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A scheme is proposed to generate GHZ state and realize quantum phase gate for superconducting qubits placed in a
microwave cavity. This scheme uses resonant interaction between the qubits and the cavity mode, so that the interaction
time is short, which is important in view of decoherence. In particular, the phase gate can be realized simply with a single
interaction between the qubits and the cavity mode. With cavity decay being considered, the fidelity and success probability

are both very close to unity.
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1. Introduction

Superconducting qubits are one of the promising can-
didates for the implementation of quantum information
processing.['=#! Over the past few years, various approaches
for generating entangled states and realizing logical gates
in superconducting qubits have been proposed in the lit-
erature. Several important experimental milestones have
been achieved.=%! In some proposals, qubits are coupled
directly via a capacitor or an insulator(®-'?! or using ad-
ditional elements.['>"151 Liu er al.!”) proposed a scheme to
couple large detuning flux qubits with time-dependent mag-
ISWAP gate could
then be realized by XY coupling. Based on the so-called
FLICFORQ (Fixed Linear Couplings between Fixed Off-
Resonant Qubits) architecture,'” Rigetti et al. developed

netic flux in appropriate frequency.

a microwave scheme!!!l to realize universal gates with tun-
able effective interaction, which has recently been experi-
mentally demonstrated.''® The flexibility of superconducting
qubits has provided various coupling styles. In some other
proposals, qubits are coupled through a ‘quantum bus’, such
as a microwave cavity or a one-dimensional superconduct-

e,l1"-211 composing the cavity QED ar-

ing transmission lin
chitecture, which has been well studied in atom cavity QED
systems.[?2-26] Tn Ref. [24], Zheng proposed a fast scheme
to realize quantum phase gates for atoms by using an as-
sistant atom state. Blais er al.['”! investigated five types of
gates including schemes based on virtual photons, real exci-
tation of the resonator and geometric phase for two charge

qubits, which were coupled to a superconducting transmis-
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sion line. Quantum states transferring between two supercon-
ducting qubits were then demonstrated experimentally.® In
Ref. [20], Wang et al. proposed to generate GHZ states with
an effective XX coupling. However, implementing entangled
states and logical gates with high fidelity is still under pursuit.

In this paper, we propose an alternative scheme to realize
GHZ state and quantum phase gate based on the interaction
of flipping two superconducting qubits simultaneously with
one photon. The three-qubit GHZ state is composed of two
charge qubits and a flux qubit, which are based on a pair of
conjugate degrees of freedom. In the generation of GHZ state,
no auxiliary energy level is needed. Moreover, our scheme
is deterministic in the absence of decoherence, instead of the

[2728] The phase gate is realized

scheme in a probabilistic way.
between two charge qubits in a cavity. In contrast to previous
schemes working in the dispersive limit,!'82%3% which leads
to a long operation time, we construct the GHZ state and phase
gate with resonant interaction. The situation with cavity decay
is also considered.

This paper is organized as follows. In Section 2, we pro-
pose a scheme for realizing GHZ state and quantum phase
gate. In Section 3, we discuss the proposed scheme with the
cavity decay being considered. A conclusion appears in Sec-
tion 4.

2. Generation of GHZ state and realization of
quantum phase gate

Consider a system composed of three superconducting
qubits coupled to a single-mode cavity field (assuming that
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all other cavity modes are well decoupled to the two levels
of the qubits), a schematic diagram of the system is shown in
Fig. 1. Two superconducting charge qubits 1 and 2 share a
large Josephson junction on chip, and are biased by a static
magnetic flux @...!">! Qubit 3 is a SQUID qubit (it also can be
a persistent-current qubit working on its degeneracy point!?))
biased by a static magnetic flux @.; and manipulated by clas-
sical microwave pulses. The Hamiltonian of the system can be
written as

H = H. + Hq + Hj, (1)

where H., Hy, and Hy are the Hamiltonian of the cavity field,
the qubits, and the interaction energy, respectively.

microwave
charge SQUID
qubits qubit

gls(‘c gp(‘f

Fig. 1. Schematic setup of the scheme, where two coupled charge qubits
and a SQUID qubit are placed in a microwave cavity and biased by static
magnetic flux @ and Pgr respectively.

