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The Coulomb effect on a low-energy structure in above-threshold
ionization spectra induced by mid-infrared laser pulses∗
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We investigate the low-energy structure (LES) in the above-threshold ionization spectrum at a mid-infrared laser
wavelength with a semiclassical model. Using a softened Coulomb potential (CP) and changing the softening parameter,
we show that though the very low-energy structure (VLES) and high low-energy structure (HLES) are both due to the
interaction between the ionic CP and the electron, the two structures have different physical mechanisms: the VLES can be
attributed to the electron–ion Coulomb interaction at a rather small distance and the HLES is more likely to be ascribed to
the electron–ion Coulomb interaction at a large distance.
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1. Introduction
Above-threshold ionization (ATI), which was first dis-

covered by Agostini et al.,[1] has greatly contributed to the
understanding of atomic and molecular dynamics in intense
laser fields for the past 30 years.[2–5] ATI can be classified
as either multiphoton ionization (MPI) or tunneling ioniza-
tion depending on the Keldysh parameter γ =

√
Ip/2Up based

on Keldysh’s theoretical framework,[6] where Ip is the ioniza-
tion potential and Up = I/4ω2 ∝ I × λ 2 is the ponderomo-
tive energy[7] of an electron in a laser field with frequency
ω (wavelength λ ) and intensity I. The tunneling ionization
prevails in the regime corresponding to a high intensity and
long wavelength, i.e., γ < 1. In this regime, the simple-man
model[8–11] successfully describes several fundamental fea-
tures in the ATI photoelectron energy spectrum, such as the
formation of a high-electron-energy plateau,[12] the sidelobes
in angular distributions (AD) of electrons[13] and a λ 2 scal-
ing of the 10Up cutoff, confirmed in recent experiments with
mid-infrared wavelength laser pulses.[14]

However, the low-energy momentum distribution[15,16]

of recoiling ions evidently deviates from this simple-man
model, which reveals a significant influence of the Coulomb
potential (CP) of the parent ion on low-energy electron
dynamics.[15,17,18] More recently, a peculiar peak-like low-
energy structure (LES) with an electron energy of above 1 eV,

or a high-energy low-energy structure (HLES), which be-
comes most pronounced at mid-infrared wavelengths, e.g.,
2000 nm, was observed by Blaga et al.[19] and Quan et al.[20]

The HLES is at variance with the model and witnesses an
“ionization surprise”.[21] It is found that the peak position and
width of the HLES primarily depend on the laser parameters.
Moreover, the HLES is absent for circularly polarized laser
pulses and its angular distribution (AD) becomes narrow at
long wavelengths.[22,23] In Ref. [19], a full numerical solution
of the time-dependent Schrödinger equation (TDSE) is able
to reproduce the HLES but no physical explanation is identi-
fied; the HLES remains absent in the simulation based on the
well-known Keldysh–Faisal–Reiss (KFR) model.[6,24,25] On
the other hand, a semiclassical model has been used to investi-
gate the HLES and the CP is considered to be responsible for
its physical origin.[20] Liu and Hatsagortsyan[26,27] performed
similar simulations and demonstrated that the HLES origi-
nates from an interplay between the multiple forward rescat-
terings and the distortion of trajectories by the CP near the
core. Furthermore, the HLES is considered to be from the tra-
jectories of electrons moving away from the detector with a
reverse initial transverse momentum.[28,29] More recently, the
HLES is also reproduced by the second-order term in the S-
matrix expansion, taking into account the long-range Coulomb
potential.[30]
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In particular, besides the HLES, the sharp hump struc-
ture with energies well below 1 eV, or a very low-energy
structure (VLES), was also reported by Quan et al.[20] In
contrast to the HLES, the VLES exhibits an independence
of laser parameters, such as intensity and wavelength, which
eluded experimental observation in Ref. [19] and many theo-
retical studies.[26–30] More recently, the VLES, corresponding
to the double-hump structure in longitudinal momentum dis-
tribution, was confirmed experimentally by Wu et al.[31] us-
ing the sophisticated cold target recoil-ion momentum spec-
troscopy (COLTRIMS) and the effect of the long-range CP on
the photoelectron with a very low energy upon its return has
been suggested to be responsible for this VLES. Moreover, a
mechanism of energy bunching was introduced by Kästner et
al.,[32] who suggested that the LES is composed of a series
of peaks, in which the lowest ones are believed to correspond
to the VLES.[31] Meanwhile, multiple peaks in the LES were
also investigated by Lemell et al.,[33] while the experimental
observability of the VLES may be limited by the deficiency of
measurements in some experiments.[34] However, so far, most
studies have focused on HLES and very little work has been
done on VLES. Considering a pivotal role of VLES in a full
understanding of dynamics of the low-energy electrons in the
ATI process, a comprehensive investigation of the underlying
physical mechanism behind VLES, especially the role of CP
in the production of VLES, is still demanded.

