
numbers, which are defined as

U? A

Eci=———— Ecp=m ——0
cp(Ty —T..) cp(Ty — T..)

(11)
The physical quantities of interest are the skin friction co-

efficient for the streamwise flow Cg, the skin friction coeffi-

cient for the cross flow Ct,, and the local Nusselt number Nu,

which are defined as

T Xqw

Nu, = ma (12)

where p is the density, k is the thermal conductivity of the
fluid, 7w« and 7y, are the wall shear stresses along the stream-
wise direction and along the transverse direction, respectively,
and gy, is the heat flux from the flat plate, which are defined as

i (M) (2
WX_.u' ay y:()) WZ_‘u' ay }':07

aT
gw = —k (8) . (13)
Y/ y=0
By substituting Eq. (6) into Eq. (13) and using Eq. (12), we
obtain

(2Re;)'*Cix = £7(0),  (2Rex)"/*(Wo/U)Cy, = ¢ (0),

(Rex/2)" > Nu, = —6'(0), (14)

where Re, = Ux/V is the local Reynolds number.

3. Numerical solution and discussion

As we know, the decoupled ordinary differential equa-
tions (ODEs) (7)—(9) subject to the boundary conditions (7)
form a two-point boundary value problem (BVP), which is
solved numerically using the shooting method,*8##! by con-
verting it into an initial value problem (IVP). In this method we
need to choose a suitable finite value of I — N, Say 1 = Neo.
We set

f'=p, V=4, ¢ =-fq, (15)
g =h, h=—fh, (16)
0' =z, 7 =—Pr(fz+Eciq* +Ecyh?), 17)
with the boundary conditions
f(0)=0, p(0)=—-A, g(0)=0 and 6(0)=1. (18)

In order to integrate Eqs. (15)—(17) with Eq. (18) as an initial
value problem the values for ¢(0), that is, f”(0); h(0), that
is, £'(0), and z(0), that is, 6(0) are required but no such val-
ues are given in the boundary. The suitable guess values for
7"(0), ¢(0), and 6’(0) are chosen and then an integration is
carried out. We compare the calculated values for f7(1), g(1),
and 6(7M) at 1 = Nw(= 20) with given boundary conditions
(M) =1, g(Nw) = 1, and 6(Nw) = 0 and adjust the esti-
mated values, f”(0), g’(0), and 6’(0), to give a better approxi-
mation for the solution. We take the series of values for f”'(0),
£'(0), and 6(0), and apply the fourth order classical Runge—
Kutta method with step-size Anp = 0.01. The above procedure
is repeated until we obtain the converged results within a tol-
erance limit of 107,

Using the above numerical scheme, solutions are obtained
for some values of the moving parameter A, Prandtl number
The dual solu-
tions are obtained by setting different initial guesses for the

Pr, and the Eckert numbers Ec; and Ec;.

values of the reduced skin friction coefficients f”(0), g'(0),
and the reduced local Nusselt number —6’(0), where all pro-
files satisfy the far field boundary conditions (10) asymptoti-
cally but with different shapes. The results are given to carry
out a parametric study showing influences of several of these
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non-dimensional parameters. It is found that, for A < 0, solu-
tions of Egs. (7)—(9) along with the boundary conditions (10)
can be obtained while for A > 0 these equations have solu-
tions only in the range 0 < A < A, where A.(> 0) is a critical
value of A, so that for A > A.(> 0), equations (7)—(9) have
no solutions. However, for A in the range 0 < A < A, the
solution is not unique, there being two (dual) solutions, upper
and lower branch solutions for a given value of A. This can be
seen from Figs. 1-4, where f”(0), ¢’(0), and —6'(0) are plot-
ted each as a function of A. The values of A, for f”(0) and
£'(0) are both 0.3541, that is, A, = 0.3541, which is in per-
fect agreement with the value found by Weidman.['?] There-
fore, we are confident that the present numerical results are
very accurate. Furthermore, it is seen from Figs. 2—4 that the
value of A, for —6'(0) is A. = 0.3541 for any value of Pr,
Ecy, and Ecy; that is, the value of A, is the same as that for
S (0) and g'(0). Therefore, the range of the dual solution does
not change for any change of the parameters in Eq. (9) and
even in Eq. (8) (though there is no such parameter in Eq. (8)).
The dual solution range for forced convective flow changes
only when there are some other external forces imposed on
the flow field-like magnetic field, suction/blowing, resistance
due to porous medium, etc., for which some extra terms are
added either in Eq. (7) or in the streamwise velocity bound-
ary conditions. Furthermore, from Fig. 2, it is observed that
in the case of dual solutions (1 > 0) the value of —6'(0) de-
creases with the increase of Pr for both solution branches but
for the unique solution case (A < 0), —6’(0) increases with
the increase of Pr. In addition, for the increase of the Eckert
numbers Ec; and Ec;, the value of —6’(0) decreases for upper
branch solution as well as for lower branch solution. So, due to
the increase of Eckert number the rate of heat transfer reduces;
that is, the viscous dissipation causes the reduction in the rate
of heat transfer. From Fig. 3, it is important to note that for
A = —1 the Eckert number Ec; does not affect the heat trans-
fer. Actually, for A = —1, equation (7) has an exact solution
in the form f(n) = n and equation (9) becomes independent
of Ec;.

