
Chin. Phys. B Vol. 23, No. 2 (2014) 024103

Effect of normalized plasma frequency on
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Irregular phase-space orbits of the electrons are harmful to the electron-beam transport quality and hence deteriorate
the performance of a free-electron laser (FEL). In previous literature, it was demonstrated that the irregularity of the electron
phase-space orbits could be caused in several ways, such as varying the wiggler amplitude and inducing sidebands. Based
on a Hamiltonian model with a set of self-consistent differential equations, it is shown in this paper that the electron-
beam normalized plasma frequency functions not only couple the electron motion with the FEL wave, which results in the
evolution of the FEL wave field and a possible power saturation at a large beam current, but also cause the irregularity of the
electron phase-space orbits when the normalized plasma frequency has a sufficiently large value, even if the initial energy
of the electron is equal to the synchronous energy or the FEL wave does not reach power saturation.
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1. Introduction

The electron motion plays an important role in a free-
electron laser (FEL), because the gained energy of the FEL
wave comes from the kinetic energy loss of the electron beam.
The electron dynamic behavior with irregular phase-space or-
bits induces a spread in energy distribution and hence deteri-
orates the electron-beam (e-beam) transport quality in a free-
electron laser. So far, a number of papers have been devoted
to the study of the electron motion.[1–19] Evidently, explor-
ing the ways to irregulate phase-space orbits is of significance
in improving the electron-beam transport quality and the FEL
performance. Recent studies indicate that there are several
ways to cause electron irregular motion and in consequence,
what might be termed ‘FEL chaos’ has been found. An elec-
tron irregular motion was shown to be possible when the wig-
gler amplitude or the varying rate of the wiggler amplitude
was large enough,[1,2] or when the wiggler amplitude had non-
uniformity.[3] Stochastic electron de-trapping could be caused
by inducing sidebands.[4] In many papers, the effect of the
electron beam self-field on the electron’s dynamic behavior
and chaos has been investigated.[5–10] Chaotic velocity diffu-
sion of a cold electron beam might be induced by the elec-
trostatic wave.[11] Irregular and chaotic electron motion could
occur in an FEL with an electromagnetic-wave wiggler, or in
an FEL with an ion-channel guide field.[12–14]

In previous articles where the chaotic behaviors of elec-
trons were discussed, the restriction was often made that the

FEL wave field could be excluded, or regarded as constant
or not self-consistent. Also, the effect of the beam plasma
frequency on the electron motion was ignored. In this paper,
utilizing a Hamiltonian model with a self-consistent FEL wave
evolution taken into account, we study the effect of the e-beam
normalized plasma frequency in an FEL. The rest of this paper
is organized as follows. In Section 2, the theoretical model is
described in terms of a set of self-consistent differential equa-
tions. In Section 3, nonlinear simulations are carried out for
a general situation, as well as for the parameter domains of a
self-amplified spontaneous emission (SASE) FEL and a laser-
seeded (LS) FEL. Finally, a discussion is provided and con-
clusions are drawn in Section 4.

2. Physical model
We consider a two-wave FEL (referred to as a Compton-

type FEL) with a vector potential of the FEL wave

𝐴s = As(z) [𝑒x cos(ksz−ωst)−𝑒y sin(ksz−ωst)] , (1)

and a vector potential of the magneto-static wiggler pump
wave

𝐴w =−Aw [𝑒x cos(kwz)+𝑒y sin(kwz)] , (2)

where ks and ωs are the wave-number and angular frequency
of the FEL radiation, As is the amplitude of 𝐴s, kw is the wig-
gler wave-number, Aw is the amplitude of 𝐴w, 𝑒x and 𝑒y are
the unit vectors in the x and y directions, respectively.
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Based on a Hamiltonian model introduced by Kroll, Mor-
ton and Rosenbluth (KMR),[20] the motion of the electrons and
the FEL wave are coupled with each other by the following
self-consistent differential equations of dimensionless quanti-
ties:

dΨi

d z̄
= (1+ k̄s)−

ω̄sγi√
γ2

i −µ2 +2awas cosΨi

, (3)

dγi

d z̄
=− ω̄sawas sinΨi√

γ2
i −µ2 +2awas cosΨi

, (4)

das

dz̄
=

ω̄2
p aw

2ω̄s

〈
sinΨi

γi

〉
, (5)

where

µ
2 = 1+a2

w +a2
s , (6)