In this paper, we investigate the mechanism of VLES by
utilizing a semiclassical model with the CP softened by dif-
ferent parameters. The calculated two-dimensional (2D) elec-
tron momentum distributions and initial tunnel ionization time
distributions exhibit that the VLES and HLES have different
sensibilities to the variation of the CP, indicating that the in-
fluences of the CP on the two structures are different, which
is further verified as being related, given the distance of the
electron–parent ion Coulomb interaction. The formation and
the underlying physical mechanism of the VLES are further
identified by the initial tunnel ionization times of electrons
with different final longitudinal momenta.

2. Theoretical methods
We calculate the low-energy ATI spectrum with the help

of a semiclassical approach as employed in Refs. [35]–[38].
We consider a xenon atom (Ip = 0.446 a.u.) interacting with
short laser pulses with a central wavelength λ = 2000 nm
(ω = 0.0228 a.u.) and an intensity I = 8×1013 W/cm2, lead-
ing to a Keldysh parameter γ = 0.45, which is small enough
for the ionization dynamics to be in the deep tunneling regime,
such that the semiclassical picture can be verified.[35–38] We
also consider that a xenon atom has a hydrogen-like potential
of V = −Zeff/r (where Zeff is the effective nuclear charge to
give ground state energy equal to that of a xenon atom).

In our calculation, the laser field F(t) has a constant am-
plitude for the first ten cycles and then turns off within three
cycles. It can be expressed as

F(t) = a(t)F0 cosωt, (1)

where F0 is the amplitude and the envelope function a(t) is
defined by

a(t) =


1, t ≤ 10T ;

cos2 (t−10T )π
6T

, 10T < t ≤ 13T ;

0, t > 13T,

(2)

where T is the laser pulse optical cycle. Note that the rising
edge of the laser field envelope is not considered here, which
can be justified as the ionization probability of the electron is
exponentially proportional to the laser field amplitude and the
ionization events mainly come from the peak of the laser field
amplitude.

The ionization of electrons from a bound state to a con-
tinuum is described by a quantum tunneling ionization theory,
i.e., electrons tunnel through a potential barrier created by the
superposition of an atomic CP and a laser electric field with
a probability given by the Ammosov–Delone–Krainov (ADK)
formula.[39] The subsequent evolution of the ionized electron
is described by a classical Newtonian equation

d2𝑟

dt2 =𝐸(t)+∇V, (3)

where 𝐸(t) = (0,0,F(t)) is the linearly polarized electric field
and F(t) is given by Eq. (1).

