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Condensate fraction of asymmetric three-component Fermi gas∗
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In this paper, we investigate the condensate fraction (CF) of fermionic pairs in the BCS–BEC crossover for three-
component Fermi gas with both asymmetric interactions and unequal chemical potentials in two-dimensional free space.
By using the functional-path-integral method, we have analytically derived the number densities and bound-state energy,
from which the off-diagonal long-range order is analyzed in terms of the asymptotic behavior of the two-body density
matrix. The explicit formula of CF is obtained as a function of the bound-state energy and population imbalance. It
is demonstrated that the CF spectrum with respect to the bound-state energy can be used to characterize the quantum
phase transition between the two kinds of Sarma phases as well as the transition from three-component to two-component
superfluid. Moreover we obtain the same analytic formula of CF in the BCS superfluid phase as that of homogeneous Fermi
gas with equal chemical potentials.
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1. Introduction
In recent years, the crossover from Bardeen–Cooper–

Schrieffer (BCS) superfluid of Fermi-pairs to the Bose–
Einstein condensate (BEC) of molecular dimmers in ultra-
cold Fermi gas (FG) has attracted considerable attention both
experimentally[1–6] and theoretically.[7–18] The development
of Feshbach-resonance technique allows the manipulation of
two-particle interaction in a wide range, which is crucial
in practical experiments to generate the Fermi-pairs and the
crossover. It has been demonstrated that the population bal-
ance and imbalance in the crossover for two-component FG
in two-dimensional (2D)[19–24] and three-dimensional (3D)
free-spaces[25–30] resulted from the unequal particle-numbers
in different components, which may lead to the mismatch of
Fermi surfaces.

The spontaneous population imbalance in the crossover,
first noted in Ref. [31], is an important feature of the
three-component FG, in which it was also shown recently
that the paring asymmetry can be generated in a uniform
three-component FG with U(3) interaction-symmetry.[32] It is
demonstrated in Refs. [32] and [33] that the BCS superfluid-
ity and population imbalance can coexist in the weak-coupling
region, where the three-component superfluidity has been re-
alized already with the lowest three hyperfine spin-states in the
mixture of 6Li atoms. The phase diagrams of three-component
FG have been also investigated in 2D[34–36] and 3D[37] free-
spaces.

The condensate fraction (CF) plays an important role in
identification of the phase-diagram asymmetry. Moreover, the
experimental results of the CF in the BCS–BEC crossover for
ultracold two-component FG is shown to be in good agreement
with the mean-field theoretical predictions[37,38] and Monte
Carlo simulations.[39]

Ultracold quantum FG with tunable interactions provides
a playground to generate the BCS–BEC crossover[40] exper-
imentally, in which both fermionic and bosonic superfluidi-
ties can be studied in a unified manner. For imbalance FG,
some exotic features appear, such as breached pairing-state (or
Sarma superfluidity)[41] and the LOFF phase[42,43] (suggested
by Larkin, Ovchinnikov, Fulde, and Ferrell). The Sarma phase
is a spatially uniform state characterized by the coexistence of
both superfluid and normal FGs, which, as a matter of fact,
is accumulated in different regions of the momentum space
forming a phase separation of shell structure with a super-
fluid core-region surrounded by a normal phase. Two kinds of
breached pairing states are considered in this paper: P1 phase
(in which the normal-phase region is bounded by a Fermi-
surface) and P2 phase (in which the normal-phase region is
located between two Fermi-surfaces). The two Sarma-phases
have been predicted theoretically but have not yet been de-
tected experimentally.

The quantum phase transition (QPT) usually refers to the
structure change of ground state (at zero temperature) in many-
body systems induced by the variation of interaction parame-
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ters. The QPTs between two Sarma phases and between two
types of superfluids have not resulted from symmetry break-
ing but have resulted from the Fermi-surface changes. It is re-
markable to notice that, for the asymmetric three-component
FG with the unequal chemical potentials, which are crucial
to generate the Sarma superfluidity, the CF of BCS superfluid
phase obtained in this paper has exactly the same formula as
that in Ref. [34], where the chemical potentials of the three-
components are equal.

It is believed that the CF of fermionic pairs is a signa-
ture of the superfluid phase in the BCS–BEC crossover.[44,45]

Hence, measuring of CF experimentally makes it possible
to search for clear evidence of the breached paring phases,
namely the Sarma-phases. In this paper, we investigate the CF
in the BCS–BEC crossover for the three-component FGs with
both the asymmetric interactions and unequal chemical poten-
tials in 2D free-space. Analytic results of the bound-state en-
ergy are obtained with the functional path-integral method and
the CF of fermionic pairs is found in terms of the off-diagonal
long-range order. We pay particular attention to the charac-
teristic behaviors of CF in the two kinds of breached pairing-
states in order to realize the asymmetric-interaction-induced
Sarma superfluidity and related QPTs.