ψi = (kw + ks)z−ωst, (7)

ω̄p =

√
4πnbe2/m

ckw
, (8)

as =
eAs

mc2 , (9)

aw =
eAs

mc2 . (10)

Here, c is the light speed in a vacuum, e and m are the electron
charge and rest mass, nb and ω̄p denote the volume density
and the normalized plasma frequency of the electron beam,
k̄s = ks/kw and ω̄s = ωs/ckw are the normalized wave-number
and angular frequency of the FEL wave, γi (i = 1,2, . . . ,N)

is the relativistic energy factor of the i-th individual electron,

with N being the total number of electrons, and 〈· · · 〉 = 1
N

N
∑

i=1
denotes the quantity averaged over all the test electrons.

The motion of an arbitrary individual electron in the phase
space (Ψi, γi) can be calculated by solving these three coupling
differential Eqs. (3)–(5). In the following text, we concentrate
our attention on analyzing the effect of the e-beam normal-
ized plasma frequency ω̄p on the electron motion. One should
distinguish the terminology “effect of normalized plasma fre-
quency” from the terminology “effect of plasma”. As a matter
of fact, the plasma effect in a three-wave FEL turns out to be
a function of the space-charge wave, which is related only to
the e-beam density, whereas the normalized plasma frequency
defined by Eq. (8) is related not only to the e-beam density but
also to the wiggler wave-number.

Concerning the simplified one-dimensional model de-
scribed above, the following points should be clarified. First,
although the KMR model does not provide a reliable descrip-
tion of the complicated problems associated with FEL engi-
neering design (such as the beam energy emittance and spread,
the initial detuning, etc.), it does make the results physically
transparent and the entire process can be simply character-
ized with a few dimensionless parameters.[21] Second, equa-

tions (3)–(5) were derived without restriction of the FEL res-
onance condition [see the derivation of Eqs. (2.16) and (2.17)
in Ref. [20]] and so they are valid for arbitrary electron motion
in the non-resonance condition. Third, mathematically speak-
ing, solutions of the above differential equations are affected
by two factors: one is the initial values of the variables (i.e. the
conditions at the initial time); the other is the parameters that
appear in the equations. These two factors belong to different
domains in mathematics and physics. When the parameters of
the differential equations are fixed, the phase-space orbits (i.e.
the solutions of the differential equations) will depend on the
initial conditions, resulting in a phase-space diagram which
contains a separatrix: outside the separatrix, the orbits are un-
stable and inside the separatrix, the orbits are stable. On the
other hand, when the initial conditions are fixed, the solutions
of the differential equations will be affected by the parameters
of the differential equations. More specifically, the e-beam
normalized plasma frequency ω̄p considered here is one of the
parameters that appear in the differential Eqs. (3)–(5), which is
not time-dependent. In order to find its influence on the phase-
space motion, we shall calculate the phase-space orbits for dif-
ferent values of ω̄p by fixing the initial conditions of the vari-
ables (γ|t=0 = γinitial, ψ|t=0 = ψinitial, and as|t=0 = as,initial).

3. Electron phase-space orbits
First, we analyze a general situation of the normalized

plasma frequency effect on the electron phase-space orbits by
using a set of typical values; we choose the following param-
eters: as = 2.78× 10−5, aw = 2, ω̄s = ks/kw = 250, γi = 25,
and the normalized wiggler length L̄ = kwL = 1600, where the
electron has a synchronous energy γr ≈25 in accordance with
the definition, Eq. (2.40), in the Kroll–Morton–Rosenbluth
paper.[20] To achieve a good numerical accuracy, we adopt
the normalized iteration step to be 0.0025 in our simulations.
A phase-space diagram is plotted with the y axis denoting
δγ = γ − γinitial and the x axis denoting ψ (mod 2π). Atten-
tion should be paid to the fact that the variable γ is transferred
to δγ in terms of its initial value γinitial. Figure 1 shows the
vicissitude of the phase-space orbits of an individual test elec-
tron with the fixed initial values ψinitial = π/3 and γinitial = 25
for different values of the normalized plasma frequency pa-
rameter: ω̄p = 0 (a), 0.015 (b), 1 (c), and 5 (d), respectively.
Substantial changes of the electron phase-space orbits are ev-
ident as the normalized plasma frequency increases: (a) the
phase-space orbit is periodic when ω̄p = 0, (b) quasi-periodic
when ω̄p = 0.015, (c) non-periodic when ω̄p = 1 and (d) irreg-
ular when ω̄p = 5. Therefore, we reasonably draw the conclu-
sion that the effect of the normalized plasma frequency at suf-
ficiently large values causes irregularity of the electron phase-
space orbits, even if the initial energy of the electron is equal
to the synchronous energy.
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Fig. 1. Evolutions of the electron phase-space orbits with the increasing of beam normalized plasma frequency: (a) ω̄p = 0, (b) 0.015,
(c) 1, and (d) 5, where as = 2.78×10−5, aw = 2, ω̄s = 250, γi = 25, and ψ0 = π/3. Here the phase-space orbit evolves from periodicity
(a) to quasi-periodicity (b) to non-periodicity (c), and to irregularity (d) with the beam normalized plasma frequency increasing.