In order to solve Eq. (3), the initial conditions, i.e., the
initial position and velocity of the ionized electron need to
be given. The initial position of the electron can be obtained
from the tunnel ionization theory. In order to calculate the ini-
tial electron position, one can express the Schrödinger equa-
tion for a hydrogen-like atom in a uniform field ε in parabolic
coordinates[39,40] as

d2φ

dη2 +

(
−

Ip

2
+

1
2η

+
1

4η2 +
1
4

εη

)
φ = 0. (4)

The above equation has the form of a one-dimensional
(1D) Schrödinger equation with the potential

U(η) =−
(

1
4η

+
1

8η2 +
1
8

εη

)
and the energy K =−Ip/4 with Ip being the ionization poten-
tial of the atom. Thus, the outer turning point η0 of the poten-
tial U(η), viz., the “tunnel exit”, where the electron becomes
free, can be determined by U(η) = K. The initial positions of
the tunnel ionized electron in the Cartesian coordinates can be
obtained by x0 = y0 = 0 and z0 =−(1/2)η0.[35–38] In the qua-
sistatic approximation, the above field parameter ε is related
to the laser field amplitude F(t) by ε = F(t0). The motion of
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the electron is restricted in the plane (x, z) since the system is
azimuthally symmetric about the polarization axis. The initial
velocity is set to be υz = 0 and υx = υx0. The weight of each
trajectory is evaluated by[39]

w(t0,υx0) = w(0)w(1), w(0) =
4
ε

exp(−2/3ε),

w(1) =
υx0

επ
exp(−υ

2
x0/ε). (5)

In our calculations, 1×107 initial points are randomly dis-
tributed in the time interval −π/2 ≤ ωt ≤ π/2 for the elec-
trons that are tunnel ionized with a probability given by De-
lone and Krainov.[40] A set of trajectories are launched to sim-
ulate the behavior of the electron wave packet. An adaptive
time step-size of 1 a.u. is applied in our calculations. In or-
der to compare the results directly with the experimental data,
which were obtained by a detector with a small solid angle
with respect to the laser polarization,[20] we select only those
electrons that are emitted along the field direction.

3. Results and discussion
The bottom curve in Fig. 1 shows the calculated result us-

ing the model described above, with the CP fully considered.
One finds in the curve that an evident VLES is present at an
electron energy < 0.5 eV, followed by a broader HLES with a
high energy boundary of approximately 4.7 eV, in qualitative
consistence with the experimental observation in Refs. [20]
and [31]. If the CP is totally neglected after ionization, both
the VLES and HLES completely disappear (top curve, Fig. 1).
This is consistent with the simple-man model, in which the
photoelectron spectrum below 2Up is predicted to decrease ex-
ponentially from the origin. Therefore, we deduce that both
the VLES and HLES are due to the effect of the CP. Similar
conclusions have also been revealed in previous studies.[20,31]

In order to further understand how the Coulomb poten-
tial affects the VLES and HLES, we investigate the evolu-
tions of these two structures with CP which is softened as
V = −Zeff/

√
a2 +𝑟2, where a is a softening parameter used

to adjust the depth of the potential and its attraction on the
tunneled electrons. Note that when the CP is softened, the
electrons far from the core are less influenced by the variation
of the attractions than those close to the core. The relation be-
tween the attraction of the CP and the position of electrons is
verified by Huang et al.[41] who compared the influences of
the CP on the transverse momentum by employing a short or a
long-range potential in their calculations. The middle curve in
Fig. 1 displays the results obtained by softening the CP with a
parameter of 10. The high energy boundary of the HLES de-
creases to approximately 4.1 eV, indicating that the change in
CP may cause a shift of the highest energy of the LES. More

importantly, the VLES becomes smooth and even invisible,
whereas the HLES is still clearly visible, although it is not so
pronounced as that of the pure CP (i.e., with a softening pa-
rameter a = 0), revealing that the appearance of the VLES is
more sensitive to the change of the Coulomb attraction than
that of the HLES. Thus, although the two structures are gen-
erally considered to be due to the CP,[20,31,32] they feel differ-
ent influences from the CP since the electrons, contributing to
the two structures, interact with the core at different distances,
which we will look more closely at in the remaining part of
the paper.
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Fig. 1. (color online) Photoelectron spectra of xenon, obtained by semi-
classical calculations in the cases without CP, with CP softened by a
parameter of 10 and with pure CP for the curves from top to bottom,
respectively. I = 8× 1013 W/cm2 and λ = 2000 nm. The curves are
shifted vertically for visual convenience.