. A= 0.3541
——upper solution branch

S
\\c; 0.4} ——lower solution branch
S 0.2t
& ol
—0.2

17(0)

-1.0 —-0.5 0 0.5

Fig. 1. (color online) Variations of f”(0) and g’(0) with A.
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Fig. 2. (color online) Variations of —’(0) with A for different values of Pr.

0.6
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. 0.4 A =0.3541
e
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Fig. 3. (color online) Variations of —6'(0) with A for different values of Ecy.

= 0.4
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Fig. 4. (color online) Variations of —6’(0) with A for different values of Ec;.

We expect that the upper branch solution is stable, while
the lower branch solution is not. It is, however, worth mention-
ing that according to the studies by Weidman et al.,['3*! Mer-
rill and Weidman, ¢! and Postelnicu and Pop,!*’! the upper
branch solution is stable and physically realizable because the
upper branch solution is the only solution when A > 0, while
the lower branch solution is not stable. Although the lower
branch solution is less important physically for this problem,
from a mathematical point of view this lower branch solution
is very important because a similar equation may appear in
some other physical problems where the lower branch solu-
tion acquires proper physical meaning.

The dimensionless streamwise and cross velocity profiles
f'(n) and g(n) are plotted for several values of the moving
parameter A (> 0) in Figs. 5 and 6. On the other hand, fig-
ures 8—11(b) show the temperature distributions for several
values of the moving parameter A (> 0), Prandtl number Pr,

024701-3



Chin. Phys. B Vol. 23, No. 2 (2014) 024701

and the Eckert numbers Ec; and Ec,. It is seen from Fig. 5
that the momentum boundary layer thickness increases with
the increase of the moving parameter A for the upper branch
solutions, while the momentum boundary layer thickness de-
creases with the increase of A (> 0) for the lower branch solu-
tions. It should be noted that the momentum boundary layer
thickness for lower branch solution is larger than the thickness
for upper branch solution. The dimensionless reduced stream
function f(n) (for A > 0) in Fig. 7 initially decreases to some
negative values and then it increases from negative to positive;
that is, the profiles exhibit a reverse flow region. This happens
because of the opposite directions of the free stream velocity
and the wall velocity. The dual temperature profiles 6(1n) for
some of the values of the parameters A (> 0), Prandtl num-
ber Pr, and the Eckert numbers Ec; are illustrated in Figs. 8—
11(b). It is noticed that, for fixed values of Pr, Ec;, and Ec;
the behavior of the temperature profile 8(7n) shown in Fig. 8
is similar to that of the velocity profile f/(1) shown in Fig. 5;
that is, the thermal boundary layer thickness increases with
the increase of the moving parameter A(> 0) for the upper
branch solution, while the thermal boundary layer thickness
decreases with the increase of A(> 0) for the lower branch
solution. It should also be noticed that the thermal bound-
ary layer thickness for lower branch solution is larger than the
thickness for upper branch solution. However, for fixed values
of A, Ecy, and Ec; the temperature at a point decreases mono-
tonically with the increase of the Prandtl number Pr for the
upper branch solution (except very near the wall), while it first
increases and then decreases for the lower branch solution, as
can be seen from Fig. 9. What should also be noticed is that
the thermal boundary layer thickness decreases with the in-
crease of Pr. Finally, figures 10(a)-11(b) demonstrate that for
fixed values of A and Pr the thermal boundary layer thickness
increases with the increase of the parameters Ec; and Ec;.
From Figs. 10(b) and 11(b) it follows that for higher values
of Ec; and Ec;, the thermal overshoot occurs in both solution
branches. So, for large values of Ec; and Ec,, the tempera-
ture in the ambient fluid is higher than the wall temperature,
consequently heat absorption at the surface occurs; that is, the
direction of heat flux is changed.

