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Photon statistical properties of photon-added two-mode
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We investigate photon statistical properties of the multiple-photon-added two-mode squeezed coherent states (PA-
TMSCS). We find that the photon statistical properties are sensitive to the compound phase involved in the TMSCS. Our
numerical analyses show that the photon addition can enhance the cross-correlation and anti-bunching effects of the PA-
TMSCS. Compared with that of the TMSCS, the photon number distribution of the PA-TMSCS is modulated by a factor
that is a monotonically increasing function of the numbers of adding photons to each mode; further, that the photon addition
essentially shifts the photon number distribution.
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1. Introduction
The photon-number distribution (PND) provides funda-

mental information on the nature of any optical field.[1] The
PND for various single- and two-mode Gaussian states of an
optical field, such as single-mode squeezed states and two-
mode squeezed states, have been studied.[2–15] Schleich first
studied photon-number oscillations in PND of squeezed co-
herent states and interpreted as an interference effect in phase
space.[2–4] Selvadoray et al.[14] further studied the PND of the
two-mode squeezed coherent states (TMSCS) with complex
squeezing and displacement parameters by the SU(2) dynami-
cal symmetry underlying two-mode systems, and showed that
the PND of the TMSCS is a periodic function of compound
phase φ1+φ2−θ involved in complex squeezing and displace-
ment parameters with a period of 2π .

In recent years, photon addition and photon subtraction
represent very important experimental tools for the genera-
tion of highly nonclassical non-Gaussian quantum states; a
detailed investigation of the properties of such states is cer-
tainly desirable.[16–25] The photon subtraction and addition
have been realized in experiments.[26–28] For a review about
quantum-state engineering by photon subtraction and addition,
the readers can refer to Refs. [16] and [29] (and the references
therein). For such non-Gaussian squeezed states, the PND
of photon-subtracted two-mode squeezed vacuum states and
photon-subtracted two-mode squeezed thermal ones have been
derived.[30–32] Wang et al.[33] introduced the photon-added
TMSCS, which is generated by adding photons to one mode

of the TMSCS, and studied the nonclassical properties of the
resulting states. Very recently, we have studied the photon sta-
tistical properties of photon-subtracted TMSCS,[34] as well as
photon-added/photon-subtracted displaced squeezed thermal
states.[35] Different from the work in Ref. [33], in this work,
we consider the photon-added TMSCS (PA-TMSCS) gener-
ated by adding different photons to each mode of the TMSCS.
We shall theoretically study their photon statistical properties.

This paper is organized as follows. In Section 2, we intro-
duce the PA-TMSCS by simultaneously adding different pho-
tons to each mode of the TMSCS. With the help of the normal
ordered form of the density operator of the TMSCS, we ob-
tain its normalization constant. In Section 3, we explore the
cross-correlation function and anti-bunching effect of the PA-
TMSCS. In Section 4, we derive the PND of the PA-TMSCS.
We find that there is a very simple yet important relationship
between the PND of Gaussian TMSCS and that of the result-
ing non-Gaussian state. Our main results are summarized in
Section 5.

2. PA-TMSCS and its normalization constant

Let us first provide a brief review of the TMSCS. The gen-
eral TMSCS is generated performing the two-mode squeezing
operator on an initial two-mode vacuum state first and fol-
lowed by the two-mode displacement operator, i.e.

|ξ ,λ1,λ2〉= D(λ1,λ2)S2 (ξ ) |0,0〉 , (1)
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where S2(ξ ) and D(λ1,λ2) are the two-mode squeezing and
displacement operators defined by

S2 (ξ ) = exp
[
ξ a†b†−ξ

∗ab
]
,

D(λ1,λ2) = exp
[
λ1a†−λ

∗
1 a+λ2b†−λ

∗
2 b
]
, (2)

where a† and b† (a and b) are the photon creation (annihila-
tion) operators in each mode, while

ξ = r exp [iθ ] , λ1 = |λ1|exp[iφ1], λ2 = |λ2|exp[iφ2] (3)

are complex parameters. The interchanging of the operators
D(λ1,λ2) and S2(ξ ) in Eq. (1) leads to another definition of
the TMSCS; both definitions are equivalent. Following the
work of Ref. [13], we can re-derive the explicit representation
of the TMSCS in two-mode Fock space by normal ordering
techniques, i.e.,

|ξ ,λ1,λ2〉 =
1

coshr
exp
[
− 1

2
(λ ∗1 µ1 +λ

∗
2 µ2)