In order to understand in more detail the origin of the
VLES, we calculate the density plot of the 2D electron mo-
mentum distributions for two types of electron trajectories,
i.e., direct electrons and indirect ones, depending on their ini-
tial tunnel ionization times as adopted in Ref. [20]. According
to the simple-man theory, the direct electrons are tunnel ion-
ized on the rising edge of the laser field, i.e., ωt ∈ [−π/2,0];
they are then driven by the field and move away. The indirect
electrons are tunnel ionized on the falling edge of the laser
field, i.e., ωt ∈ [0,π/2], which then oscillate in the laser field.
These electrons may return and collide with the core and then
absorb enough energy to escape. Note that these two types
of electron trajectories originate from the description of the
simple-man theory, which neglects the effect of the CP on the
tunneled electron. In our study, however, the tunneled elec-
trons evolve in the combined CP and the laser fields.

The calculated 2D electron momentum distributions at I =
8× 1013 W/cm2 and λ = 2000 nm are presented in Fig. 2. The
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momentum along the polarization direction of the linearly po-
larized laser is termed Pz, while Px corresponds to the momen-
tum perpendicular to the polarization direction. Figures 2(a)
and 2(d) display the calculated momentum distributions for
electrons initially tunnel ionized on the rising and falling edges
of the laser field, respectively, with the CP neglected. Most
electrons are evidently distributed around zero momentum; the
distributions become sparse as the momentum increases. The
direct and indirect electrons are symmetrically distributed with
respect to Px. Apparently, the corresponding energy spectrum,
obtained by projecting the momentum distribution onto the Pz

axis, exhibits no structures, which is in accordance with the
top curve shown in Fig. 1. The features of these distributions
are in good agreement with the prediction of the simple-man
model.

For comparison, the momentum distributions calculated
by taking into account a pure CP are displayed in Figs. 2(b)
and 2(e) for electrons ionized on the rising and falling edges of
the laser field, respectively. Remarkably, the momentum dis-
tributions along the Px axis are still symmetrical but the overall
momentum distributions are changed by the CP; some pecu-
liar features emerge. One feature is that, with a pure CP con-
sidered [Fig. 2(b)], the overall momentum distributions shift
along the Pz axis with a positive value of 0.19 a.u., in contrast
to the fact that all momenta of direct electrons are distributed

below zero when the CP is neglected [Fig. 2(a)]. This value
of 0.19 a.u corresponds to a kinetic energy of 0.5 eV, which
equals the high energy boundary of VLES in the energy spec-
tra [see Fig. 1]. Moreover, Fig. 2(b) shows that a visible small
accumulation area appears for the electrons ionized on the ris-
ing edge. The central part of this area is around 0.13 a.u.,
corresponding to a kinetic energy of 0.23 eV, which is approx-
imately the center of VLES in the energy spectra. Figure 2(b)
also shows that the electrons are distributed closer to the Pz