An issue should be clarified. Ignoring the evolution of the
FEL wave field (i.e., letting as(t)≡ as|t=0 = as,initial) means
decoupling Eq. (5) by setting the normalized plasma frequency
to be zero (ω̄p = 0). In this case, only the two differential
Eqs. (3) and (4) survive and the system becomes integrable,
where the electron executes oscillating motion and the phase-
space orbit is periodic, as shown in Fig. 1(a). However, this
does not mean that when ignoring the evolution of the FEL
electromagnetic field is removed, the particle motions must
become chaotic. As shown in Fig. 1(b), even if the FEL
wave field is in evolution, the phase-space orbit is still quasi-
periodic but not irregular. Only the normalized plasma fre-
quency at sufficiently large value may cause irregular phase-
space orbit, as shown in the sequence from Figs. 1(a)–1(d).

Now we come to examine the general conclusion above
by employing a set of practical parameters in a self-amplified
spontaneous-emission (SASE) FEL, conducted at the Los
Alamos National Laboratory.[22] In that experiment, the wig-
gler had a period of 2.05 cm, an amplitude of 5430.5 Gs
(1 Gs = 10−4 T) and a length of 250 cm, the electron beam
had a current of 100 A, a transverse spot size of 0.014 cm and
an energy of 18 MeV, and the FEL wavelength was 12 µm.
By substituting these parameters into the Hamiltonian model,
Eqs. (3)–(5), simulation results show a similar phenomenon:
the phase-space orbits change from periodic to quasi-periodic,
non-periodic and to an irregular behavior when the normal-
ized plasma frequency increases from zero. Figure 2 shows
the plots of the phase-space orbit with the normalized plasma
frequency ω̄p = 3.5719 (corresponding to a beam current of

100 A), which is irregular indeed.
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Fig. 2. Electron phase-space orbits for the parameter domain of a self-
amplified spontaneous emission (SASE) FEL,[22] where the wiggler has
a period of 2.05 cm, an amplitude of 5430.5 Gs and a length of 250 cm,
the electron beam has a current of 100 A (ω̄p = 3.5719), a transverse
spot size of 0.014 cm and energy of 18 MeV, and the FEL wavelength
is 12 µm.

Similar phenomena are found in the parameter domain
of a laser-seeded FEL. An experiment was recently conducted
at the Brookhaven National Laboratory (BNL),[23] where the
wiggler had a period of 3.89 cm, a uniform amplitude of
3016 Gs with a length of 1000 cm (see Fig. 1 in Ref. [23]), the
electron beam had a current of 350 A, a radius of 0.015 cm and
an energy of 101.37 MeV. The FEL wavelength was 853 nm
and a laser seed with 10 kW was injected. Figure 3 displays
the simulation result obtained by use of these parameter values
for the beam-wave interaction process from z = 0 to 1000 cm.
It shows that the corresponding normalized plasma frequency
(ω̄p = 11.8044) is large enough to cause the electron phase-
space orbit to become irregular. It should be emphasized that
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the results are only theoretical in the sense of the test elec-
tron motion in phase space and not in the reliable reproduction
of the experiments, because the KMR model was derived for
the quasi-continuous electromagnetic wave, whereas the wave
contains a chain of short laser pulses with pico-second dura-
tion in those two experiments.
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Fig. 3. Electron phase-space orbits in the beam-wave interaction pro-
cess of z = 0∼ 1000 cm for the parameters domain of a seeded config-
uration FEL,[23] where the wiggler has a period of 3.89 cm, a uniform
amplitude of 3016 Gs with a length of 1000 cm (see Fig. 1 in Ref. [23]),
the electron beam has a current of 350 A (ω̄p = 11.8044), a radius of
0.015 cm and an energy of 101.37 MeV, the FEL wavelength is 853 nm;
a laser seed has a power of 10 kW.

