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Effects of self-fields on gain in two-stream free electron laser with
helical wiggler and an axial guiding magnetic field
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The theory for the two-stream free electron laser (FEL) consisting of a relativistic electron beam transporting along
the axis of a helical wiggler in the presence of an axial guiding magnetic field is proposed and investigated. In the analysis,
the effects of self-fields are taken into account. The electron trajectories and the small signal gain are derived. The
characteristics of the linear-gain and the normalized maximum gain are studied numerically. The results show that there are
seven stable groups of orbits in the presence of self-fields instead of two groups reported in the absence of the self-fields. It
is also shown that the normalized gains of three groups decrease while the rest increase with the increasing of normalized
cyclotron frequency Ω0. Furthermore, it is found that the two-stream instability and the self-field lead to a decrease in the
maximum gain except for group 3. The results show that the normalized maximum gain is enhanced in comparison with
that of the single stream.
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1. Introduction
A free-electron laser (FEL) is a high-intensity, contin-

uously tunable source of coherent electromagnetic radiation.
The radiation is generated by a relativistic electron beam pass-
ing through a spatially periodic wiggler magnetic field.[1–6] A
uniform axial magnetic field is often employed to collimate the
relativistic electron beam in the transverse direction. The self-
electric and self-magnetic fields are generated by charge and
current densities of the electron beam and have significant ef-
fects on the operation of an FEL. Self-fields can produce chaos
in FEL, particularly near gyro resonance.[7–10] The first-order
self-magnetic field generated by the wiggler-induced trans-
verse velocity has been calculated by Freund et al.[11] Re-
cently, more exact calculations of self-fields and analyses of
their effects on electron orbits have been published.[12,13] Mc-
Neil et al.[14] studied a model of the FEL amplifier operat-
ing with two electron beams of different energies. Bekefi and
Jacobs[15] have shown that the amplitudes of the electromag-
netic and space charge waves are considerably affected by the
two-stream instability due to the prebunching of the electron
beams. In addition, Liu et al.[16] and Mehdian and Abasi[17]

have recently investigated the effects of two-stream instability
on the growth rate of FEL with a helical wiggler. Finally, Liu
et al.[16] have investigated the effects of two-stream instability
on the growth rate of an FEL with a helical wiggler and an ax-
ial magnetic field. The effects of self-fields on gain in an FEL
with an electromagnetic wave wiggler and axial magnetic field
were investigated in Ref. [18].

The purpose of this paper is to investigate the effects of

the self-fields on the gain in a two-stream FEL with a heli-
cal wiggler and an axial guiding field. The rest of this paper
is organized as follows. In Section 2, the analyses of single-
particle orbits of two-stream in the presence of axial guiding
field and self-fields are given. In Section 3, the gain equation
for the two-stream FEL is given. The numerical results and
conclusions are given in Section 4.

2. Single particle orbits

The physical configuration consists of two-stream rela-
tivistic electron beams propagating through a helical wiggler
in the presence of the axial guide magnetic field. The helical
wiggler and axial guide field can be characterized by

𝐵w = Bw(êx coskwz+ êy sinkwz),

𝐵 = B0êz, (1)

where Bw is the wiggler amplitude and λw = 2π/kw is the
wavelength, with kw being the wave number of the wiggler.

The beam equilibrium self-electric and self-magnetic
fields are

𝐸si =−2π

2

∑
i=1

enbi(xêx + yêy), i = 1,2, (2)

Bsi = 2π

2

∑
i=1

enbiβzi(yêx− xêy). (3)

The relativistic equations of motion for an electron with
rest mass m and charge−e in two-stream moving with velocity
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𝑣i in these combined fields are given as

d(mγi𝑣i)

dt
=−e

[
𝐸si +

1
c
𝑣i× (𝐵w +B0êz +𝐵si

]
. (4)

With the aid of field Eqs. (1)–(3), the steady-state solution
of Eq. (4) for the normalized electron velocity (𝛽i = 𝑣i/c) is
obtained as

𝛽i = 𝛽xi+𝛽yi+𝛽zi = βwi(êx coskwz+êy sinkwz)+βziêz, (5)

where βzi = const is the magnitude of the normalized electron
transverse velocity and

βwi =
Ωwiβ

2
zi

Ω0iβzi +
( 2

∑
i=1

ω2
biβzi

)
βzi−

2
∑

i=1
ω2

bi−β 2
zi

(6)

is the magnitude of the normalized electron axial velocity. In
Eq. (6),

Ωwi =
eBw

mγikwc2 , Ω0i =
eB0

mγikwc2 , ω
2
bi
=

2πe2nbi

mγik2
wc2

denote the normalized wiggler frequency, normalized cy-
clotron frequency and normalized beam frequency respec-
tively. Since the energy is a constant of motion, we require
that βwi should be related to βzi by the following equation:

γ
−2
i = 1−β

2
xi−β

2
yi−β

2
zi = 1−β

2
wi−β

2
zi, i = 1,2. (7)

3. Small signal gain
Now consider electromagnetic radiation copropagating

with the electron in the FEL interaction region. The electric
and magnetic fields of radiation are written as

𝐸r = Er(cosξ êx− sinξ êy), (8)

𝐵r = Br(sinξ êx + cosξ êy), (9)

where ξ = krz−ω rt +φkr is the wave number with ω r being
the angular frequency of the radiation wave and φ is a phase
constant.

Substitute Eqs. (5) and (6) into Eq. (7) and then, after
some straightforward algebra, an expression for the normal-
ized axial velocity will be expressed as

βzi = 1− 1
2

γ
−2
i

(
1+

awβ 4
zi

h2
i

)
, (10)

where aw = eBw/(mkwc2) and

hi = Ω0iβzi +
( 2

∑
i=1

ω
2
biβzi

)
βzi−

2

∑
i=1

ω
2
bi−β

2
zi.

With the aid of Eqs. (5), (6) and (8), the energy exchange be-
tween an electron beam and the radiation field is given by

γ̇i = −
eEr

mc
βwi cos[Ωit +φ +(kr + kw)Di(cos(Ωit +φ)

− cosφ +Ωit sinφ)], (11)

where, Ωi = (kr + kw)cβzi − ω r and Di = k2
i /(kr + kw)Ω

2
i .

Defining the electron phase as

ψ = (kr + kw)z−ω rt +
π

2
+φ , (12)

differentiating it twice with respect to time and using Eqs. (10)
and (11), we have

ψ̈i =−k2
i sinψ, (13)

where

k2
i = (kr + kw)

eErawβ 2
zi

mγ 4
i hi

[
1−a2

w

(
β 2

zi

hi

)3]
.

Averaging Eq. (11) over all phases and integrating it over the
electron transit time (T = L/cβzi) through the wiggler interac-
tion length (L), we obtain the average change in γi per electron
as follows:

〈∆γi〉φ =
∫ T=L/cβzi

0
〈γ̇i〉dt =

eErDiΩ
2

i T 3βwi(kr + kw)

8mc
Si(θi),

Si(θi) =
d

dθi

( sinθi

θi

)2
=

2sinθi cosθi

θ 2
i

− 2sin2
θi

θ 3
i

, (14)

where Si(θi) is the spectral function and θi =−ΩT/2.
The gain equation can be obtained as

G =
δP
P

=
8π

cE2Area
−mc2

e

[
I1〈∆γ1〉ϕ + I2〈∆γ2〉ϕ

]
,

where Ii = enbicβziπr2
b is the average electron current. Finally

by using Eq. (14), the gain equation in the presence of the self-
fields becomes

G =−πe2L3(kr + kw)

2mc2

2

∑
i=1

nbiβ
2
wi

β 2
ziγiγ

2
zi

FiSi(θi), (15)

where γzi = (1−β 2
zi
)−1/2.

Fi = 1−a2
wβ

4
zi[Ω0iβzi−ω

2
bi(1−β

2
zi)]/(hi(h2

i +a2
wβ

4
zi)),

with L = 100λw, f = Lkw = 200π , and w= kr/kw denoting the
FEL interaction length, normalized wave number of wiggler,
and normalized frequency respectively.

4. Numerical results and conclusions
A numerical study of the trajectories of two streams of

steady-state relativistic electrons in the presence of self-fields,
helical wiggler and axial guide field has been conducted. The
typical dependence of the axial velocity on Ω0 is obtained by
solving Eqs. (6) and (7). The electron energies of two beams
are taken to be γ1 = 4 and γ2 = 4.2; the normalized wiggler
magnetic and normalized plasma frequencies of the two beams
are chosen to be Ωw = 0.05 and ωb1 = ωb2 = 0.2, respec-
tively. Figures 1(a) and 1(b) show the plots of the normal-
ized axial velocities of the two beams, βz1 and βz2, each as a
function of the normalized cyclotron frequency. It is evident
from these figures that the electron trajectories in the presence
of self-fields have seven distinguished group orbits instead of
two groups reported in the absence of the self-fields.
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Fig. 1. (color online) Normalized axial velocities (a) βz1 and (b)
βz2 of the steady-state orbits, each as a function of the normalized
cyclotron frequency (Ω0) in the case of the two-stream, with the
parameters of γ1 = 4, γ2 = 4.2, Ωw1 = 0.05, and ωb1 = 0.2 chosen.
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Fig. 2. (color online) Plots of normalized maximum gain (Ḡ) ver-
sus cyclotron frequency (Ω0) for groups 1–3.
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Fig. 3. (color online) Plots of normalized maximum gain (Ḡ) ver-
sus the cyclotron frequency (Ω0) for groups 4–7.

