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Dynamics of entanglement under decoherence in noninertial frames*
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In this paper, we investigate the entanglement dynamics of a two-qubit entangled state coupled with its noisy envi-
ronment, and plan to utilize weak measurement and quantum reversal measurement to study the entanglement dynamics
under different decoherence channels in noninertial frames. Through the calculations and analyses, it is shown that the
weak measurement can prevent entanglement from coupling to the amplitude damping channel, while the system is under
the phase damping and flip channels. This protection protocol cannot prevent entanglement but will accelerate the death
of entanglement. In addition, if the system is in the noninertial reference frame, then the effect of weak measurement will
be weakened for the amplitude damping channel. Nevertheless, for other decoherence channels, the Unruh effect does not
affect the quantum weak measurement, the only exception is that the maximum value of entanglement is reduced to /2,2

of the original value in the inertial frames.
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1. Introduction

As is well known, quantum entanglement, as a special
nonclassical correlation between the bipartite quantum sys-
tems, has occupied a significant position in quantum informa-
tion processing, such as quantum dense coding, teleportation,
etc.!12] Over the past years, quantum entanglement has been
considered as a fundamental physical resource due to its es-
sential role in revealing the nonlocality of quantum mechanics
and its practical application in quantum information. !

Actually, a quantum system is inevitably subjected to the
effect of its environment, such as in the case of some de-
coherence channels. [*©! Recently, these interactions between
the system and its environment have been widely investi-
gated. These interactions cause the system to become entan-
gled with its environment, they make dynamics of the system
non-unitary, and they also lead to the degradation of coher-
ence and entanglement.>7-14] Hence, the decoherence effect
is not conducive to information processing in quantum the-
ory. In order to prevent the entanglement from coupling to its
noisy environment, we will make use of the weak measure-
ment, which is based on the fact that the weak measurement

[15-18] Recently, as is well shown, the

can be perfectly reversed.
weak measurement and quantum measurement reversal can ef-
fectively prevent entanglement from coupling to the amplitude
damping decoherence for the entangled system.!'”! However,
using the weak measurement and quantum measurement re-
versal under other decoherence channels, such as phase damp-

ing and phase flip channels, to study the dynamics of quantum
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correlations has been seldom studied, which is one of our mo-
tivations in this work.

In particular, although numerous efforts have been de-
voted to studying the properties of entanglement, the de-
tailed understanding of such a resource is limited to inertial

5.[20211 Recently, the significance of comprehending

system
entanglement has received considerable attention in a relativis-
tic setting; for instance, when considering the implementa-
tion of quantum information processing tasks performed by
observers in arbitrary relative motion.[?>">! The research of
entanglement behaviors in a relativistic setting will not only
provide a more complete framework for the quantum infor-
mation theory, but also play an important role in understand-
ing the entropy and information paradox of black holes.?¢-28]
Consequently, an increasing number of articles have discussed
entanglement in a relativistic setting; in particular, how the
Unruh effect influences the degree of entanglement.>*=3°! The
emphasis of this paper is placed on investigating the entangle-
ment of a maximally entangled state coupled with decoherence
channels, and the utilizing of weak measurement and quantum
reversal measurement in noninertial frames.

The rest of this paper is organized as follows. In Sec-
tion 2, we introduce the Unruh effect and the weak quantum
measurement, together with the corresponding quantum mea-
surement reversal. In Section 3, we show how the Unruh ef-
fect affects the entanglement protection protocols to prevent
the entanglement, quantum entanglement of the system from
coupling to various decoherence channels. Finally, we sum-

*Project supported by the National Natural Science Foundation of China (Grant Nos. 11074002 and 61275119), the Doctoral Science Foundation of the Ministry
of Education of China (Grant No. 20103401110003), and the Natural Science Research Project of the Education Department of Anhui Province, China (Grant

Nos. KJ2013A205, KJ2011ZD07, and KJ2012Z309).
fCorresponding author. E-mail: yeliu@ahu.edu.cn
© 2014 Chinese Physical Society and IOP Publishing Ltd

http://iopscience.iop.org/cpb http://cpb.iphy.ac.cn

020310-1


http://dx.doi.org/10.1088/1674-1056/23/2/020310
mailto:yeliu@ahu.edu.cn
http://iopscience.iop.org/cpb
http://cpb.iphy.ac.cn

Chin. Phys. B Vol. 23, No. 2 (2014) 020310

marize our conclusion in Section 4.

