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The transition energies and electric dipole (E1) transition rates of the K, L, and M lines in neutral Np have been
theoretically determined from the MultiConfiguration Dirac–Fock (MCDF) method. In the calculations, the contributions
from Breit interaction and quantum electrodynamics (QED) effects (vacuum polarization and self-energy), as well as nu-
clear finite mass and volume effects, are taken into account. The calculated transition energies and rates are found to be
in good agreement with other experimental and theoretical results. The accuracy of the results is estimated and discussed.
Furthermore, we calculated the transition energies of the same lines radiating from the decaying transitions of the K-, L-,
and M-shell hole states of Np ions with the charge states Np1+ to Np6+ for the first time. We found that for a specific line,
the corresponding transition energies relating to all the Np ions are almost the same; it means the outermost electrons have
a very small influence on the inner-shell transition processes.
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1. Introduction
The long-lived nuclide 237Np is produced in a nuclear re-

actor when 235U or 238U interact with thermal or fast neutrons;
it is one of the most important radiative hazards in the nuclear
fuel cycle.[1–4] Its basic nuclear properties are well known,
however, the electronic properties are still a subject of intense
debate, largely due to the rich and peculiar phenomenology
that they display[5,6] and the complicated electronic structure
of the 5f state.[7] On the one hand, the experiments are ex-
tremely expensive and difficult to perform due to the toxic and
radioactive nature. On the other hand, the theory needed to
study heavy elements and their ions is necessarily based on
complex models, which often need huge computing facilities
or much time to be worked out. Therefore, many unanswered
questions and arguments still remain unexplained,[8] particu-
larly fundamental questions such as the type of angular mo-
mentum coupling and the character of bonding. The theoret-
ical study of Np X-rays is of particular interest in the field of
atomic and nuclear physics for it can provide valuable infor-
mation about electronic structures.

Up to now, many studies about transition energies and
rates of neutral Np have been done experimentally and theo-
retically. Walfson et al.[9] obtained electron binding energies
of Np from internal conversion spectroscopy in the alpha de-
cay of 241Am. Later, electron binding energies of Np were
also studied by others.[10–21] Barreau et al.[22] and Ahmad et

al.[23] measured energies, natural widths and intensities of Np
K X-rays, respectively. Jaffe et al.[24] and Day[25] analyzed
the L X-rays of Np following the decay of 241Am for the first
time. Weksler et al.[26] measured transition energies of L lines
associated with α-decay of 241Am with a high-resolution Si
(Li) spectrometer. A recent investigation on these lines was
reported by Lépy et al.[27] using high-purity Ge and Si (Li)
detectors. Krause et al.[28] determined energies and widths of
Mα1, Mα2, Mβ , Mζ1, and Mζ2 X-rays and energies of N4 to
N7 levels by the photoelectron technique; energies of M and N
levels have been calculated by using the Dirac–Fock method.
Some other previously experimental works were devoted to
the study on the wavelengths of the M X-rays.[29,30] Bhalla[31]

calculated the radiative transition rates for a vacancy in the M-
shell of Np with the Hartree–Fock–Slater method. Lu et al.[32]

calculated transition rates of filling a K-shell vacancy with
an electron in the L- to P- shells by making use of the same
method. Scofield[33] investigated the transition rates for fill-
ing the K-shell vacancy with the Hartree–Slater method. Fur-
thermore, to the best of our knowledge, there have been very
few works with regard to Np ions, only Desclaux et al.,[34]

who studied one-electron binding energies of 4d to 5f orbitals,
Slater radial, integrals and expected values of rn for 5f orbital
of several Np ions using the Dirac–Fock method. Motivated
by the need for accurate results of transition energies and rates
in the field of atomic and nuclear physics for Np, there is an
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opportunity here to make actual calculations using the MCDF
method.