The Hamiltonian of the cavity field is
He=hw(d'a+1/2), )

where a' and a are creation and annihilation operators of the
cavity mode.

The Hamiltonian of the qubits is expressed as/1>!7]

_ (Vo) —DF TP ¥ 4
H, = i;Z {E, (Vxi) — 2Ejicos ( 2, 2) cos (p,}
052 (D3 — Dep)*

—E =2
Jj0COS Y + 265 + 2L

— Ej3cos <27r§3) , (3)

0

where
E,’ (VXi) = EC,-(n,- — C,-VX,-/Ze)z.

E.; and Ey; are the charge and Josephson energies of the i-th
qubit. Ejg is the Josephson energy of the large Josephson junc-
tion.

Here, we illustrate our proposal for generating the GHZ
state in three steps.

Step 1 First, after applying an ac voltage, adjust the level
spacings of two charge qubits so that two charge qubits’ fre-
quencies @; and @, satisfy the condition @ = ®w; + @w,. The

level spacing of the flux qubit is also adjusted to be far-off
resonant with the cavity field (in this case, there are only inter-
actions between the two charge qubits and the cavity field).
Then, in the interaction picture the interaction Hamiltonian

can be written as'">! (setting 7 = 1 below)
Hy =¢ (a'e!6? +aclol?), @)

Here Gﬁ) = |1),(0], ol =
|0); (1| with the charge states |0) and |1) correspond to zero

in the spin-1/2 representation.

and one excess Cooper pair in each Cooper-pair box. Notice
that, under this Hamiltonian, the two qubits can be flipped si-
multaneously with one photon.

Assume that the cavity mode is initially in the vacuum
state |0)., and the two qubits 1 and 2 are initially in the state
[1),|1),. The evolution of the two charge qubits and the cavity
field under Hamiltonian (4) is expressed as

(1)) 5 = —isin(7)[0),]0),]1),
+eos(ET)|D1,[0). ()

With the choice of 1) = /4, we obtain

)10 = *i\% (10)110),[1) +1[1)[1),]0)) - (6)

Step 2 Adjust the level spacings of two charge qubits so
that the cavity field is far-off resonant with @;, @, ®; + @,
and ®; — 0.1 The level spacing of the flux qubit is simulta-
neously brought to resonance with cavity mode. The interac-

tion Hamiltonian in the interaction picture is!!”!
3 3
Hp =g (ao +a’o), %

where 61 = [1); (0] and 6 = |0), (1| with [0); and |1),
being the ground and second excited states of qubit 3.

If qubit 3 is initially in the ground state |0)5, then the three
qubits and the cavity field are in the state

¥)125c = —i\% (10)110)2]0)3]1)¢ +1[1)1[1)510)3]0).) - (8)

Under the Hamiltonian (7), the state |0)4]0) . keeps unchanged
while the state |0)5]1), evolves as

¢ (12))3c = cos (¢72) [0)3] 1) — isin(g72) [1)3]0)c. (9

If the interaction time is chosen to fulfill g7, = /2, then
the state becomes |@); . = —i[1);]0).. The state of the three
qubits and the cavity field is

1
V2
Step 3 Decouple all three qubits from the cavity field,

¥) 1230 = =5 (10110)2]1)5 = [1)1]1),]0)3)[0). (10)

and apply a resonant classical microwave pulse (@,, = ®3) to
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qubit 3. The interaction Hamiltonian (between qubit 3 and the

cavity field) in the interaction picture is!'”!

