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Nonlinear resonance phenomenon of one-dimensional
Bose—Einstein condensate under periodic modulation”
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We investigate the effect of an external periodic modulation on the one-dimensional (1D) Bose—Einstein conden-
sate with harmonic trapping potential. By numerically solving the Gross—Pitaevskii equation with symplectic algorithm,
the nonlinear resonance phenomenon is shown and the corresponding Fourier spectrum is given. The autoresonance phe-
nomenon is also presented under almost periodic external modulation, and it shows that the condensate eventually evolves

into quasi-periodic oscillation.
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1. Introduction

In recent years, much attention has been paid to the in-
vestigation of the dynamics of a Bose—FEinstein condensate
(BEC) under external modulation.!'®) Chaos is studied in
the time evolution of the one-dimensional (1D) condensate
in harmonic potential under external modulations.>! Multi-
band excitation with zero quasimomentum transfer for inter-
acting bosons loaded in a 1D optical lattice is reported.[®! One
main interest is the dynamics of the condensate under periodic
modulation.”~1% This is due to the resonance phenomenon
occurred when the driving frequency and the inherent natural
frequency of the system are matched, which is manifested by
greatly increased amplitude. It is well known that BEC can be
described by the mean-field Gross—Pitaevskii (GP) equation,
which incorporates the trapping potential and the interaction
between the atoms in the condensate.!'!=131 The latter gives a
contribution to the nonlinear term.

The GP equation uses a mean-field approach and has a
form similar with the nonlinear Schrodinger equation. It can
be transformed into a Hamilton system, which is a nonlin-
ear Hamilton system, and it has the symplecic structure that
is preserved. The symplectic method can preserve the sym-
plecic structure of the nonlinear system and the normaliza-
tion of the wavefuction is naturally preserved in computation,
which is superior to some other methods in long-time and
many-step computation when applied to nonlinear differential
equations. 14-1°]

A periodic driving force is an efficient and effective tool
for studying the behavior of condensate. For BEC in a har-
monic trapping potential, the effect of resonance can either be
studied by modulating the trapping frequency periodically, or
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by modulating the interaction between the atoms periodically.
In practice, this is done by a temporally variation of the scat-
tering length ag, which characterizes the two-body atomic in-
teractions. Such a variation can be achieved experimentally by
Feshbach resonance technique, where as is varied as a function
of external magnetic field. The control of scattering length us-
ing Feshbach resonance has been reported experimentally and

17-21] The scattering length can cover the contin-

theoretically.!
uum of positive and negative values. When as > 0, the inter-
action is repulsive. When a < 0, the interaction is attractive.
The sign of the scattering length can be changed experimen-
tally, which means the interaction of the atoms in the trap can
change from repulsive to attractive and vice versa.l!”]

The resonance of BEC in spherical trap and axial trap
has been studied extensively.”l An almost periodic driving
force will bring peculiar dynamics of BEC, and the subhar-
monic autoresonance phenomenon was reported in the spheri-
cal case.!!’!

In this paper, we shall perform a numerical study of the
resonance of a condensate with harmonic potential in the 1D
case. In addition, the nonlinear resonance is studied by varying
the scattering length of the condensate. Both periodic driving
force and almost periodic driving force cases are reported and
comparisons are made. In particular, we find that the conden-
sate eventually evolves into quasi-periodic oscillation under
the modulation of an almost periodic nonlinearity character-

ized by thicker closed trajectories in the phase space.