In this work, transition energies and rates of K, L, and
M X-rays of neutral Np and ions with charge states 1+ to 6+
are studied systematically using the atomic structure package
GRASP2K based on the MCDF method. In Section 2, the the-
oretical method is described briefly. In Section 3, the transi-
tion energies and rates of neutral Np and its ions are discussed.
Finally, some conclusions of this work are given in Section 4.

2. Theoretical method
In this work, the wavefunctions were generated by the

widely used atomic structure package GRASP2K[35] based on
the MCDF method. Since this method has been discussed
extensively elsewhere,[36–38] we only repeat the essential fea-
tures here. In the MCDF method, the Dirac–Coulomb Hamil-
tonian of a given atom or ion with N electrons is written as

HDC =
N

∑
i=1

hD(ri)+
N

∑
i< j

1
ri j

, (1)

where hD is the one-electron Dirac operator including the ki-
netic energy of the electron and its interaction with the nu-
cleus, which can be given by the following expression,

hD(r) = c𝛼.𝑝+βc2 +Vnuc(r). (2)

An atomic state function (ASF) of the system can be expressed
as a linear combination of configuration state functions (CSFs)

|Ψα(PJM)〉=
nc

∑
r=1

cr(α)|γr(PJM)〉, (3)

where nc denotes the number of CSF, cr(α) is the mixing coef-
ficients corresponding to each CSF, which can be obtained by
diagonalization of the Hamiltonian matrix, and γr represents
the configuration and any other quantum numbers required to
specify the state, for example, parity, orbital occupancy, cou-
pling scheme and so on. The CSFs are the antisymmetrized
linear combinations of the product wavefunctions of relativis-
tic spin-orbitals given by

Φ(r) =
1
r

(
Pnκ(r)χκm(r̂)

iQnκ(r)χ−κm(r̂)

)
, (4)

where n is the principal quantum number; κ and m are the
relativistic angular quantum number and its z components, re-
spectively, κ = ±( j + 1/2) for l = ( j± 1/2), with l and j
being the orbital and the total angular momenta of the elec-
tron. Pnκ(r) and Qnκ(r) are the large and small components
of radial wavefunctions and χκm(r̂) is the spinor spherical har-
monic function. This leads to a set of integro-differential equa-
tions, which determine the radial wavefunctions for 1s, 2s, 2p,
3s, 3p, 3d, 4s, . . . orbitals and the Hamiltonian matrix.

According to the time-dependent perturbation theory, the
Einstein spontaneous transition probability for the E1 transi-
tion from the upper state β to the lower state α can be given
by[39]

Aβα =
2π

2 jβ +1 ∑
Mβ

∑
Mα

|〈α(Pα Jα Mα)|O(1)|β (Pβ Jβ Mβ )〉|2, (5)

where O(1) is the electric dipole operator, jβ is the to-
tal angular momentum of upper state β , |β (Pβ Jβ Mβ )〉 and
|α(Pα Jα Mα)〉 are the wavefunctions of upper state β and
lower state α , respectively.

3. Calculation and discussion
In these calculations, the radial wavefunctions have been

obtained by solving the Dirac equations in the Thomas–Fermi
potential, followed by screened hydrogenic functions; good
starting wavefunctions are provided for the self-consistency
procedure, which eventually helps overcoming convergence
problems or simply reduces the number of iterations needed
for a given set of configurations. Here, we have the ground
configurations of each ion as follows: [Rn]5f46d7s2 for neu-
tral Np, [Rn]5f46d7s, [Rn]5f5, [Rn]5f4, [Rn]5f3, [Rn]5f2,
and [Rn]5f for Np ions with the charge states 1+ to 6+, re-
spectively. The extended optimal level (EOL) scheme[40] is
used to determine the initial and final state wavefunctions
involved, separately. For example, to calculate the Kα1 X-
ray transition energy in neutral Np, we set the 1s−1