2. Unruh effect and weak measurement with
measurement reversal

At the outset, we introduce the Unruh effect for Dirac
fields. As shown in Refs. [40]-[42], from an inertial view-
point, we can describe the Dirac field by a superposition of
the Unruh monochromatic modes, which is |0),;, = Q¢ |0w),
and |1);, = ®e|le)y- Then, for a specific particle, the precise

form of this role can be depicted as follows:

100)y = c0s7[00)1[0p)y +sinr1g); o)y

lw)y = o)1 100), (D

where cosr = (e ~279¢/a 1 1)~1/2 4 is the acceleration of the
observer,  is the frequency of the Dirac particle, and c is
the speed of light in vacuum. We assume that two observers,
Alice and Bob, share an initial two-qubit entangled state, and
consider that an accelerated observer (Bob) must stay in one
region (I) due to these two (I and II) regions being causally
disconnected.

In the following, a scheme for preventing the entangle-
ment from coupling to decoherence is based on the fact that
the weak quantum measurement can be reversed in Refs. [18]
and [19]. The two-qubit weak measurement can be written as

a non-unitary quantum operation

My (p1) = 10) (O] + /1= p1[1); (1],
My (p2) = 10), (0] ++/1 = p2[1), (1], ()

where p, and p, are the weak measurement strengths. Then,
the system is coupled with decoherence channel, under which
condition quantum measurement reversal operations on the
two particles are carried out separately. The two-qubit revers-
ing measurement (Mpey) can be written as a non-unitary oper-

ation:

My (pri) = /1= pr1[0); (O] + 1), (1],
M (pr2) = /1= pr2[0), (O] + 1), (1] €)

where p;; and py, are the strengths of the reversing measure-
ment. The optimal reversing measurement strength which
gives the maximum amount of entanglement of the two-qubit
state p; is calculated to be py = pi + Dy pr, where pp =1 — py
(k = 1,2) with Dy being the magnitude of the decoherence,

and the flowchart can be found in Ref. [19].

3. Entanglement dynamics under decoherence
via Unruh effect

We now assume that Alice and Bob share an initial two-
qubit entangled state:

) = a]00)+B11), (Jaf*+[B]>=1), )

and we can obtain the density matrix as follows:

la> 0 0 ap*
0 0 0 0
a'p 0 0 |Bf

Choose the concurrence as the entanglement measure, the
concurrence of a two-qubit mixed state p in a noisy environ-

ment can be written as[43:44]

C(p) =max{0.VA -V~ Vi -V},  ©

where A; are the eigenvalues, in decreasing order, of the ma-
trix pp with the spin-flipped matrix p = (0, ® 6,)p* (0, ® 0y).
Due to the X structure of the density matrix, there is a simple
closed expression for the concurrence present in all biparti-

tions:

C =2max {0, \/p14p41 — \/P22P33./P23P32 — /P11Pa4} , (7)

where p;; are the elements of the density matrix p.

Owing to the unavoidable interaction between a quantum
system and its environment, it is indispensable for us to have
a whole comprehension of the dynamics of the entanglement
states. In what follows, we will consider a system constituted
by the two qubits A and B, which interact independently with
their corresponding environments E4 and Ep, respectively.

3.1. Amplitude damping channel

Now, we consider the influence of amplitude damping
channel on the two-qubit system, and the environment acts in-
dependently on their states. The amplitude-damping channel
is a classical noise process describing the dissipative interac-
tion between the system and the environment. In Refs. [45]-
[47], we find that the action of decoherence channel on one
qubit can be represented by the following phenomenological
map:

0); |O>Ei —10); |0>E,~v

[1:10), = VDil1);[0), + VD 0); 1), (8)
where D=1-D (0 < D < 1). Equation (8) indicates that
when there is one excitation in the system, it can either remain
there with a probability D, or be transferred into the environ-
ment with a probability D.