axis than those in Fig. 2(a), i.e., the overall momentum distri-
butions become significantly narrow when a pure CP is con-
sidered. On the other hand, the CP manifests a similar effect
on electrons ionized on the falling edge of the laser field, i.e.,
indirect electrons. Figure 2(e) shows that the indirect electrons
are mainly distributed in two different small accumulation ar-
eas. One area is close to zero while its central position in the
energy spectrum is higher than that of the VLES but lower
than that of the HLES, almost between the two structures; it is,
however, less resolvable in the data. The other area is located
in a higher momentum area and its central position is approx-
imately 0.42 a.u. The momentum of 0.42 a.u. corresponds to
a kinetic energy of 2.4 eV, which is approximately the central
position of the HLES. The width of this area is much broader
in the direction of the field, leading to a broad HLES appearing
in the energy spectrum.
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Fig. 2. (color online) Calculated momentum distributions for electrons tunnel ionized on the rising edge [(a)–(c)] and the falling edge
[(d)–(f)] of the laser electric field. (a), (d) without CP; (b), (e) with pure CP; and (e), (d) with CP softened by a parameter of 10. The
laser polarization direction is along the z axis and the red horizontal lines indicate that Pz = 0. The laser parameters are the same as
those in Fig. 1. For more details, see text.
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In order to elucidate the evolution of VLES with CP, we
further calculate the electron momentum distributions by soft-
ening the CP with a parameter of 10 [Figs. 2(c) and 2(f)].
Obviously, figure 2(c) shows that the electrons ionized on
the rising edge exhibit less of a momentum shift than that in
Fig. 2(b), which can be expected since the attraction from CP
is reduced by the softening parameter. It is noteworthy that
in this case, the accumulation area, which is pronounced for
a pure CP (see Fig. 2(b)), almost disappears; the momenta
are uniformly distributed along the Pz axis, although the over-
all momentum distribution is narrower than that in Fig. 2(a).
However, the top boundary of the direct electron is below the
low boundary of the VLES (about 0.1 a.u.), which means that
the electrons in the momentum regime corresponding to VLES
(0.1 a.u.–0.2 a.u.) are indirect electrons on the falling edge of
the electric field. On the other hand, for the electrons ionized
on the falling edge of the laser field [Fig. 2(f)], the accumu-
lation areas, which now correspond to both the HLES and the
VLES in the energy spectrum, still exist although these ar-
eas become less evident. As shown in Fig. 1, the HLES is
still apparent but the VLES is hardly distinguished, indicat-
ing that the HLES is less sensitive to the softening of CP than
the VLES. Moreover, a closer comparison of Fig. 2(f) with
Fig. 2(d) shows that the overall momentum distribution of the
electrons ionized on the falling edge is still concentrated along
the Pz axis even when the CP is softened, in contrast to direct
electrons (Fig. 2(c)). This clearly indicates that the softening
of CP has less of an effect on the indirect electrons than on the
direct electrons.

From the viewpoint of the simple-man picture, the shift of
the overall momentum distribution in the field direction can be
understood as that besides the interaction with the laser field,
the electrons also feel additional attractive force of the CP
when they leave the saddle point after tunneling. This force
exists and plays the same role in changing the wave packet’s
longitudinal momentum of the electrons ionized on both the
rising and falling edges, leading to the electrons shifting in the
same direction and the overall momentum distribution shifting
in the positive direction of the field direction.

On the other hand, the evolutions of both the energy spec-
trum and the momentum distribution with the softened param-
eter exhibit that the VLES is more sensitive to the variation
of the CP than the HLES. The electrons contributing to the
HLES are indirect electrons ionized at the laser phases away
from the maximum of the field. They may return to the core
with higher kinetic energies and pass through the core multiple
times.[20,26] The lower sensitivity of the HLES to the change
of the CP reveals that these electrons interact with the parent
ions at a large distance from the core, thus they are still signifi-
cantly affected though the CP is softened. In contrast, the elec-
trons contributing to VLES are more sensitive to the variation

of the CP, indicating that they are born in a regime much closer
to the parent ion core and interact with it at a small distance.
Therefore, the accumulation area in Fig. 2(f) is less visible and
the VLES is hardly distinguished when the CP is softened (see
Fig. 1). This is consistent with the result of Refs. [31] and [32]
that the VLES is mainly contributed by the electrons ionized
very near the peak of the field, which will be driven back to the
core with very low kinetic energy and interact with the ionic
potential strongly at a short distance. Therefore, the VLES can
be attributed to the interaction of the tunneled electrons with
the parent ion core at a distance much closer to the ion, while
the HLES can be attributed to that at a larger distance.