1/22s22p6

· · · (5f56d7s2) as the upper configuration state and the 1s22s2

2p−1
3/2 · · · (5f56d7s2) as the lower configuration state. It is well

known that in high accuracy atomic calculations, one may
need to go beyond the Coulomb approximation for the two-
electron interaction. Based on these wavefunctions, the usual
next step is to include the Breit interaction as well as leading
QED effects into energy levels as perturbation. In order to
emphasize their contributions to the final value, we calculate
two kinds of results with and without Breit interaction and
QED effects separately. We found that both of these correc-
tions reduce the values of transition energies, which could
be evaluated through the given percentage uncertainties. It is
important to know that these contributions on K-lines transi-
tion energies are more substantial, and then L and M lines,
respectively. The contribution of Breit interaction ranges
from 0.21% to 0.25% on K X-rays, from 0.04% to 0.40%
and 0.08% to 0.29% on L and M X-rays of Np, respectively.
Likewise, the QED contributions to the transition energies
are as follows: ranges from 0.22% to 0.43% on K X-rays,
from 0.32% to 0.40% on L X-rays and from 0.08% to 0.30%
on M X-rays. For instance, Kα1 is 101055.70 eV, as given
in Table 1; its values without QED effects and Breit interac-
tion are calculated as 101494.47 eV and 1010308.00 eV, re-
spectively. That means QED and Breit corrections reduce the
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Table 1. Calculated transition energies (eV) and rates (s−1) of K X-rays in neutral Np along with other experimental and theoretical
results. The entries in parentheses denote the powers of ten while those in square-brackets refer to the reference number.

Transition energies Transition rates
Lines Trans.

This work Expt.[22] Other Expt. Calc. This work Calc.[32] Calc.[33]

Kα1 K–LIII 101055.70 101057±3 101085±4[14] 101054[10] 5.93(16) 6.94(16) 6.94(16)

101068[13]

101056.3[19]

101059.80[42]

Kα2 K–LII 97068.18 97069±3 97095±4[14] 97064[11] 4.31(16) 4.36(16) 4.36(16)

97080±20[23] 97078[13]

97069.80[42]

Kβ1 K–MIII 114243.34 114244±3 114240±20[23] 114231.4(56)[41] 6.26(15) 1.57(16) 1.57(16)

Kβ I
2 K–NIII 117566.20 117569.32[12] 117581.9(59)[41] 1.88(15) 4.47(15) 4.45(15)

117510±30[23]

Kβ II
2 K–NII 117352.29 117332.32[12] 117340.3(73)[41] 1.89(15) 2.02(15) 2.01(15)

Kβ3 K–MII 113313.90 113308±4 113300±20[23] 113300.1(54)[41] 7.62(15) 8.03(15) 8.03(15)

113298±37[21]

value of Kα1 by 438.77 eV and 252.30 eV, respectively; that
is, their contributions on the Kα1 are about 0.43% and 0.25%,
respectively. Meanwhile, we found that including the Breit
interaction and QED effect into energy levels, the results are
closer to the experiment values, so their influence is of great
importance and cannot be neglected for inner-shell transition
processes. In any case, these effects merely shift the position
of the spectrum in energy and do not affect the profile shape.

The calculated transition energies and rates of K X-rays
for neutral Np are listed in Table 1 along with other theoretical
results and experimental ones. Overall, a reasonable agree-
ment between these calculated results and other experimental
values is found for K X-rays, as can be seen from Table 1.
For the transition energies, the largest relative discrepancies
between these results and those experimental values[14,22,23]

are less than 0.03%, 0.005%, and 0.32%, respectively. Tak-
ing the Kα2 for example, the transition energy is 97068.18 eV
compared with the experimental result 97069±3 eV of Bar-
reau et al.[22] For the transition rates of these lines, the results
presented are smaller than the other ones, which may due to
including the Breit interaction and QED effects in the calcu-
lations. In order to compare with the measured spectra,[24]

our transition rates of K X-rays are convoluted into a Gaussian
line shape of broadening 600 eV and plotted in Fig. 1. As can
be seen, they are in very well accordance with the measured
spectra of Ahmad et al.[23]