Hi3 = Q(|1)5(0]+0)5 (1]). (11)
Based on Eq. (11), it is easy to get the following state rotation

|0); — cos 2713]0); — isinQ713]1)s,
I1)5 — —isinQ73]0); +cos Q3] 1)s. (12)

If the interaction time is chosen to satisfy Q73 = 7/2, then it
turns out to be

0)3 = —i[1)3,
11)5 — —1[0)5. (13)

Now the three qubits and the cavity are in the state

(10)110)2/0)3 = 1)1 [1)2[1)3) [0}, (14)

1
b4 =—
| > 1,2,3,c \/E
where the common phase factor i has been discarded. Thus, a
GHZ state of three qubits

(100110),[0)5— [1)4[1)5]1)3)

1
Py L= —
I >172,3 \/i

is obtained, leaving the cavity mode in the vacuum state.

Now, we illustrate the scheme for realizing quantum
phase gate between two charge qubits. Based on Eq. (5), if the
interaction time is chosen to satisfy £, = 7, then the initial
state [1),]1),]0), evolves to —|1),]1),|0).. On the other hand,
the states |0),]0),|0), |0),]1),]0),, and |1),|0),|0), do not un-
dergo any transition since Hy;|1),]0),|0). = H11|0),]1),|0), =
H1110),10),]0), = 0. Therefore, we have

10)10)2[0)c = 10)110),|0).,
0)111)210)c = [0)]1),]0).,
11)110)2[0)c = [1)110),0)..,
[1)111)510)c = —[1),[1)5[0)... (15)

In this way, a quantum phase gate is obtained for the two

charge qubits with a cavity mode left in the vacuum state.

3. Scheme including cavity decay

We now take into account the cavity decay and show how
the fidelity and success probability of the scheme are affected.

First, the preparation of the GHZ state with cavity decay
is shown below. Suppose that, during the preparation process,
there is no photon detected due to the leakage of a photon
through the cavity mirrors. In the first step, the evolution of
the system is governed by the conditional Hamiltonian

Heon1 = & (a*oﬁ”o@ +ao$)of)) - iga*a, (16)

where K is the cavity decay rate. If the system is initially in
the state |1),|1),]0)5/0),, then the evolution of the system can

be written as

! (n)

— e ¥/ [eos (am) + = sin (arm) ] [1)1]1)310)3/0).

e KT 71 s1n(O£‘L'1 )10)110),0)5] 1), an
where
K 12
o= (5 - 16> : (18)

If the interaction time is chosen to satisfy 7;" = m/4a, then the

state of the system reads
1

= eI (14 1y 1,00} 0

~i2 101 [0)[0} 1 (19)

[#h)

In the second step, the evolution of the system is domi-

nated by the conditional Hamiltonian
' K
chon =g (aO'f) +d G?)) — iEaIa. 20)

So, during the second period time 7', the evolution of the sys-
tem can be written as

92 ()
_ \% efmc/(l(;a) {_ifxem‘z’ﬂ
oo (Be) = s sin (85) [ 101, 1010 1),

- e A in (B) 001,110

+ (1

+ 2o 111000 e

2\ 12
B= (g _16) . (22)

L(4B/x)] /B.

where

If the interaction time is taken to be 7’ = [tan’
then we get the state

‘.},2> efmc/(moc)

&\*‘

X

/—\|—|

e"“z//4 86 sm (B')10);10),]1)5]0),

+1+agumwmmm4. 23)

In the third step, the evolution of the cavity field state is dom-
inated by the conditional Hamiltonian

H3 =

con

figa?a. (24)
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This Hamiltonian produces no effect on the vacuum state, so

the state evolves to

w3 = —i% o /(160)

y [_/ji (BT') 10),10),/0)5

+ (145 s 10 23)
After normalization, the state of the three qubits is
! _ 1 —KT) /4 85
’lP>123 = %1€ sin (B') [0),0),]0)5
2, N af
= (1 52 ) D1 00s) 26)

where N is a normalization factor given by

1/2
N le_m'/z(g%) sin® (B%,') + (1 4’;)2] .@7)

The fidelity is

Fo= (1), )

1

_ 2Nz|:emz /4 g% Sln(ﬁTZ) (1_~_4fx):|2. (28)