+a†
µ1 +b†

µ2 +a†b† e iθ tanhr
]
|0,0〉 , (4)

where

µ1 = λ1−λ
∗
2 e iθ tanhr,

µ2 = λ2−λ
∗
1 e iθ tanhr. (5)

Using the operator identity : exp[−a†a−b†b] : = |0,0〉〈0,0|,
where : : denotes the normal ordering of annihilation and cre-
ation operators, from Eq. (1) we further obtain the normally
ordered form of the density operator of the TMSCS

ρ =
1

cosh2 r
: exp

[(
a†−λ

∗
1
)(

b†−λ
∗
2
)

e iθ tanhr

+ (a−λ1)(b−λ2) e−iθ tanhr

−
(
a†−λ

∗
1
)
(a−λ1)−

(
b†−λ

∗
2
)
(b−λ2)

]
: . (6)

The two expressions of the TMSCS in Eqs. (4) and (6) are
useful in the following work.

We now turn to the PA-TMSCS. Theoretically, the PA-
TMSCS can be obtained by repeatedly operating the photon
creation operators a† and b† on a TMSCS

|ξ 〉pa =C−1/2
m,n a†mb†n |ξ ,λ1,λ2〉 , (7)

where m and n are the numbers of adding photons to each
mode of the TMSCS, respectively, and C is the normalization
constant

Cm,n = Tr
(
a†mb†n |ξ 〉〈ξ |ambn) . (8)

Substituting Eq. (6) into Eq. (8) and inserting the complete-
ness relation of two-mode coherent states, as well as using the
integral formulae∫ d2z

π
exp
(

ζ |z|2 +ξ z+ηz∗
)
=− 1

ζ
exp
[
−ξ η

ζ

]
, (9)

whose convergent condition is Re(ζ ) < 0, after doing the
straightforward calculation, we obtain

Cm,n =
∂ 2m∂ 2n

∂ f m∂ sm∂ tn∂τn exp
[
( f s+ tτ)cosh2 r

+
1
2
(

f t e iθ + sτ e−iθ)sinh2r

+ f λ1 + sλ
∗
1 + tλ2 + τλ

∗
2
]

f ,s,t,τ=0. (10)

Comparing with Eq. (21) in Ref. [34], the difference between
Eqs. (10) and (21) is the first item in the exponential function.
It is clear that, when m = n = 0, C0,0 = 1 as expected. When
m = n = 1, we have

C1,1 = |λ1λ2|2 +
(
|λ1|2 + |λ2|2

)
cosh2 r

+ |λ1λ2|cos χ sinh2r+ cosh2 r cosh2r. (11)

Obviously, C1,1 is a periodic function of the compound phase
χ involved in the TMSCS with a period of 2π , where the phase
χ is defined by

χ = φ1 +φ2−θ . (12)

Although there are three phases φ1, φ2, θ , our numerical anal-
yses show that only when m 6= 0 and n 6= 0, as well as |λ1| 6= 0
and |λ2| 6= 0, are all satisfied, is Cm.n a periodic function of the
compound phase χ .

The expansion of Eq. (10) is very complex. When m = 0
or n = 0, Eq. (10) reduces to the compact forms respectively

Cm,0 =
∂ 2m

∂ f m∂ sm exp
[

f scosh2 r+ f λ1 + sλ
∗
1
]

f ,s=0

= m!cosh2m r Lm

(
−|λ1|2

cosh2 r

)
, (13)

and

C0,n =
∂ 2n

∂ tn∂τn exp
[
tτ cosh2 r+ tλ2 + τλ

∗
2
]

t,τ=0

= n!cosh2n r Ln

(
−|λ2|2

cosh2 r

)
, (14)

where we have used the generation function of the two-
variable Hermite polynomials

Hm,n (x,y) =
∂ m+n

∂ tm∂ t ′n
exp
[
−tt ′+ tx+ t ′y

]
|t=t ′=0, (15)

and the relation between the two-variable Hermite polynomi-
als and the associated Laguerre polynomials

Hm,n (ξ ,κ) =

{
n!(−1)n

ξ m−nLm−n
n (ξ κ) , m > n,

m!(−1)m
κn−mLn−m

m (ξ κ) , m < n. (16)

Equations (13) and (14) are just those results of Ref. [33],
which are not dependent on the phases involved in such states.
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In addition, when λ1 = 0 or λ2 = 0, the corresponding nor-
malization constant is also not dependent on the corresponding
phases. When both λ1 = λ2 = 0, Eq. (10) reduces to the nor-
malization constant of the photon-added two-mode squeezed
vacuum state[31]

C′m,n = m!n!cosh2n rP(0,n−m)
m (cosh2r) , (17)

where without loss of generality assuming m≤ n.