In Table 2, we display the transition energies and rates of
L X-rays with other available theoretical predictions[33,41,43]

and experimental results.[26,27] One can see that the discrepan-
cies in transition energies between our calculations and those
available results are relatively small for most of the L X-rays
and that the differences are within 5 eV. However, for some
lines, such as Lβ6, Ll, Lη , and Lγ4, the absolute differences
in energy from different works are kind of large, compar-
atively reaching about 20 eV. But the transition energies for
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Fig. 1. The calculated K X-rays spectra (bottom) of Np compared with
the measured spectra (top) of Ahmad et al.[23] The full width at half
maximum used is 600 eV.

these lines show good agreement with the experimental val-
ues of Lépy et al.,[27] the largest percentage uncertainty is less
than 0.18%, which is below the relative standard uncertainty
(0.8%) of the detector used. With regard to the transition rates
of L X-rays, most of them have the same powers of ten as
those calculated by Scofield[33] except the lines Lβ5, Lγ1, and
Lγ6. Also, to compare with the experimental spectra of L X-
rays, our transition rates are plotted in Fig. 2 using the same
Gaussian line shape of broadening 150 eV as the experimental
spectra performed by Johnston.[44]

The transition energies and rates of several M X-rays
are presented in Table 3 with the other available data from
Bearden et al.,[13] Krause et al.[28] and Bhalla.[31] It is worth
noting that the transition energies are in very good agreement
with these results within the experimental error, the largest ab-
solute uncertainty between the MCDF calculations and other
experimental values of Ref. [28] is 2.56 eV, which is less
than 0.09%. As can be seen, the transition energies of M X-
rays are much less than those of K and L X-rays by one and
two powers of ten, respectively. In regard of the transition
rates of these lines, there are no serious discrepancies being
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Table 2. The calculated transition energies (eV) and rates (s−1) of L X-rays in neutral Np along with other experimental and theoretical
results. The entries in parentheses denote the powers of ten.

Transition energies Transition rates
Lines Trans.

This work Expt.[26] Expt.[27] Calc.[41] Calc.[43] This work Calc.[33]

Lα1 LIII–MV 13943.86 13944 13950 13943.0(13) 13944.1 2.30(15) 3.84(15)
Lα2 LIII–MIV 13759.55 13760 13760 13757.2(14) 13759.7 2.08(14) 4.38(14)
Lβ1 LII–MIV 17752.27 17750 17750 17746.9(16) 17750.2 1.15(15) 5.23(15)
Lβ2 LIII–NV 16840.06 16835 16840 16840.3(26) 16840.0 1.03(14) 8.11(14)
Lβ3 LI–MIII 17992.99 17992 17990 17990.8(36) 17989 2.76(14) 1.17(14)
Lβ4 LI–MII 17061.26 17061 17060 17059.5(34) 17060.7 1.39(15) 1.38(15)
Lβ5 LIII–OIV 17503.58 17500 17500 17508.1 4.11(13) 1.74(14)
Lβ6 MIII–NI 16111.15 16109 16110 16110.2(30) 16130 5.86(13) 6.91(13)
Lγ1 LII–NIV 20778.00 20784 20780 20784.5(28) 20784.4 1.88(14) 1.20(15)
Lγ2 LI–NII 21096.56 21099 21100 21099.7(53) 21110 3.75(14) 3.74(14)
Lγ3 LI–NIII 21340.71 21340 21340 21341.2(39) 21340 1.17(14) 3.65(14)
Lγ4 LI–OII 22157.77 22144 22120 22200 6.52(13) 9.18(13)
Lγ5 LII–NI 20111.29 20099 20100 20099.9(32) 20120 4.02(13) 4.03(13)
Lγ6 LII–OIV 21484.12 21491 21490 21488 1.73(13) 2.36(14)
Lγ8 LII–OI 21254.51 21262 21260 9.22(12) 1.05(13)
Lγ13 LI–PII 22400.28 22400 5.46(12) 3.12(13)
Ll LIII–MI 11863.10 11887 11870 11870.8(21) 11890 1.84(14) 2.69(14)
Lη LII–MI 15855.38 15877 15860 15860.5(26) 15876 7.97(13) 8.70(13)

Table 3. The calculated transition energies (eV) and rates (s−1) of M X-rays in neutral Np along with other experimental and theoretical
results. The entries in parentheses denote the powers of ten.