The probability of success is

4o
efm2’/2g2§2sin (ﬁle)
o2p? :

P = Lo/ [(1 Tl

+ (29)

1.00000
& 0.99990F

0.99980 '

0o 0.04

1.0000 ¢
0.9996 £
0.9992 F

0.9988 F

We now take into account the cavity decay in the scheme
of quantum phase gate. Based on Eq. (17), for at,’ = m, the

initial state evolves to —e <™/ (4®)|1),|1),|0),. Then, we have

— —efm/(m)|1>1|1>2|0>c~ (30)

Suppose that the two charge qubits are initially in the state

(10} +11)1) (10)2 +1)3) - @31

N\'—‘

lp) =

The ideal phase gate produces the maximally entangled state

1
[9i) = 5 110)1 (10}, +[1)2) + 1), (10), = [1)2)],  (32)
while the conditional Hamiltonian results in (after normaliza-
tion)
1
|@con) = \/ﬁm) 1 (10),+11),)
+[1),(10), — e EN1),)]. (33)
The fidelity is given by
[3+ e—mr/(4oc)]2
FP - |<(pcon ‘ (P1>| - 4 [3_’_ e,,m./@a)] . (34)
The probability of success is
_ l —k7/(2a)
Pp—4<3—|—e ) (35)
1.000
s (b)
0.995
< 0.990fF
0.985F
1V S (YT
K/€
1.00 5
: (d)
0.99F
& o.08F
0.975—
0 - b.l04 I O.IOES. I
K/€

Fig. 2. (color online) Dependence of the fidelity and success probability on the cavity mode decay k/&. The coupling strength ratio is
g = 10€. The scale of the independent variable is set to be 0 < /& < 0.1. (a) The fidelity (Fs) of GHZ state. (b) The probability (P)
of GHZ state. (c) The fidelity (£},) of the quantum phase gate. (d) The probability (P,) of the quantum phase gate.
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Figures 2(a) and 2(b) show the fidelity (¥;) and success
probability (P) of the generated GHZ state with x/&, re-
spectively, after setting g = 10&. Figures 2(c) and 2(d) show
the fidelity (f;,) and success probability (£,) of the quantum
phase gate with x/&. The scale of the independent vari-
able is set to be 0 < k/& < 0.1. For a SQUID, the typ-
ical transition frequency between the ground state and the
second excited state is ~ 49.2 GHz.13% Hence, we choose
Ve = 49.2 GHz as the cavity mode frequency. The typical
coupling constant & can reach about several hundred MHz"!
and g ~ 1.2 GHz!®! (here, we choose & = g/10 = 120 MHz
for simplicity). For a cavity with Q = 1 x 10°, which can
be achieved for the on-chip superconducting cavity under the
recent experimental condition,®!l the decay rate should be
K ~ 0.0260¢&, it can then be calculated that Fy = 0.999986,
P, =0.9953, F, = 0.999923 and F, = 0.9900. Furthermore,
we calculate the interaction time to be 7;’ = /4o ~ 6.5 ns,
%' = [tan~! (4B/k)] /B ~ 1.3 ns, and we choose the time
‘L'3/ = 5T1/ =32.5ns.

In the above discussion, the qubit decay is neglected re-
specting the quite long lifetimes that are about a microsecond
for a charge qubit*? and 1.6 x 107> s for an SQUID qubit[*"!
in a recent experiment. Consequently, we just consider the
effect of a bad cavity.

4. Conclusion

In summary, we have proposed a scheme to generate
GHZ state and realize quantum phase gate for superconduct-
ing qubits in a cavity. The scheme uses resonant interaction
and the GHZ state can be generated in a fast way. As the
implementation of quantum phase gate only requires a single
resonant interaction, the required time is very short. In princi-
ple, we can obtain the required state and gate with the fidelity
and success probability of unity. Moreover, taking into ac-
count the cavity decay, the fidelity and success probability of
the generated state and the phase gate are very close to unity.
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