3. Cross-correlation function and anti-bunching
effect of the PA-TMSCS
In this section, based on the normalization constant, we

shall discuss how the photon addition affects the nonclassi-
cal photon statistical properties of the PA-TMSCS in terms of
the cross-correlation function and anti-bunching effect. Es-
pecially, we shall present how the compound phase χ affects
those nonclassical properties.

3.1. Cross-correlation function

The cross-correlation between the two modes reflects the
correlation between photons in two different modes, which
plays a key role in rendering many two-mode radiations non-
classicality. The normalized cross-correlation function is de-
fined as[36–38]

g(2)ab =

〈
a†ab†b

〉
〈a†a〉〈b†b〉

−1. (18)

The positivity of the cross-correlation function g(2)ab refers to
correlations between two modes. By the same approach as
deriving Eq. (10), we can easily calculate the average photon
number of each mode of the PA-TMSCS,〈

a†a
〉

pa =
Cm+1,n

Cm,n
−1,

〈
b†b
〉

pa =
Cm,n+1

Cm,n
−1, (19)

and 〈
a†ab†b

〉
pa =

Cm+1,n+1−Cm+1,n−Cm,n+1

Cm,n
+1. (20)

Then, substituting Eqs. (19) and (20) into Eq. (18), we obtain
the cross-correlation function of the PA-TMSCS

gpa
ab =

Cm,nCm+1,n+1−Cm+1,nCm,n+1

(Cm+1,n−Cm,n)(Cm,n+1−Cm,n)
. (21)

In the range [0,2π], we present how the photon addition and
the phase χ affect the degree of the cross-correlation of the
PA-TMSCS in the case of equal displacements |λ1| = |λ2| in
Figs. 1 and 2. We can see that the photon addition weakens
this cross-correlation in general. However, at certain ranges
of the phase χ and squeezing parameter r, the photon addition
can enhance the cross-correlation for large absolute displace-
ments. In Fig. 2, the graph of gpa

ab as a function of the squeez-
ing parameter r for various values of (m,n) and the phase χ

is presented. Comparing with Figs. 1 and 2 in our previous
work,[34] we can see that both photon addition and photon
subtraction can weaken or enhance the cross-correlation. For
large squeezing, the influence of photon addition and photon
subtraction on the cross-correlations of resulting states are al-
most the same.
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Fig. 1. (color online) The cross-correlation function as a function of the
compound phase χ for different values of parameters (|λ1| , |λ2|) and
(m,n) for (a) r = 1.0, |λ1| = |λ2| = 0.5; (b) r = 1.0, |λ1| = |λ2| = 1.5.
From top to bottom lines m = n = 0,1,2,3,4.
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Fig. 2. (color online) The cross-correlation function as a function of the
squeezing parameter r with given |λ1|= |λ2|= 0.5 for different values
of χ and (m,n): (a) χ = 0; (b) χ = π . From top to bottom lines (0,0),
(1,0), (2,0), (1,1), (2,1), and (2,2).
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Our numerical analysis shows that the photon addition

can weaken or enhance the cross-correlation, which is deter-

mined by the possible combinations of several parameters, i.e.,

the numbers of adding photons to each mode, the squeezing

and absolute displacements, and the phase χ . In addition, sim-

ilar to the TMSCS, gpa
ab increases with the squeezing parameter

r and tends to steady value for high squeezing.