2. Numerical model

In laboratory, the condensate is essentially 1D when its
lateral motion is confined or negligible. The dynamics of the

*Project supported by the National Natural Science Foundation of China (Grant Nos. 11247288 and 11301350).

fCorresponding author. E-mail: liushixing@Inu.edu.cn
© 2014 Chinese Physical Society and IOP Publishing Ltd

http://iopscience.iop.org/cpb http://cpb.iphy.ac.cn

020309-1


http://dx.doi.org/10.1088/1674-1056/23/2/020309
liushixing@lnu.edu.cn
http://iopscience.iop.org/cpb
http://cpb.iphy.ac.cn

Chin. Phys. B Vol. 23, No. 2 (2014) 020309

condensate can be well studied by the 1D time-dependent GP

equation!!13]
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Here, Uy = 471:?‘1261s /m is the interaction between atoms with
as presenting the atomic scattering length and m the mass of a
single atom. N is the number of atoms in the condensate, and
@y is the oscillation frequency of the trap. y(x,?) is the wave-
function of the condensate and is normalized to unity. Equa-
tion (1) can be written in dimensionless form as

02 2 2
—a—éz+7+(x|¢(§ﬂ')| P(E,1)=1i—2—, (2

by & =x/a, T = wyt, and P (&, 7) = y(x,1)y/a, where a =
\/h/27w0 is the size of the harmonic trapping potential.
Then, the nonlinear coefficient reads o = 8wNas/a.

By ®(&,7) =u(&,7)+iv(&, ), equation (2) can be writ-
ten into Hamiltonian equations. We then apply a symplec-
tic algorithm to it, and the normalization of the wavefunction

14-16] In this paper, the Euler-centered

is naturally preserved.!
scheme is applied,['®! the space step is # = 0.1, and the bound-
ary is taken to be |&|max = 20. The time step is 7 = 0.001, the
computation time is from 0 to 5.0 x 103, and the total compu-
tation step is 5.0 x 10°. In our computation, the norm of the
wavefunction is preserved to be 107!,

In studying the dynamics of condensate, the root mean
square (RMS) radius of the condensate is always used. The

dimensionless form of RMS radius is R = /(£?), and

@)= [ gleE P ®

3. Nonlinear resonance phenomenon under pe-
riodic modulation

Resonance will happen when the external driving fre-
quency matches the natural frequency of the system or its
integral multiple. When the nonlinearity o0 = 0, the natural
frequency of the system is exactly twice the oscillation fre-
quency of the trap, 2myp, and this value will vary with the in-
creasing of o.[”! This is a kind of frequency shift,!”! and the
frequency shift will increase as the nonlinearity increases. We
only consider the small nonlinearity case and the natural fre-
quency of the oscillation is approximately 2ay. Experimen-
tally, it is feasible to control the scattering length ag through
Feshbach resonance. Since a4 is involved in the nonlinear
term, for convenience, we take the modulated nonlinear co-
efficient to be a = ccos[[ @(7)dz], where o(7) = Q —ut
is the frequency of the driving with Q2 and p constants, c is
a constant controlling the strength of the driving. In physics,