4. Discussion and conclusion
We now discuss why the evolution of the FEL wave field

should be considered when we analyze the physical charac-
teristics of the phase-space orbits. From a practical point of
view, amplification of the FEL wave is based on the amplitude
growing in the beam-wave interaction process and so the FEL
wave field is certainly not constant. For instance, in the laser-
seeded FEL experiment recently conducted at BNL, the energy
of the FEL wave was increased from 0.04 µJ to 113 µJ in a
uniform wiggler.[23] Numerical solution of the coupled differ-
ential Eqs. (3)–(5) are given in Fig. 4, where we plot the power
evolution along the axial position for that parameter domain.
The result shown in Fig. 4 is basically in agreement with the
experimental measurement (see Fig. 1 in Ref. [23]). Clearly,
the wave amplitude is evolving and reaches a saturation power
of 2 MW. One can see that the evolution of the FEL wave field
in the beam-wave coupling interaction is not negligible and
consequently, the results with the FEL wave field evolution
taken into account are closer to the practical situations in an
FEL than the previous ones with the FEL wave field ignored,
or regarded as constant or not self-consistent.

Surely, as electron beam current (consequently the nor-
malized plasma frequency) increases up to a certain intensity,
FEL gain also increases, then the wave evolution will reach
a power saturation, where in such a high-gain regime, any
electron does not show a regular circular motion in the phase
space. For example, a current of 350 A (corresponding to a
normalized plasma frequency of 11.8044) leads to the power

saturation which begins at z = 600 cm in Fig. 4 and results
in the irregular phase-space orbit shown in Fig. 3. That is to
say, when the normalized plasma frequency has a sufficiently
large value, both the FEL power saturation and the irregu-
lar phase-space orbit may simultaneously appear. However,
it means neither that the power saturation of the FEL wave
evolution is a necessary condition of the irregular phase-space
orbits, nor that the dominant rule of the normalized plasma
frequency effect on the irregular phase-space orbits is replaced
by the power saturation. In other words, the FEL power sat-
uration is one thing, while the irregular phase-space orbit is
another thing: both are two different phenomena caused by
the normalized plasma frequency. To demonstrate this point,
in Fig. 5, we re-plot the phase-space orbit of Fig. 3 for the
beam-wave interaction process only from z = 0 to 400 cm. It
can be seen that in Fig. 4, the FEL wave gain is far from power
saturation in the process from z = 0 to 400 cm, but the electron
has an irregular motion in the phase space shown in Fig. 5.
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Fig. 4. Power evolution along the axial position simulated by coupling
the beam-wave interaction in terms of the parameters in Fig. 3.

-2.0 -1.5 -1.0 -0.5 0

-0.4

-0.2

0

0.2

0.4

0.6
z=0 b400 cm

mod(ψ, 2π)/π

δγ

Fig. 5. Electron phase-space orbits in the beam-wave interaction pro-
cess of z = 0 ∼ 400 cm in which the FEL gain is far from the power
saturation, where the parameters are the same as those in Fig. 3.

Hence, we conclude that the normalized plasma fre-
quency of the electron beam has two consequences:

(i) by Eq. (5), the normalized plasma frequency couples
the interaction between the electrons and the FEL wave, which
results in the evolution of the FEL wave field as = as(z) and a
possible power saturation.
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(ii) As shown in Figs. 1(d), 2 and 3, the normalized
plasma frequency may cause the electron phase-space orbits to
become irregular when it is at a sufficiently large value, even
if the initial energy of the electron is equal to the synchronous
energy or the FEL wave does not reach power saturation.

As is well known, a two-wave FEL has a low electron-
beam current; its mechanism is based on the “individual-
particle” interaction with the electromagnetic wave, where a
loss of particle energy corresponds to a gain of electromag-
netic field energy.[24] Since the normalized plasma frequency
is related to both the e-beam current and the wiggler wave-
number and substantially affects the motion of individual elec-
trons, the conclusions obtained in this paper are of significance
in applications aiming to prevent the two-wave FEL perfor-
mance from deteriorating.
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