1.0
0.8 —01 —
=02 -
0.6
=03 ——
£ 04
3

lower solution branch

upper solution branch
1 1 1 1 1 1 1 1 1

4 8 12 16 20
n

Fig. 5. (color online) Plots of streamwise velocity profile /(1) for
different values of A (dual solutions).
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Fig. 6. (color online) Plots of cross-flow velocity profile g(n) for
different values of A (dual solutions).

4
upper
solution
3 Lbranch
2 A=0.1—
£
= A=0.2 -

lower solution branch

— 1 1 1 1 1 1 1 1 1 1

8 12 16 20

Fig. 7. (color online) Plots of reduced stream function f(n) for
different values of A (dual solutions).
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Fig. 8. (color online) Plots of temperature profile 6(n) for different
values of A (dual solutions).
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Fig. 9. (color online) Plots of temperature profile 8 (n) for different
values of Pr (dual solutions).
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Fig. 10. (color online) Plots of temperature profile 6(n) for (a)
Ec; =0,0.5, and 1, and (b) Ec; =2, 3, and 4 (dual solutions).
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Fig. 11. (color online) Plots of temperature profile 6(n) for (a)
Ecy; =0,0.5,and 1, and (b) Ec, = 2, 3, and 4 (dual solutions).

4. Conclusions

the rate of the heat transfer decreases. In the presence of vis-

cous dissipation, the increase of Prandtl number results in a

decrease in the rate of heat transfer for the dual solution case.

For larger values of Eckert numbers, heat absorption at the

surface occurs.

Acknowledgments

One of the authors (K. Bhattacharyya) gratefully ac-

knowledges the financial support of National Board for Higher
Mathematics (NBHM), Department of Atomic Energy, Gov-

ernment of India for pursuing this work. Authors are thankful

to the reviewers for their valuable suggestions and comments.

References

[1]
[2]

[3]

[4]

[5]
[6]
[7]
[8]
[9]
[10]
[11]

[12]
[13]

[14]
[15]
[16]
[17]
[18]
[19]
[20]
[21]
[22]
[23]

[24]
[25]

[26]
[27]

[28]
[29]
[30]

The heat transfer in a cross flow with viscous dissipation

effect is investigated. The similarity transformations are used
to convert the governing equations. Then, the transformed
ODE:s are solved numerically using the shooting method. The
dual solutions (depending on the moving parameter) of the
temperature distribution are obtained in addition to the veloc-

ity field. It is also observed that, due to viscous dissipation,

[31]
(32]

[33]
[34]

(35]
[36]

024701-5

Bejan A 2004 Convective Heat Transfer, 3rd edn. (New York: Wiley)
Schlichting H and Gersten K 2000 Boundary-Layer Theory (New York:
Springer)

Pop I and Ingham D B 2001 Convective Heat Transfer: Mathemati-
cal and Computational Modelling of Viscous Fluids and Porous Media
(Oxford: Pergamon)

Kubitschek J P and Weidman P D 2003 Int. J. Heat Mass Transfer 46
3697

Aziz A 2009 Commun. Nonlinear Sci. Numer. Simul. 14 1064
Magyari E 2011 Commun. Nonlinear Sci. Numer. Simul. 16 599
Sowerby L 1954 Rep. Aero. Res. Coun. Lond., No. 16832