3.2. Anti-bunching effect

The anti-bunching effect of the two-mode squeezed state
is a nonclassical effect. Lee[39] studied the anti-bunching ef-
fects of the TMSCS. We have investigated how the photon sub-
traction affects the anti-bunching effect of the PS-TMSCS.[34]

Here, we turn to the PA-TMSCS. The criterion for the exis-
tence of the anti-bunching effects in two-mode radiation fields
is given by[39]

Rab =

〈
a†2a2

〉
+
〈
b†2b2

〉
2〈a†ab†b〉

−1 < 0. (22)

For the PA-TMSCS, in a similar way to Eq. (19), we have

〈
a†2a2〉

pa =
Cm+2,n−4Cm+1,n

Cm,n
+2,

〈
b†2b2〉

pa =
Cm,n+2−4Cm,n+1

Cm,n
+2. (23)

Thus, we have

Rpa
ab =

Cm+2,n +Cm,n+2 +2(Ω−Cm+1,n+1)

2(Cm+1,n+1 +Ω)
, (24)

(Ω = Cm,n−Cm+1,n−Cm,n+1). (25)

Based on Eq. (24), we can investigate how the photon addi-
tion affects the anti-bunching effects of the PA-TMSCS. The
Rpa

ab parameter of the PA-TMSCS is a periodic function of the
phase χ as shown in Fig. 3.
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Fig. 3. (color online) The Rpa
ab parameter as a function of the compound

phase χ with given r = 1.0, |λ1|= |λ2|= 0.5. From top to bottom lines
m = n = 0,4,3,2,1.

In Fig. 4, the Rpa
ab as a function of the squeezing parame-

ter is shown for different (m,n) with given |λ1| = |λ2| = 0.5.
Comparing with the TMSCS, we can see that the photon ad-
dition can enhance the degree of the anti-bunching effects of
the PA-TMSCS, as shown in Figs. 3, 4(a), and 4(b), especially
when χ → π . In the case of unequal m and n, for example
n = 0, the photon addition always weakens the degree of the
anti-bunching effects, as shown in Fig. 4(c). For the case of
unequal absolute displacements, we plot the Rpa

ab for different
(m,n) in Fig. 5, which shows that the negative regions are sym-
metrical along the diagonal |λ1| = |λ2|. Comparing with the
TMSCS and the PS-TMSCS, the negative regions of the PA-
TMSCS are larger than those of the TMSCS and PS-TMSCS,
and increase with the number of photon addition. In addition,
for photon-added two-mode coherent states, its PND will show
the anti-bunching effects.
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Fig. 4. (color online) The Rpa
ab parameter as a function of r for differ-

ent values of (m,n) and the phase χ with given |λ1| = |λ2| = 0.5. (a)
χ = 0.0, from top to bottom lines (4,4), (3,3), (2,2), (1,1), and (0,0);
(b) χ = π , from top to bottom lines (0,0), (4,4), (3,3), (2,2), (1,1); (c)
χ = 0, from top to bottom lines (4,0), (3,0), (2,0), (1,0), and (0,0).
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Fig. 5. (color online) The Rpa
ab parameter of the PA-TMSCS with given

tanhr = 0.5, χ = π/2 for (a) m = n = 0, (b) m = n = 1, and (c)
m = n = 2. The positive parts are clipped off to reveal more clearly
the negative region where the nonclassical properties exist.

4. PND of the PA-TMSCS
The PND is a powerful tool with which to acquire the

determination of the quantum statistical properties of the ra-

diation field. Its oscillations are considered as a qualitative

signature of nonclassicality and this type of oscillation in the

PND can be explained in terms of the phase-space interfer-

ence effects.[2–4] Thus, it is necessary to study the PND of the

PA-TMSCS.
For the PND of the TMSCS, we can obtain it in several

steps. Considered the two-variable Hermite polynomials
∞

∑
m,n

tmt ′n

m!n!
Hm,n (ξ ,η) = exp[−tt ′+ tξ + t ′η ], (26)

and Eq. (16), equation (4) can be expanded as a superposition

of two-mode Fock states, i.e.

|ξ ,λ1,λ2〉 = exp
[
−1

2
(λ ∗1 µ1 +λ

∗
2 µ2)

]

×
∞

∑
na,nb

(e iθ tanhr)p

coshr

(
p!
q!