Transition energies Transition rates
Lines Trans.

This work Expt.[28] Calc.[13] Calc.[28] This work Calc.[31]

Mα1 MV–NVII 3263.26 3260.7(1) 3261.4 3263.2 3.03(13) 2.96(13)
Mα2 MV–NVI 3252.32 3249.4(4) 3249.2 3250.7 1.49(12) 2.02(12)
Mβ MIV–NVI 3435.70 3434.2(2) 3435.3 3435.8 8.82(13) 4.42(13)
Mγ MIII–NV 3666.15 3664.4 3667.6 5.67(13) 2.04(13)
Mζ1 MV–NIII 2579.51 2579.1(8) 2579.0 2575.0 3.56(12) 1.89(12)
Mζ2 MIV–NII 2520.29 2521.6(1.2) 2522.6 2513.6 7.67(12) 6.02(12)
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Fig. 2. The calculated L X-ray spectra (bottom) of Np compared with
the measured spectra (top) of Johnston.[44] The full width at half maxi-
mum used is 150 eV.

found. All the transition rates of M Xx-rays are convoluted
into a Gaussian line shape with broadening of 35 eV and plot-
ted in Fig. 3 in order to be compared with future experimental
spectra. In Table 4, we compare the binding energy differ-
ences of the LII–LIII and MII–MIII derived from the Kα1–Kα2

and Kβ1–Kβ3 energy differences with those obtained from the
LII, LIII, MII, and MIII binding energies given by Hagström et
al.,[10] Bearden et al.[13] and Nelson et al.[21] A comparison
of our results with previous theoretical and experimental ones
shows a reasonable accuracy. However, any improvements in

theory, such as inclusion of the higher order corrections of the
various contributions to the transition energies, would require
measurements of feasible accuracy, which yields a good ac-
cord between theoretical and experimental values.
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Fig. 3. The calculated M X-rays spectra convoluted with the full width
at half maximum of 35 eV.

Table 4. The calculated LII–LIII and MII–MIII binding energy
differences (keV) of Np along with other theoretical[10,13] and
experimental[21] results.

Trans. This work Calc.[10] Calc.[13] Expt.[21]

LII–LIII 3.988 3.990 3.990 3.989±0.008

MII–MIII 0.929 0.932 0.931 0.953±0.039
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On the basis of the above comparisons of transition en-
ergies and rates of K, L, and M X-rays emitted by the K-, L-
and M-shell hole states in neutral Np, we further calculated
transition energies of the same radiative lines from the Np1+

to Np6+ ions for the first time; the results are listed in Table 5.
It is found that for a specific line, the corresponding transi-
tion energies related with all the Np ions are almost the same.
For the majority of the K, L, and M X-rays, the energies de-
crease very slightly with increasing ionization state, while the
transition energies of the Lβ2, Lβ5, Lβ6, Lγ13, Mα1, Mβ , and

Mγ lines increase very slowly. For example, for the K X-rays,

the largest difference in energy between the same lines emit-

ted from Np1+ and Np6+ ions is only about 5.0 eV, while the

difference is about 13.30 eV for both the L and M X-rays. So

we conclude that the outermost electrons have a very small in-

fluence on the inner-shell transition processes. According to

this, we infer that the transition energies of these lines from

the corresponding oxides also have similar features due to the

negligible effects of the co-valence electrons.

Table 5. The calculated transition energies (eV) of K, L and M X-rays for the Np1+ to Np6+ ions.