2. Model and formalism
The three-component FG can be described with the

Hamiltonian

H = ∑
𝑘,i=R,G,B

ξ𝑘,iψ
†
𝑘,iψ𝑘,i + ∑

𝑘,𝑘/,𝑞,i, j

gi, jb
†
𝑘,𝑞b𝑘,𝑞′ , (1)

where ψ
†
𝑘,i is the creation field operator of color-index i =

R,G,B and momentum 𝑘 in the convention that h̄ = 1 through-
out. ξ𝑘,i = ε𝑘,i − µ𝑘,i with ε𝑘 = k2/(2m) being the ki-
netic energy and µ𝑘,i the chemical potential of the fermionic
component i. The interaction operator is defined by b†

𝑘,q =

ψ
†
𝑘+𝑞/2,iψ

†
−𝑘+𝑞/2, j (i 6= j) , where the parameter g is a nega-

tive value denoting the attractive interatomic interaction. We
assume that the pairing only takes place between two compo-
nents, say, the red and green particles, while the blue particles
are not paired. Then, the Hamiltonian can be rewritten as

H = ∑
𝑘,i=R,G,B

ξ𝑘,iψ
†
𝑘,iψ𝑘,i

+ ∑
𝑘,𝑘/,𝑞

gR,Gψ
†
𝑘+𝑞/2,R

× ψ
†
−𝑘+𝑞/2,Gψ−𝑘/+𝑞/2,Gψ𝑘/+𝑞/2,R. (2)

We begin with the partition function

Z =
∫

DφDφ
∗ exp(−S[φ ,φ ∗]) (3)

with the action defined by

S[φ ,φ ∗] =
∫

β

0
dτ

[
∑
𝑘,i

ψ
†
𝑘,i(τ)(∂τ −µ)ψ𝑘,i(τ)+H

]
. (4)

Using the Hubbard–Stratonovitch transformation with auxil-
iary field φ𝑘(τ) = ∆δ𝑘.0 +η𝑘(τ), the Fermi field can be inte-
grated out under Gauss approximation, and the partition func-
tion becomes Z =

∫
D∆D∆ ∗ exp(Seff). The effective action

can be approximated as

Seff = S0[∆ ]+
1
2 ∑

q
η̄

†(q)M(q)η̄(q), (5)

where

S0 = β
∆ 2

g
−∑

k
Trln [𝐺0(k)/β ]−1 , (6)

is the saddle-point action and ∆ denotes the energy-gap,
which is regarded as an order-parameter of the FG. G−1

0 (k)
is the inverse fermion propagator with β = 1/kBT as usual,
k = (k,ωn), and ωn = (2n+ 1)π/β is the fermionic Matsub-
ara frequency. The second term in the effective action Seff

stands for the Gaussian correction, where η(q) in the vector
η̄† = [η∗(q),η(−q)] denotes the small deviation from the sad-
dle point solution with q ≡ (q, iwm) and wm = 2mπ/β is the
Bosonic Matsubara frequency. In this paper, we do not con-
sider the sound velocity, so the elements of fluctuation matrix
M(q) are not given. The saddle-point thermodynamical poten-
tial is Ω0 = S0 [∆0]/β , which can be written explicitly as[46]

Ω0 (∆ ,µR,µG,µB)

= ∑
𝑘

[
f (E𝑘,+)E𝑘,++ f (E𝑘,−)E𝑘,−

+ ξ𝑘,G−E𝑘,−+ fF (µB)ξ𝑘,B−
∆ 2

g

]
, (7)

where fF (x) = [exp(βx)+1]−1 is the Fermi distribution func-
tion. E𝑘,± = (ξ 2

𝑘,+ +∆ 2)1/2± ξ𝑘,− denote the quasiparticle
and the quasihole energies, where ξ𝑘,± = (ξ𝑘,R± ξ𝑘,G)/2 =

k2/(2m)−µ±. The effective chemical potentials µ± = (µR±
µG)/2 indicate the chemical potential imbalance between red
and green particles. The particle number of color-index i is
given by Ni = −∂Ω/∂ µi, where Ω = Ω0 +Ωfluc is the ther-
modynamical potential including the fluctuation part. The par-
ticle number contributed from the Gaussian fluctuation