Loos H G 1955 J. Acro. Sci. 22 35

Klemp J B and Acrivos A A 1972 J. Fluid Mech. 53 177

Klemp J B and Acrivos A A 1976 J. Fluid Mech. 76 363

Hussaini M Y, Lakin W D and Nachman A 1987 SIAM J. Appl. Math.
47 699

Weidman P D 1997 J. Appl. Math. Phys. (ZAMP) 48 341

Weidman P D, Kubitschek D G and Davis A M J 2006 Int. J. Eng. Sci.
44 730

Fang T 2003 Acta Mech. 163 161

Fang T 2003 Acta Mech. 163 183

Pop I, Ishak A and Nazar R 2007 Chin. Phys. Lett. 24 2274

Pop I, Nazar R and Ishak A 2007 Chin. Phys. Lett. 24 2895

Fang T and Lee C F 2009 Acta Mech. 204 235

Ishak A 2009 Chin. Phys. Lett. 26 034701

Zhang J, Fang T and Yao S S 2009 Chin. Phys. Lett. 26 014703

Fang T, Zhang J and Yao S S 2010 Chin. Phys. Lett. 27 124702

Ishak A, Lok Y Y and Pop 1 2010 Chem. Eng. Commun. 197 1417
Bhattacharyya K and Layek G C 2011 Int. J. Heat Mass Transfer 54
302

Bhattacharyya K, Mukhopadhyay S and Layek G C 2011 Int. J. Heat
Mass Transfer 54 308

Lok Y Y, Ishak A and Pop 12011 Int. J. Numer. Meth. Heat Fluid Flow
2161

Yacob N A, Ishak A and Pop 12011 Comput. Fluids 47 16

Mahapatra T R, Nandy S K and Gupta A S 2011 ASME J. Appl. Mech.
78 021015

Bhattacharyya K 2011 Chin. Phys. Lett. 28 084702

Bhattacharyya K 2011 Int. Commun. Heat Mass Transfer 38 917
Rosali H, Ishak A and Pop I 2011 Int. Commun. Heat Mass Transfer
38 1029

Bhattacharyya K and Vajravelu K 2012 Commun. Nonlinear Sci. Nu-
mer. Simul. 17 2728

Mukhopadhyay S, Bhattacharyya K and Layek G C 2011 Int. J. Heat
Mass Transfer 54 2751

Bhattacharyya K 2012 Int. J. Heat Mass Transfer 55 3482
Bhattacharyya K, Layek G C and Gorla R S R 2012 Int. J. Fluid Mech.
Res. 39 438