We now investigate how this decoherence map affects an

initial entangled state, when the two particles are separately
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coupled with the decoherence channels. Then, the resulting
initial density operator of the system can be described as:

PaBEEg (0) = po (0) @ pEyeg (0), ©)

where pg, is the vacuum state of the environments. Then,
we can calculate the entanglement of the total density matrix
PaBE,E, (t) by using Egs. (5), (8), and (9). Owing to am-
|

plitude damping decoherence, Alice and Bob now share the
reduced-density matrix pp obtained by taking the partial trace

of pagE,E (1) over the environment

pD = TrEAEB [PABEAEB (t)} )

which is given as

|a|2+|ﬁ‘2D1D2 0 s 0 \/lezaﬁ*
0 DD, |B| 0 0
= _ 10
pp 0 0 DiDy|BP 0 (10)
/DiDyo* B 0 0 DDy |B?

The effect of decoherence on the initial state |¢) can be
investigated by evaluating the concurrence Cp of the quantum
state pp, according to Eq. (7), which is calculated to be

Cp= max{0,2\/[_)152 1B|(|a| — vDiD> |m)}‘ (11

After a detailed analysis, it is straightforward to see that when
the decoherence magnitude is the strongest, that is, D=1 (k =
1,2) or /DD, > |o/B|, then Cp = 0, which indicates that
this decoherence causes entanglement suddenly death (ESD),

|o|* + |B|> D1 D21 2

1 0
pr=—+

e
o

a*p

where A, = 1+ {Dlp_l(l +D2[32) —I—Dgp_z} ‘ﬁ|2, then we can
obtain the concurrence C; of the matrix p; as follows:

21B| (|| — vDiD2p1 2 | B) }
, ~ — — 5 ¢+ (13)
1+{Dip1(14+D2ps)+D2p2} | Bl

As shown in Eq. (13), the calculations indicate that Cp is al-

C; = max {0

ways not more than C;, which means that we can prevent the
entanglement from causing the decoherence by using the weak
measurement and corresponding optimal reversing measure-
ment.

Then, after two particles separately suffer the weak mea-
surement and quantum measurement reversal, we will con-
sider that the system is in a noninertial reference frame, which
means that Alice stays stationary while Bob moves with uni-
form acceleration a. According to Eq. (1), we can rewrite the
density matrix p; in the Minkowski mode. Owing to the fact
that Bob is causally disconnected from the region I and the in-

meaning that the two-qubit system becomes fully separable.
In order to prevent the entanglement from causing the de-
coherence, we will adopt a scheme by making use of weak
measurement and the optimal reversing measurement.!'”! Be-
fore the system couples to the noisy environment, they are sep-
arately subjected to weak measurement (Myx). The qubit then
undergoes the decoherence channel, and after that we bring the
quantum measurement reversal into force. Then, the reduced-
density matrix p, shared by Alice and Bob, can be written as

0 0 af*
Dij1 B 0 0
121 |ﬁ| B ) (12)
0 Dap> |B| 0
0 0 BI°

formation that is physically accessible to the observer is only
encoded in the Minkowski mode, then we should trace over
the modes region II and obtain the reduced density matrix as

follows:
P11 0 0 af*cosr
O S
PAB = A5 0 0 ps33 0 ’
a*Bcosr 0 O P44

pi1 = (|a|> +|B[* D1D2j1 p2) cos?r,

p22 = B> D1 p1(1+ Dajpasin® r) + |at|* sin’ r,
P33 = |13|2D2]32c;os2 T,

Pasa = |ﬁ|2 (1+Dyps sin® r),

Axp = 1+|BI* {D1p1(1+Dafi2) + D2} (14)

The concurrence Cyp of the two-qubit state p4p shared by Al-
ice and Bob is then calculated to be

Cap =max < 0,

21B|cos (| = /D1 [BP + (o +D1Dapy 2 B sin? ry/ D)