Nfluct,i =−(1/β )∑
q
{∂ [det𝑀(q)]/∂ µi}/det𝑀(q) (8)

vanishes in the zero-temperature limit, T → 0. The saddle-
point approximation of particle number is then obtained from
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the variation N0,i = −∂Ω0 (∆ ,µR,µG,µB)/∂ µi, and the ex-
plicit formulas of the three-color particle-number densities
ni = N0,i/V are given, respectively, by

nR =
∫ d2𝑘

(2π)2

[
(1− f (E𝑘,−))v2

𝑘+ f (E𝑘,+)u2
𝑘

]
, (9)

nG =
∫ d2𝑘

(2π)2

[
(1− f (E𝑘,+))v2

𝑘+ f (E𝑘,−)u2
𝑘

]
, (10)

nB =
∫ d2𝑘

(2π)2 [ fF (µB)] , (11)

where u2
𝑘 = (1+ξ𝑘,+/E𝑘)/2, v2

𝑘 = (1−ξ𝑘,+/E𝑘)/2, and
E𝑘 = (E𝑘,++E𝑘,−)/2. The number equations (9) and (10)
of paired components are coupled with the gap equation

− 1
g
=

1
V ∑

𝑘

1− f (E𝑘,+)− f (E𝑘,−)

2
√

ξ 2
𝑘,++∆ 2

, (12)

which is obtained from the minimum variation-principle of
the thermodynamic potential with respect to the energy-gap ∆

such that δS0/δ∆ = 0, (S0 = βΩ0). In this paper, the bound-
state energy 𝜖B, rather than interaction strength g is used to
describe the BCS–BEC crossover. By combining the contact
potential equation

− 1
g
=

1
V ∑

𝑘

1
k2/m+ 𝜖B

, (13)

in which the bound-state energy 𝜖B is introduced, and the gap
equation (12), the interaction strength g can be eliminated and
we have

∑
𝑘

1− f (E𝑘,+)− f (E𝑘,−)

2
√

ξ 2
𝑘,++∆ 2

= ∑
𝑘

(
1

k2/m+ 𝜖B

)
. (14)

In the following, we shall consider only the zero-temperature
limit T → 0 and, thus, the Fermi distribution function f (E𝑘,±)

in the above equations can be substituted by θ(−E𝑘,±), where
θ(x) is the Heaviside step function with f (x) = 0 for x < 0
and f (x) = 1 for x ≥ 0. The explicit formulas of gap parame-
ter and chemical potentials are derived from the coupled equa-
tions (9), (10), and (14) for asymmetric three-component FG
in order to describe the BCS–BEC crossover.

For the sake of convenience, we choose the single-particle
kinetic energy ε𝑘 = k2/(2m) as the integral variable. The
quasiparticle energy zeros εr with r = 1,2 are easily obtained
as

εr = µ++(−1)r
√

µ2
−−∆ 2 (15)

with two momenta defined by kr =
√

2mεr. In the chemical
potential range |µ−|> ∆ , ε1 < 0, and ε2 > 0, there is only one
energy zero-point. The normal state of red component is in the

central part of momentum space and superfluid phase is on the
borders of k2. While there are two zero-points in the chemical
potential range |µ−| > ∆ , ε1 > 0, and ε2 > 0, where the pair-
ing occurs around the lower and higher Fermi surfaces for k1

and k2, respectively. The two regions are separated by the gap-
less excitation. In the chemical potential range−∆ < µ− < ∆ ,

we have the BCS superfluid state since the zero-point energy
εr becomes complex and, thus, the quasiparticle energies E𝑘,+

and E𝑘,− are positive.
The condensed particle-number in interacting many-

body systems is strictly related to the off-diagonal long-
range order (ODLRO), which was proposed in terms of the
two-body density matrix[47] defined as ρ(r′R,r

′
G,rR,rG) ≡

〈ψ†
R(𝑟
′
R)ψ

†
G(𝑟

′
G)ψR(𝑟R)ψG(𝑟G)〉, where ψi(r), ψ

†
i (r) are, re-

spectively, the fermionic creation, annihilation operators of the
i-th species in the position r and the notation 〈· · · 〉 stands for
quantum mechanical expectation-value. For a homogeneous
FG, the ODLRO of Fermi superfluid is characterized by the
asymptotic behavior of density matrix ρ(r′R,r

′
G,rR,rG) in the

limit |𝑟R−𝑟′R| ,
∣∣𝑟G−𝑟′G

∣∣→ ∞. While the largest eigenvalue
of the density matrix gives rise to the number of Fermi pairs in
the BEC phase denoted by

Nc =
∫

d2𝑟R d2𝑟G |〈ψR(𝑟R)ψG(𝑟G)〉|2 , (16)

which can be transformed as[48]

Nc =
∫ d2𝑘

(2π)2 u2
kv2

k . (17)

In this paper, we define a physical quantity called population
imbalance that[36]

P =
nR−nG +nB

n
(18)

with the particle-number equation defined by

n = nR +nG +nB = m𝜖F/π, (19)

where 𝜖F is the Fermi energy. The population imbalance P
with values in the range [0,1] can be used to identify the phase
transition, as seen in the following.