Lines Np1+ Np2+ Np3+ Np4+ Np5+ Np6+

Kα1 101043.60 101043.20 101042.90 101042.20 101041.90 101041.20

Kα2 97050.30 97048.04 97047.96 97047.47 97047.24 97046.67

Kβ1 114206.90 114206.80 114206.50 114205.10 114204.90 114203.30

Kβ I
2 117556.80 117556.10 117555.10 117554.60 117554.40 117554.20

Kβ II
2 117312.70 117310.20 117309.50 117310.20 117308.20 117307.70

Kβ3 113276.20 113275.40 113274.70 113274.20 113273.20 113272.60

Lα1 13938.26 13937.47 13937.39 13937.11 13936.82 13936.44

Lα2 13756.94 13753.10 13752.39 13752.25 13752.08 13751.60

Lβ1 17751.75 17748.07 17747.14 17747.00 17746.74 17746.21

Lβ2 16829.21 16829.59 16829.99 16830.01 16830.35 16830.77

Lβ3 17992.67 17992.51 17992.46 17991.67 17991.23 17990.46

Lβ4 17062.32 17061.19 17060.80 17060.62 17059.90 17059.89

Lβ5 17502.11 17502.32 17502.67 17502.88 17505.58 17505.76

Lβ6 16096.54 16096.41 16096.17 16096.12 16096.08 16095.02

Lγ1 20785.54 20779.87 20779.24 20778.64 20778.50 20778.31

Lγ2 21098.78 21095.99 21095.65 21095.48 21094.93 21094.87

Lγ3 21342.39 21342.13 21341.38 21341.11 21340.95 21340.82

Lγ4 22160.67 22159.85 22158.97 22158.91 22157.48 22157.43

Lγ5 20088.94 20091.81 20091.54 20091.23 20090.65 20090.62

Lγ6 21482.70 21484.33 21486.46 21487.90 21490.06 21494.56

Lγ8 21256.82 21256.73 21256.69 21256.45 21254.70 21254.00

Lγ13 22400.09 22400.53 22401.39 22405.18 22407.36 22413.40

Ll 11856.87 11856.44 11856.23 11856.09 11855.59 11855.18

Lη 15848.72 15851.56 15851.30 15850.92 15850.73 15850.05

Mα1 3262.29 3262.63 3262.86 3263.09 3263.76 3267.49

Mα2 3251.78 3251.54 3244.86 3243.32 3242.54 3238.44

Mβ 3434.92 3432.89 3436.50 3436.65 3436.69 3440.10

Mγ 3666.10 3665.57 3665.84 3666.11 3667.34 3668.63

Mζ1 2575.33 2575.19 2575.09 2574.96 2574.69 2574.49

Mζ2 2514.88 2510.51 2513.68 2514.33 2514.75 2514.80

4. Conclusion

Motivated by the need for accurate transition data in a
variety of scientific applications, in this work, the transition
energies and rates for the K, L, and M X-rays in neutral Np
have been calculated using the MCDF method. Throughout
the calculations, the contributions from the Breit interaction
and QED effects, nuclear finite mass and volume effects are
also considered. The influences of the Breit interaction and
QED effects are found to be of great importance and cannot

be neglected for the inner-shell transition energies. We see
that Breit interaction and QED effects are important in pre-
cision calculations of heavy atoms. Their contributions are
larger in the innermost transition while the trend reverses to be
small when one steps toward the outer-shells’ orbitals. These
results have been compared with other available experimental
and theoretical ones and good agreement between them was
found. In addition, we further calculated the transition ener-
gies of X-rays radiated by the K-, L-, and M-shell hole states
of Np ions with the charge states 1+ to 6+ for the first time.
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One can find that for a specific line, the corresponding transi-
tion energies related with all the Np ions are almost the same.
Also, for the majority of the K, L, and M X-rays, the transition
energy decreases very slightly with increasing the ionization
state, while for the transition energy of the Lβ2, Lβ5, Lβ6, Lγ13,
Mα1, Mβ , and Mγ lines, it increases very slowly. Therefore,
we summarized that the outermost electrons have very small
influence on the inner-shell transition processes.
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