Furthermore, we collect all electron trajectories with final
energies falling in the VLES regime (i.e., < 0.45 eV) and plot
in Fig. 3 the distributions of the laser phases corresponding to
their initial tunnel ionization times. Without considering the
CP, the tunneling times are confined in two regions, one is on
the rising edge and the other on the falling edge [see Fig. 3(a)].
The two regions are symmetric with respect to the origin: the
central positions of the left and right regions are –4◦ and +4◦,
respectively. This symmetry is consistent with the simple-man
prediction. In contrast, the distribution of the tunneling times
with a pure CP [see Fig. 3(c)] shows that the symmetry breaks
down due to the shift induced by the CP and most electrons
are emitted on the rising edge, i.e., the contribution is mainly
from the direct electron.
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Fig. 3. (color online) Normalized distributions of the initial tunnel ion-
ization phase (ωt0) of electrons with final energies in the VLES regime
(i.e., electron energy ≤ 0.45 eV for the lowest curve in Fig. 1), in the
cases without CP (a), with CP softened by a parameter of 10 (b) and
with pure CP (c). The black vertical dot line indicates the position of
ωt0 = 0 for visual convenience.

In contrast, the distribution of the tunneling times with
CP softened by a parameter of 10 [Fig. 3(b)] shows that the
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tunneling times are still almost confined in the right region,
which corresponds to the indirect electrons. This is well con-
sistent with the case in Fig. 2 and the above analyses.
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ization phase (ωt0) of electrons with the corresponding final longitudi-
nal momenta in the field direction (Pz) for the cases without CP (a), with
CP softened by a parameter of 10 (b) and with pure CP (c). The vertical
dot line indicates the position of ωt0 = 0 for visual convenience.

To further explore the effect of the change of the CP on
the VLES, we track the initial tunnel ionization phase (ωt0)
of the electrons with different final longitudinal momenta in
the field direction (Fig. 4). The final longitudinal momenta
range from 0.09 a.u. to 0.15 a.u., which is located in the VLES
regime. At first glance, figure 4(a)–4(c) show that the phase is
gradually shifted to the left as the CP is gradually strength-
ened, which is in accordance with the case in Fig. 3. On
closer inspection, when the CP is totally neglected [Fig. 4(a)],
the phases of different final drift momenta are well separated
and increase with momentum increasing, which is consistent
with the simple-man prediction, in which the final longitudi-
nal momentum is solely determined by the laser phase when
the electron tunnels out. However, when a pure CP is included
[Fig. 4(c)], although the phase still increases with the increas-
ing of momentum, it is exhibited that a distinct overlap oc-
curs for different longitudinal momenta; further, the average
phase of the electron with Pz in the range from 0.09 a.u. to
0.15 a.u. is at approximately –2.5◦, indicating that the phase
is redistributed by the CP. The CP significantly distorts the
trajectories of electrons under different initial conditions and
bunches the final longitudinal momenta, resulting in an iden-
tical momentum, which corresponds to the accumulation area

in Fig. 2(b). Moreover, when the CP is softened by a param-
eter of 10 [Fig. 4(b)], the overlapping degree of the phases of
different momenta is smaller than that with a pure CP, reveal-
ing that a bunching of the final longitudinal momenta becomes
weak. This explains that though the accumulation area corre-
sponding to VLES can still be seen in the momentum distri-
bution (see Fig. 2(f)), the VLES fades out and can be hardly
distinguished in the energy spectrum (see Fig. 1). Therefore,
we provide an additional sound evidence that the formation of
the VLES is due to an energy-bunching effect of the CP on
the low-energy electrons and this bunching effect is strongly
dependent on the strength of the attract potential.

4. Conclusions
In this paper, we performed semiclassical calculations of

both energy spectra and 2D momentum distributions of the
low-energy electrons of xenon atom ionized in a mid-infrared
laser field. Our analysis shows that the VLES is more sensi-
tive to the changes of the CP than the HLES and the VLES
is identified as originating from the interaction of the tunneled
electron with the parent ion core at a small distance, while the
HLES is attributed to that at a large distance. The distribu-
tions of the initial tunnel ionization phase directly verify that
the formation of the VLES is due to the energy-bunching of
the low-energy electrons by the CP.
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D, Crespo L-U J R, Hoehr C, Rottke H, Trump C, Wittmann M, Korn
G and Sandner W 2003 Phys. Rev. Lett. 91 113002
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