this describes the evolution of the interaction of atoms with
time under external modulation. This definition is convenient
for us to study both the case of periodically varying the scatter-
ing length!'%! and the case of almost periodically varying the
scattering length. When p = 0, the nonlinear coefficient will
become o = ccos[Q7], which is a periodic function of T cor-
responding to the exact periodic modulation. Here, Q is the
frequency of variation of the nonlinear coefficient. When u is
taken to be a small value, the nonlinear coefficient will become
o = ccos[QT — ut?/2]. It is nearly periodic, corresponding
to an almost periodic modulation; that is, the variation of the
scattering length ag is almost periodic. The constant ¢ has to
be less than a critical value in order to avoid collapse for at-
tractive interaction when the nonlinearity is negative. %1 We
choose a smaller value of ¢ since the natural frequency will be
almost equal to 2wy under this condition. For convenience, the
dimensionless form of the trap frequency @y = 1 is used.
Firstly, we consider the case of u = 0, the driving fre-
quency is constant @ = €2, and the driving force is exactly
periodic with time, o@ = ccos[27]. Resonance oscillation is
expected when Q =2n,n = +1,42,.... In Fig. 1 we present
the RMS radius versus time. In Figs. 1(a) and 1(b) we plot
the results of ¢ = 0.01, ¢ = 0.02, and for 2 = 2. The RMS
radius oscillates with large amplitude, which corresponds to
the lowest harmonic oscillation, n = 1. The amplitude of the
oscillations of the RMS radius increases and subsequently
decreases which forms a cycle, such a cycle repeats several
times singles nonlinear resonance. With the increase of c, the
strength of the modulation becomes stronger and the period
of the cycle decreases and the RMS radius grows to a larger
value. In Fig. 1(c) we plot the result for ¢ = 0.01, Q = 4.
From the repeated cycle of the amplitude of oscillation we can
identify that it is a nonlinear resonance. This oscillation form
is different from that of Fig. 1(a) and Fig. 1(b) because 2 =4
is two times the natural frequency, that is n = 2, which cor-
responds to the first excited state of the harmonic oscillation.
Through comparison, we can see that the period of the cycle of
nonlinear oscillation decreases with the increasing of the driv-
ing frequency. In Fig. 1(d) we plot the result for off-resonance
oscillation case ¢ = 0.01, Q = 2.2 where the large ampli-
tude oscillation breaks down and a small oscillation repeats
rapidly throughout our computation. In Fig. 1(c) and Fig. 1(d)
the amplitudes of the oscillation are small, which may be
hard to observe in experiment. However, in the off-resonance
case [Fig. 1(d)], we have small amplitude oscillations around
an equilibrium value. In the resonance case [Fig. 1(c)], the
driving frequency increases, the nonlinearity becomes larger,
and then the frequency shift increases, so the resonance phe-
nomenon is not very obvious and the amplitude of the os-
cillation is small. Taken as an example, we employ the trap
frequency in the radial direction to be @y = 640 x 27 rad/s, and
the trap frequency in the axial direction to be zero.!!'8! The unit
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Fig. 1. The RMS radius R versus time 7 for BEC in a harmonic trapping potential subject to a periodic variation of nonlinearity o = ccos[Q7] for (a)
c=0.01,2=2,(b)c=0.02,2=2,(c) c=0.01, 2 =4, and (d) c = 0.01, = 2.2. Time in unit of 0)0_1, length in unit of a.

of length is @ = 1.15 wm, the unit of time is 600_1 =0.25 ms.
In Fig. 1(b) the period of the growth and decay cycle is about
2000 units of dimensionless time corresponds to about 0.5 s,

10*

which can be measured precisely. 102}

We present the Fourier spectrum of the RMS radius for
the nonlinear resonance ¢ = 0.01, 2 = 2 in Fig. 2(a), and the
corresponding evolution of the probability density of the con-
densate in Fig. 2(b). Figure 2(a) shows that there is an iso-
lated discrete distribution with equal frequency interval, the

10°

Spectrum

fundamental frequency of the periodic oscillation is shown to 107
be fi = 0.318. Figure 2(b) shows that the condensate keeps
its spatially localized structures and temporally periodic evo-

lutions under nonlinear periodic modulations. The condensate
undergoes periodic evolution in a style different from that kind
of the breather mode oscillation, where the amplitude of os-
cillation remains constant.?2! At resonance, the amplitude of
oscillation grows and decays, which forms a cycle.

Secondly, we consider the case of y = 0.01, the driving

e
o

©
=)

frequency slowly varies with time ®(7) = Q — ut, and the
driving force is almost periodic with time. It is adiabatic mod-
ulation. The driving frequency varies slowly and whenever it

o
¥

equals the integral multiples of the natural frequency of the
system, @(7) =2n, n = +1,+2,..., a kind of subharmonic
autoresonance featured by successive stepwise increase os-
cillation in RMS radius happens.['” In Fig. 3(a) we plot the
RMS radius for ¢ = 0.01, Q =2, u = 0.01, which shows T 0 —10 3
that the RMS radius oscillates in a stepwise increase manor