3. Sarma superfluid phases
The system is in Sarma phase when population imbalance

does not vanish P 6= 0 and E𝑘,+ < 0 in the region [ε1,ε2], which
can be divided to three cases: 0 < ε1 < ε2, ε1 < 0 < ε2, and
ε1 < ε2 < 0. The third case is known as the BCS superfluid
phase from the above analysis and the other two are both the
Sarma phases, which are denoted by P2 and P1, respectively.
For the sake of simplicity, we let the chemical potential of the
blue component be µB = µ+ throughout the paper.
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3.1. Sarma phase P2

The P2 phase at the BCS side of the crossover is localized
in the pairing mode-region k1 < k < k2, where the quasiparticle
energy is negative E𝑘,+ < 0 and the quasihole energy is pos-
itive E𝑘,− > 0. The pairing occurs in the two regions around
the lower (k1) and higher (k2) Fermi surfaces separated by the
gapless excitation region. The bound-state energy is obtained
as

𝜖B

𝜖F
=

3
[√

x2
0 +1− x0

][√
y2

0−1+ y0

]
[
x0θ(x0)+ x0 +

√
x2

0 +1
][

y0−
√

y2
0−1

] , (20)

where ωr = εr/∆ , x0 = µ+/∆ ,ωr−x0 =±
√

y2
0−1 with y0 =

µ−/∆ . The population imbalance P is easily obtained from
Eq. (18) as

P =
x0θ(x0)+2

√
y2

0−1

x0θ(x0)+ x0 +
√

x2
0 +1

. (21)

Then, we can obtain the CF nc = Nc/V from Eq. (17) and
the ratio with respect to the total particle-number density n

is found as[36]

nc

n
=

1
4

[
π/2+ arctan(x0)−2arctan

(√
(y0)

2−1
)]

x0θ(x0)+ x0 +
√

x2
0 +1

. (22)

3.2. Sarma phase P1

The smallest thermodynamic potential is reached when
the negative quasiparticle-energy modes are filled and the re-
maining modes are left empty. The P1 phase at the BEC side
of the crossover is in the integral range [0,ε2] with the pairing
modes k > k2 and E𝑘,+ < 0, E𝑘,− > 0. For the case k1 = 0, the
normal Fermi-state of redundant component is in the central
part of momentum space of k2 while the superfluid phase is on
the borders. The bound-state energy is obtained as

𝜖B

𝜖F
=

3
[√

y2
0−1+ y0

]
x0θ(x0)+ x0 + y0

. (23)

Similarly, we can find the population imbalance

P =
x0θ(x0)+ x0 +

√
y2

0−1

x0θ(x0)+ x0 + y0
(24)

and the CF

nc

n
=

[
π/2− arctan

(√
(y0)

2−1
)]

x0θ(x0)+ x0 + y0
. (25)

3.3. BCS superfluid phase

The system is in a BCS superfluid phase when both
quansiparticle-energies are positive E𝑘,± > 0. In the chemical
potential region −∆ < µ− < ∆ , the particle number densities
of the red and green components in this phase are equal, as
seen from Eqs. (9) and (10). The bound-state energy is given
by

𝜖B

𝜖F
=

3
[√

x2
0 +1− x0

]
x0θ(x0)+ x0 +

√
x2

0 +1
(26)

and the population imbalance P is

P =
x0θ(x0)

x0θ(x0)+ x0 +
√

x2
0 +1

. (27)

The superfluid phase considered in this paper is slightly differ-
ent from the standard BCS state and describes a superposition
of empty and occupied paired-states. Equation (17) gives rise
to the CF expression[36]

nc

n
=

1
4

[π/2+ arctan(x0)]

x0θ(x0)+ x0 +
√

x2
0 +1

, (28)

which is exactly the same as that obtained in Ref. [34], where
the chemical potentials of the three-component are equal.