)1/2

µ
na−p
1 µ

nb−p
2

×Lq−p
p

(
µ1µ2

−e iθ tanhr

)
|na,nb〉 , (27)

where

p≡min(na,nb) ,
q≡max(na,nb) ,

(28)

which is just the result of Ref. [13] with real squeezing param-

eter. Based on Eq. (27), we can easily obtain the PND of the

TMSCS

P0 (na,nb) = exp
[
−1

2
(λ ∗1 µ1 +λ1µ

∗
1 )−

1
2
(λ ∗2 µ2 +λ2µ

∗
2 )

]
× (tanhr)2p

cosh2 r
p!
q!
|µ1|2(na−p) |µ2|2(nb−p)

×
∣∣∣∣Lq−p

p

(
µ1µ2

−e iθ tanhr

)∣∣∣∣2 . (29)

Substituting Eq. (5) into Eq. (29), one can easily prove that the

PND of the TMSCS is a periodic function of compound phase

χ with a period of 2π . Selvadoray et al.[14] had studied the

dependence of the PND of the TMSCS on the phase χ in great

detail.

Now we turn to the PND of the PA-TMSCS. The joint

probability to find na photons in mode a and nb photons in

mode b, i.e., the photon-number distribution Ppa (na,nb) is

given by

Ppa (na,nb) =
∣∣〈na,nb|C−1

m,na†mb†n |ξ ,λ1,λ2〉
∣∣2 , (30)

where |na,nb〉 are the two-mode Fock states. Thus, the PND

of the PA-TMSCS can be easily obtained

Ppa (na,nb) =
C−1

m,nna!nb!
(na−m)!(nb−n)!

P0 (na−m,nb−n) . (31)

Equation (31) shows that there is no photon distribution when

n1 < m or n2 < n, respectively, which is different from that

of the PS-TMSCS. Compared wtih the PND of the TMSCS,

equation (31) indicates that the PND of the PA-TMSCS is

modulated by a factor that is a monotonically increasing func-

tion of m and n. We plot the variations of the PND of the

PA-TMSCS with respect to (m,n) and the compound phase χ

in Fig. 6.

We can see from Fig. 6 that when |λ1| = |λ2| and m = n,

the PND is symmetrical along the diagonal line of na = nb. By

adding photons to the TMSCS, we can move the peak of the

PND from zero photons to nonzero photons. This is clearly

seen in Fig. 6. The reason why the peak moves to a higher
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photon number is because of the coefficient of the creation op-

eration

a† |n〉=
√

n+1 |n+1〉 .

This coefficient gives a higher weight to the initial higher-

number photon component. In addition, the shape of

Ppa (na,nb) becomes more flat and wide than that of the TM-

SCS. Obviously, the PND of the PA-TMSCS is very sensitive

to the phase χ . When χ approaches to π , the PND in each

mode of the PA-TMSCS shows giant oscillations especially

for large squeezing, which may be explained by the concept of

interference in phase space.[2–4]

Our numerical analysis shows that when the number of

adding photons to mode a is larger than that from mode b, i.e.

m > n, the peaks of the PND are shifted to the na axis. In the

case of unequal absolute displacements, for example, when

|λ1| > |λ2|, the peaks of the PND are shifted to the na axis.

Therefore, the properties of the PND not only depend on how

much the state is squeezed and displaced initially, but also on

how many photons are added to each mode.
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Fig. 6. (color online) Photon-number distributions of the PA-TMSCS with r = 1.0 and |λ1|= |λ2|= 0.5, for χ = 0: (a) m = n = 0, (b)
m = n = 1, (c) m = n = 2, and for χ = π: (d) m = n = 0, (e) m = n = 1, (f) m = n = 2.

5. Conclusions

In conclusion, we have investigated how the photon addi-

tion affects the photon statistical properties of the PA-TMSCS

based on the cross-correlation function, anti-bunching effects

and its PND. We find that, similar to that of the PS-TMSCS,

the normalization constant, the cross-correlation function, the

criterion of the anti-bunching effects and the PND of the PA-

TMSCS are all periodic functions of the compound phase χ

with a period of 2π . When λ1 = 0 or λ2 = 0, these quanti-

ties are all phase-independent. Our numerical analysis shows

that the photon addition can enhance the cross-correlation and

anti-bunching effects for appropriate combinations of several

parameters involved in the PA-TMSCS. Compared with that

of the TMSCS, the PND of the PA-TMSCS is modulated by

a factor that is a monotonically increasing function of photon

addition numbers m and n. The photon addition essentially

shifts the PND. There is no photon distribution when n1 < m

or n2 < n, respectively, which is different from that of the PS-

TMSCS.
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