Probability density
o
o~

o

6000

X . . . Fig. 2. (a) The Fourier spectrum for RMS radius and (b) the evolution
at time 7 = 400, 600, respectively. The amplitude of the in- of the probability density of the condensate with ¢ =0.01, £ = 2. Time

creasing of RMS radius is small because the value ¢ = 0.01 is in unit of @; ', length in unit of a, and density in unit of a™"
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Fig. 3. Numerical results of (a) the RMS radius, (b) phase trajectory, and (c) Fourier spectrum of the condensate for ¢ = 0.01, Q =2, u = 0.01. (d) The
RMS radius R versus time 7 for ¢ = 0.01, 2 =4, u = 0.01. The lower panel is the corresponding plot of @(7) = £ — pt. Time in unit of wgl, length in

unit of a.

small. When the strength of the modulation is larger, this am-
plitude will increase and can more easily be detected. The
lower panel is the plot of ®(t) =2 —0.017, we can work out
that the subharmonic autoresonance happens at @ = —2,—4.
The stepwise increase at T = 600 is not very obvious and
such a subharmonic autoresonance goes on but is not mani-
fested clearly, which indicates that the condensates eventually
evolves into steady periodic oscillation. We plot the corre-
sponding phase trajectory and Fourier spectrum in Fig. 3(b)
and Fig. 3(c), respectively. In order to avoid transient chaos
induced by the nonlinear modulation, we omit the computa-
tion values of the first 10° steps. We can see that the trajec-
tory in phase space is a single loop but is thicker, which cor-
responds to quasi-periodic recurrence. The Fourier spectrum
shows three isolated discrete frequencies with equal interval,
the fundamental frequency is f; = 0.318, which indicates that
the condensate eventually turns into quasi-periodic oscillation.
In this case u = 0.01, the driving force is quasi-periodic, and
the modulation is adiabatic. Under the continuous action of
the quasi-periodic driving force, the phase space is compressed
into a quasi-periodic recurrence, the system is adapted to the
driving force, and is then eventually stabilized.[**!

In Fig. 3(d) we show the RMS radius for c =0.01, Q2 =4,
1 =0.01, and the lower panel is the plot of ®(7) =4—0.017.
The stepwise increase of the oscillation of RMS radius is more

obvious, happens at time T = 200, 600, and is consistent with

o = 2,—2. The amplitude of the oscillation is larger than that
of Fig. 3(a). After the first several stepwise oscillations, the
condensate eventually goes into quasi-periodic oscillation. In
comparison with the periodic driving case, the condensate can
be stabilized under the quasi-periodic driving force.

A comparison is given in Fig. 4 for a stronger modulation
case ¢ =0.05, Q =2, and g = 0.01, which shows that the am-
plitude of RMS radius is larger than that of Fig. 3(a) and the
stepwise increase manor is more obvious at time 7 = 400, 600,
respectively. We can see that the condensate goes into stabi-
lization beyond time T = 850, which is a kind of quasi-periodic
oscillation due to the continuous action of the quasi-periodic

driving force.
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Fig. 4. Numerical results of the RMS radius for ¢ = 0.05, Q = 2,
w1 =0.01. The lower panel is the corresponding plot of @(7) = Q —pur.
Time in unit of @y 1 , length in unit of a.
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4. Conclusion

In conclusion, the effects of periodic driving and almost
periodic driving on the 1D BECs by modulating the scatter-
ing length have been studied by symplectic computation. The
norm of the wavefunction is preserved well and the symplec-
tic method is a proper method for investigating this kind of
problem.

The modulation-induced dynamics strongly depend on
the value of the driving frequency. It is shown that the nonlin-
ear resonance happens when the driven frequency equals the
integral multiples of the natural frequency of the condensate.
The driving frequency contributes to the nonlinear term, so the
nonlinear term influences the system greatly at certain discrete
values. The subharmonic autoresonance is shown under al-
most periodic driving, and the successive stepwise increase os-
cillation of the condensate eventually goes into quasi-periodic
oscillation. Such a study would provide theoretical prediction
and present a method to control the dynamics of the conden-

sate.
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