Bhattacharyya K 2013 Ain Shams Eng. J. 4 259

Bhattacharyya K 2013 Chin. Phys. B 22 074705


http://dx.doi.org/10.1016/S0017-9310(03)00168-6
http://dx.doi.org/10.1016/S0017-9310(03)00168-6
http://dx.doi.org/10.1016/j.cnsns.2008.05.003
http://dx.doi.org/10.1016/j.cnsns.2010.03.020
http://dx.doi.org/10.1017/S0022112072000096
http://dx.doi.org/10.1017/S0022112076000670
http://dx.doi.org/10.1137/0147048
http://dx.doi.org/10.1137/0147048
http://dx.doi.org/10.1007/s000330050035
http://dx.doi.org/10.1016/j.ijengsci.2006.04.005
http://dx.doi.org/10.1016/j.ijengsci.2006.04.005
http://dx.doi.org/10.1007/s00707-003-0004-y
http://dx.doi.org/10.1007/s00707-002-0979-9
http://dx.doi.org/10.1088/0256-307X/24/8/033
http://dx.doi.org/10.1088/0256-307X/24/10/051
http://dx.doi.org/10.1007/s00707-008-0032-8
http://dx.doi.org/10.1088/0256-307X/26/3/034701
http://dx.doi.org/10.1088/0256-307X/26/1/014703
http://dx.doi.org/10.1088/0256-307X/27/12/124702
http://dx.doi.org/10.1080/00986441003626169
http://dx.doi.org/10.1016/j.ijheatmasstransfer.2010.09.043
http://dx.doi.org/10.1016/j.ijheatmasstransfer.2010.09.043
http://dx.doi.org/10.1016/j.ijheatmasstransfer.2010.09.041
http://dx.doi.org/10.1016/j.ijheatmasstransfer.2010.09.041
http://dx.doi.org/10.1108/09615531111095076
http://dx.doi.org/10.1108/09615531111095076
http://dx.doi.org/10.1016/j.compfluid.2011.01.040
http://dx.doi.org/10.1115/1.4002577
http://dx.doi.org/10.1115/1.4002577
http://dx.doi.org/10.1088/0256-307X/28/8/084702
http://dx.doi.org/10.1016/j.icheatmasstransfer.2011.04.020
http://dx.doi.org/10.1016/j.icheatmasstransfer.2011.04.031
http://dx.doi.org/10.1016/j.icheatmasstransfer.2011.04.031
http://dx.doi.org/10.1016/j.cnsns.2011.11.011
http://dx.doi.org/10.1016/j.cnsns.2011.11.011
http://dx.doi.org/10.1016/j.ijheatmasstransfer.2011.03.017
http://dx.doi.org/10.1016/j.ijheatmasstransfer.2011.03.017
http://dx.doi.org/10.1016/j.ijheatmasstransfer.2012.03.005
http://dx.doi.org/10.1615/InterJFluidMechRes.v39.i5
http://dx.doi.org/10.1615/InterJFluidMechRes.v39.i5
http://dx.doi.org/10.1016/j.asej.2012.07.002
http://dx.doi.org/10.1088/1674-1056/22/7/074705

Chin. Phys. B Vol. 23, No. 2 (2014) 024701

[37]
[38]

[39]
[40]
[41]
[42]

Bhattacharyya K, Hayat T and Alsaedi A 2013 Chin. Phys. B 22
024702

Bhattacharyya K, Mukhopadhyay S and Layek G C 2011 Chin. Phys.
Lett. 28 024701

Bhattacharyya K 2011 Chin. Phys. Lett. 28 074701

Bhattacharyya K and Layek G C 2011 Chem. Eng. Commun. 198 1354
Bhattacharyya K and Layek G C 2011 Chin. Phys. Lett. 28 084705
Bhattacharyya K, Mukhopadhyay S and Layek G C 2011 Chin. Phys.
Lett. 28 094702

[43]
[44]

[45]

[46]
[47]

024701-6

Bhattacharyya K and Pop I 2011 Magnetohydrodynamics 47 337

Bhattacharyya K, Mukhopadhyay S, Layek G C and Pop 12012 Int. J.
Heat Mass Transfer 55 2945

Weidman P D, Davis A M J and Kubitschek D G 2008 J. Appl. Math.
Phys. (ZAMP) 59 313

Paullet J and Weidman P 2007 Int. J. Nonlinear Mech. 42 1084
Postelnicu A and Pop 12011 Appl. Math. Comput. 217 4359


http://dx.doi.org/10.1088/1674-1056/22/2/024702
http://dx.doi.org/10.1088/1674-1056/22/2/024702
http://dx.doi.org/10.1088/0256-307X/28/2/024701
http://dx.doi.org/10.1088/0256-307X/28/2/024701
http://dx.doi.org/10.1088/0256-307X/28/7/074701
http://dx.doi.org/10.1080/00986445.2011.560515
http://dx.doi.org/10.1088/0256-307X/28/8/084705
http://dx.doi.org/10.1088/0256-307X/28/9/094702
http://dx.doi.org/10.1088/0256-307X/28/9/094702
http://dx.doi.org/10.1016/j.ijheatmasstransfer.2012.01.051
http://dx.doi.org/10.1016/j.ijheatmasstransfer.2012.01.051
http://dx.doi.org/10.1007/s00033-006-6018-2 
http://dx.doi.org/10.1007/s00033-006-6018-2 
http://dx.doi.org/10.1016/j.ijnonlinmec.2007.06.003
http://dx.doi.org/10.1016/j.amc.2010.09.037

	1. Introduction
	2. Basic equations
	3. Numerical solution and discussion
	4. Conclusions
	References