The plots of the normalized gain Ḡ = Gmax/G0max (the
ratio of the maximum gain of the two-stream in the presence
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Fig. 4. (color online) Curves of normalized maximum frequency
(ω) versus normalized cyclotron frequency Ω0 for (a) groups 1–3
and (b) groups 4–7.

of the self-fields to maximum gain in the absence of the self-
fields and axial magnetic field) versus normalized axial mag-
netic field, are shown in Figs. 2 and 3. Figure 2 shows that the
gains of groups 1, 2, and 3 are similar to each other and de-
crease with the increasing of Ω0 until a minimum is reached.
The gains of three groups in the region 0.9≤Ω0≤ 1.32 are or-
dered as Ḡ3 > Ḡ2 > Ḡ1 (Ḡi indicate the normalized maximum
gain for group i). On the contrary, the normalized gains of
groups 4–7 presented in Fig. 3 follow an increasing trend with
the increasing of Ω0 until they reach their asymptotic regions.
These normalized gains are ordered as Ḡ7 > Ḡ6 > Ḡ5 > Ḡ4

in the range of 0.6 ≤ Ω0 ≤ 0.85. The plots of the normal-
ized frequency ω̂ corresponding to the maximum gain versus
Ω0 are shown in Figs. 4(a) and 4(b). As shown in Fig. 4(a),
the normalized frequencies are in the same order as the nor-
malized maximum gains, i.e., ω̂1 > ω̂2 > ω̂3 in the region
0.9 ≤ Ω0 ≤ 1.4 (ω̂i denotes the normalized maximum fre-
quency for group i ). The normalized frequencies for groups
4–7, shown in Fig. 4(b), are ordered as ω̂4 > ω̂5 > ω̂6 > ω̂7.
The comparisons of the normalized maximum gain for the two
streams between with and without the self-fields for groups 1–
3 and 4–7 are given in Figs. 5(a) and 5(b) respectively. The
results show that the self-fields cause the maximum gains to
decrease, with the exception of group 3. The comparisons of
the normalized maximum gains between the two streams and
single stream are given in Figs. 6(a) and 6(b). As shown in
Fig. 6(a), the maximum gain for group 1 of the single-stream
is smaller than the maximum gain for the two-stream in the re-
gion 1.11≤Ω0 ≤ 1.325. As shown in Fig. 6(b), the maximum
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gain for group 2 of the single-stream is less than the maxi-
mum gain for the two-stream in the region 0.6 ≤ Ω0 ≤ 0.73.
The comparison of the normalized maximum gain between the

two streams and single stream, corresponding to Figs. 6(a) and
6(b), are shown in Tables 1 and 2 for several values of the nor-
malized cyclotron frequency Ω0, respectively.
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Fig. 5. (color online) Curves of normalized maximum gain (Ḡ)
of two-streams with and without self-fields versus cyclotron fre-
quency (Ω0) for (a) groups 1–3 and (b) groups 4–7.

Fig. 6. (color online) Plots of normalized maximum gain Ḡ for
two-stream and single stream versus normalized cyclotron fre-
quency Ω0 for (a) groups 1–3 and (b) groups 4–7.

Table 1. Comparisons of normalized maximum gain between two-stream (Ḡ3) and single stream (Ḡ1) for several values of the
normalized cyclotron frequency Ω0.

Ω0 0.9 1.0 1.1 1.2 1.3 1.4
Normalized max gain of

2346.28 874.54 230.359 41.9979 5.04247 2.31999
single-stream (Ḡ1) with self-fields

Normalized max gain of
989.632 330.107 70.5663 9.90859 0.498975 1.93097

two-stream (Ḡ3) with self-fields

Table 2. Comparisons of normalized maximum gain between two-stream (Ḡ7) and single stream (Ḡ2) for several values of
the normalized cyclotron frequency Ω0.

Ω0 0.6 0.64 0.68 0.7 0.74 0.78
Normalized max gain of

9.3305 13.2992 20.6218 26.8464 52.3462 159.18
two-stream with self-fields (Ḡ7)

Normalized max gain of
7.9033 11.3358 17.7914 23.3833 47.212 182.986

single-stream with self-fields (Ḡ2)
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