1+{D1p1 (14 Dap2) + Dapa} B

s)
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We now assume that if the system is in a noninertial refer-
ence frame at the beginning and takes the trace over the mode
II, under which condition the qubits undergo the sequence of
weak measurement, decoherence, and quantum measurement
reversal, then we can obtain the reduced density matrix as fol-

lows:
p1y 0 0 of*cosr
p/ — 1 0 Pég 0 0
AB Al 0 0 p33 0 )

a*Bcosr 0 0 Pia
|

Chp =max{ 0

piy = |a|*cos? r+ |B|* D1Dap1 pa + |at|* Dapasin’ r,
psy = D1y B +|afsin r;
i =Dapa B, pha=IBI7,
A" =14{D1p1(1+ Dajp2) + D22} B[
+ |at|* Dy py sin’ . (16)

Then, we can calculate the concurrence C  of the system state

pip as follows:

2|B[(Joc|cosr— \/Dzﬁz(Dlﬁl B> + | o) sin®r)

In order to facilitate the study of the influences of the am-
plitude damping decoherence magnitudes (D1, D,), measure-
ment strengths (p1, p2), and Unruh effect (r) on concurrence,
we will consider the maximally entangled state, the results are
presented in Fig. 1.

As demonstrated in Fig. 1, we display the behaviors of
concurrences Cp, C;, Cap, and CAB for the maximally entan-
gled state coupled with their noise environment. Entangle-
ment degradation due to decoherence is shown in Fig. 1(a).
Weak measurement with strength p; and p; and the optimal

"14+{D1p1(1+D2p2) +Dapa} B> + |a* Dapy sin®r

a7

reversing measurement is plotted in Fig. 1(b). From the two
figures, it follows that decoherence weakens the entanglement
between the two particles and we can utilize the weak mea-
surement and quantum reversal measurement to prevent the
entanglement from coupling to decoherence channels. How-
ever, if the system is in a noninertial reference frame, as shown
in Figs. 1(c) and 1(d), then the role of the entanglement pre-
venting protocols is delayed, which means that the revival of

concurrence will be later. Especially, we plot Figs. 1(b), 1(c),
and 1(d) for D1=0.6, D,=0.8, and r = 7 /4.

Fig. 1. (color online) Concurrence changes with decoherence, weak measurement, and Unruh effect.
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3.2. Phase damping channel

The phase damping channel is a quantum noise that de-
scribes the loss of quantum coherence without losing en-
ergy. The coherence of the qubit state disappears without any
change.[* In this section we will discuss the dynamics of en-
tanglement coupled with this channel. The corresponding uni-
tary evolution mapped on a one-qubit system is given by

0); ‘0>E,~ —10); |O>E,-7
[1):10)g, = VDi[1;[0), + VDil )i |1 (18)
where D=1—D (0 <D < 1). Asillustrated in Eq. (18), it can
be understood that a state of two-level system does not change,
but the state of the environment undergoes a transition without
any energy exchange.
We now study how the entangled system dissipates in this
decoherence. Although the initial state is a two-qubit entan-

gled state |@), when it is coupled with the phase damping de-
coherence, the quantum state pp shared by Alice and Bob can

be given as
|OC|2 0 0 \/DlDzOCﬁ*
0 0 0 0

VDiDo*B 0 0 1B

Then, the concurrence Cp of the quantum state pp is calcu-
lated to be

CD:max{0,2|a||B|\/D1D2}. (20)
|

Our calculations indicate that the concurrence Cp always de-
creases monotonically, which does not cause the ESD.

Next, we will consider the effects of quantum entangle-
ment protection protocols. After the system undergoes the
sequence of weak measurement, decoherence, and reversing
measurement, we can obtain the reduced density matrix shared

by Alice and Bob, as follows:

|(X‘2D1D2 0 0 Oﬂﬁ*DlDz
1 0 0 0 0
a*BDiD, 0 0  |B]

where A; = |at|> D1 D, + |B|*, and the concurrence C; of the
two-qubit state p, shared by Alice and Bob is calculated to be
2|a||B| DD
C. = max ,—L_Hﬁj ! 22 . (22)
|et|“D1D; + | B

According to Eq. (13), the calculations indicate that Cp is
always larger than C;, which means that entanglement protec-
tion protocols cannot prevent the decoherence from evolving.