4. CF and QPT
From the phase diagram given in Ref. [36] it is seen

that the population imbalance reaches a value P = 1/3 in the
BCS limit (𝜖B/𝜖F = 0) for both the BCS superfluid and the
Sarma phases. The critical point x0 = 0, where 𝜖B/𝜖F = 3 and
P = 0, is a common point of the three phases. The Sarma
phase P2 begins from 𝜖B/𝜖F = 0 and extends to 𝜖B/𝜖F = 3.
With the increase of bound-state energy, the Sarma phases
P2 and P1 appear in turn, which are separated by the criti-
cal line P = 3− 𝜖B/𝜖F. The unpaired blue-color component
vanishes[34] at the critical point 𝜖B/𝜖F = 3, where only two
components (red and green) remain in the crossover. The main
goal of this paper is to demonstrate that the QPT between P1
and P2 can be characterized by the CF nc/n of Fermi pairs,
which as a function of the scaled bound-state energy 𝜖B/𝜖F

that is plotted in Fig. 1 for different values of the imbalance-
ratio P= 0.3,0.5,0.8, respectively. It may be worthy to remark
that there is no symmetry breaking for the transition between
P1 and P2 but a change of fermionic excitation in the momen-
tum space. The CF curves in the lower region of energy are
referred to P2 and approach to the P1 phase with the increase
of energy. t0.3, t0.5, and t0.8 in Fig. 1 denote the critical points
between the two types of Sarma phases P1 and P2. The CF in
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the phase P2 decreases with the increase of the imbalance ratio

P in agreement with the phase diagram,[36] where the bound-

state energy 𝜖B/𝜖F in phase P2 for P = 0.8 is smaller than that

of P = 0.3. The CF vanishes in P2 at the bound-state energy

value 𝜖B/𝜖F = 1 for P= 0.8, which is consistent with the phase

diagram, where the phase P2 appears only when P = 0.8 and

𝜖B/𝜖F = 1. The CF in phase P1 grows very slowly with the

energy unlike the BCS side, where it has a very fast growth

and approaches asymptotically the imbalance-ratio-dependent

values, where the unpaired number of Fermions becomes zero

in the limit 𝜖B/𝜖F → ∞ or, in other words, all the minority

Fermi-pairs are condensed in the BEC limit.

0 2 4 6 8 10

1.0

0.8

0.6

0.4

0.2

0

εB/εF

2
n
c
/
n

P=0.3

P=0.5

P=0.8

t0.8 t0.3

Fig. 1. CFs of Fermi pairs as a function of bound-state energy 𝜖B/𝜖F for
P = 0.3, P = 0.5, P = 0.8 with critical points of phase transition t0.3,
t0.5, and t0.8, respectively.

The CF in the BCS superfluid phase as a function of

bound-state energy is plotted in Fig. 2, from which it is seen

that the CF becomes zero when the bound-state energy 𝜖B/𝜖F

vanishes. A very small fraction of the fermions contribute to

the Cooper-pair condensate in the BCS limit, since only the

fermions near the Fermi surface form a Cooper-pair in the

weak-coupling regime. At the critical point 𝜖B/𝜖F = 3 the

third component (blue) vanishes.[34] Below the critical point

the superfluid contains three-component and becomes two-

components above it. Thus, a sharp first-order QPT is rec-

ognized in terms of the CF spectrum, unlike the pure two-

component case[36] where the transition from BCS to BEC

limit is smooth. This QPT with the structure change of su-

perfluids is obviously induced by the Fermi-surface variation.

The Cooper-pair CF increases slowly with the bound-state

energy above the critical point, where the fermion-pairs are

bound to isolated molecules. In the energy limit 𝜖B/𝜖F → ∞,

the CF approaches to a fixed value nc/n→ 1/2, namely one

half of the fermion-pair condensate.

0 2 4 6 8 10

1.0

0.8

0.6

0.4

0.2

0

εB/εF

2
n
c
/
n

Fig. 2. CF as a function of bound-state energy in the superfluid phase,
which contains three-components below the critical point 𝜖B/𝜖F = 3
while two-components are above it.

5. Conclusions
The QPT in the BCS–BEC crossover has been investi-

gated for the first time in terms of the CF for three-component
Fermi gas with both the asymmetric interactions and unequal
chemical potentials. The two kinds of Sarma phases and super-
fluids are well characterized by the CF spectrum with respect
to the bound-state energy of Fermi-pairs. The Sarma phases
resulted from the unequal chemical potentials while the two
kinds of superfluids are due to the existence of the third com-
ponent, which leads to an imbalance of the Fermi surfaces and,
thus, affects the pairing. In the Sarma phase P2 (BCS side)
CF grows fast with the increase of bound-state energy 𝜖B/𝜖F,
while in the P1 phase it approaches asymptotically a maxi-
mum value (1−P) in the BEC limit. It is found that the CF
behaviors are similar for the three-component (BCS side) and
two-component superfluids. The QPTs for both Sarma phases
and superfluids are seen to be the sharp first-order from the
viewpoint of the CF spectrum.
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