We assume that the system is in a noninertial reference
frame after the system has undergone measurement. Then, ac-
cording to the Unruh effect, we obtain the reduced density ma-

trix as follows:

|ot|* D1D; cos? r 0 0 aB*DiD;cosr
1 0 |ot|* D1 Dysin’®r 0 0
_ L 23
PAB = s 0 0 0 0 ’ @3
a*BD1D;cosr 0 0 1B

where Asp = |a\2D1D2 +1B |2, and the concurrence Cyp of the

two-qubit state pap is then calculated to be

At the outset, we assumed that the system is in a nonin-
ertial reference frame and that it is taking the trace over the
modes in region II. After the qubits sequentially undergo the
weak measurement, decoherence, and quantum measurement

2|a||B| D1D
Cap = max | 0, 21¢IBID1Dycos (24) ) e
|| DDy + | B reversal, we can acquire the reduced density matrix as follows:
|
|ot|* DyD;cos? r 0 0 aB*DiD;cosr
1 0 lot|* Dy sin®r 0 0
[
pAB - A/ 0 0 0 0 ’ (25)
o*BD1Dscosr 0 0 I
where A’ = |at|* cos? rD1 D, + |ot|* sin? Dy + |B|* and, thus, the concurrence C, is then calculated to be
2|a||B|Di1D
Cp=max 0, 2ellP e A S (26)
|at|~cos? rD D, + || sin” rDy + | B

In order to facilitate the study of the concurrence, the maximally entangled state, which is affected by the phase damping

decoherence magnitudes (D}, D;), measurement strengths (p;, p»), and Unruh effect (r), should be considered, the results are

presented in Fig. 2.
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Fig. 3. (color online) Variations of concurrence with decoherence.



Chin. Phys. B Vol. 23, No. 2 (2014) 020310

In Fig. 2, we have plotted the entanglement evolutions for
the maximally entangled state coupled with their noise envi-
ronments. It follows from Figs. 2(a) and 2(b) that the decoher-
ence can weaken the entanglement between the two particles,
and weak measurement and quantum measurement reversal
cannot protect entanglement but can accelerate the death of
entanglement. While, if the system is in a noninertial refer-
ence frame, the behaviors of C4p and CA g are similar to that of
C;, except that the maximum value is reduced to v/2/2 of the
original for the parameters D;=0.6, D,=0.8, and r = /4.

Simultaneously, we also consider these flip channels such
as phase flip, bit flip, and bit-phase flip, and obtain similar re-
sults to those of the phase damping channel. The results are
shown in Fig. 3.

As demonstrated in Fig. 3, entanglement degradation due
to decoherence is shown in Fig. 3(a). The weak measure-
ment with strengths p; and p, and the optimal reversing mea-
surement can circumvent decoherence, as shown in Fig. 3(b).
Cases where the system undergoes the noninertial reference
frame, weak measurement, decoherence, and reversing mea-
surement are shown in Figs. 3(c) and 3(d). It is important to
point out that the maximum value is reduced to \f2/ 2 of the
original especially for D1=0.6, D,=0.8, and r = 7 /4.

4. Conclusion

Quantum entanglement, as a prominent measure of quan-
tum correlations, plays an important role in expanding its hori-
zon beyond entanglement. In this paper, we investigate the
entanglement dynamics of a two-qubit quantum state coupled
with the decoherence environment, which will weaken the en-
tanglement between the maximally entangled two-qubit states.
At the same time, the weak measurement and quantum mea-
surement reversal can indeed be useful for battling against am-
plitude damping decoherence, as demonstrated in Fig. 1. In
other words, we can stabilize the quantum correlations by con-
trolling the parameters in this decoherence environment. How-
ever, when the system is under other decoherence channels,
such as phase damping and flip channels, the results show that
the quantum entanglement protection protocols cannot pre-
vent the entanglement from coupling to their noisy environ-
ments but can accelerate the death of entanglement, as shown
in Figs. 2 and 3. In addition, we also reveal that, if the system
is in a noninertial reference frame and one observer is in rel-
ative uniform acceleration a for the free Dirac field, then the
role of the entanglement protection protocols is delayed by the
Unruh effect, which means that the revival of concurrence is
later when the observer’s rate of acceleration is equal to 7 /4
under the amplitude damping decoherence. Nevertheless, for

other decoherence channels, the Unruh effect does not affect
the quantum weak measurement, the only exception is that the
maximum value is reduced to v/2 /2 of the original.
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