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Realization of quantum Fourier transform over 𝑍𝑁
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Since the difficulty in preparing the equal superposition state of amplitude is 1/
√

N, we construct a quantile transform
of quantum Fourier transform (QFT) over ZN based on the elementary transforms, such as Hadamard transform and Pauli
transform. The QFT over ZN can then be realized by the quantile transform, and used to further design its quantum circuit
and analyze the requirements for the quantum register and quantum gates. However, the transform needs considerable
quantum computational resources and it is difficult to construct a high-dimensional quantum register. Hence, we investigate
the design of t-bit quantile transform, and introduce the definition of t-bit semiclassical QFT over ZN . According to
probability amplitude, we prove that the transform can be used to realize QFT over ZN and further design its quantum circuit.
For this transform, the requirements for the quantum register, the one-qubit gate, and two-qubit gate reduce obviously when
compared with those for the QFT over ZN .
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1. Introduction
Quantum computers have a strong ability to perform par-

allel computing with multi-input data processed in one opera-
tion, whereas a classical computer has no such ability. In 1994,
Shor[1] presented a polynomial-time quantum algorithm for
factorization and discrete logarithm problems. This algorithm
can break public-key cryptography, such as RSA and Diffie–
Hellman protocol. In 1996, Grover[2] presented a quantum
searching algorithm, reducing the computational complexity
of current exhaustive search attacks from O(2n) to O(2n/2).
Apparently, the emergence of these two algorithms greatly
threatens current cryptography, especially public-key cryptog-
raphy, whose security is based on factorization and discrete
logarithm. Great attention has since been paid to research on
quantum computation.[3–6]

Quantum Fourier transform (QFT) is the core of the ex-
isting quantum algorithm and can be used for preparing the
equal superposition state. Parallel computing can then be im-
plemented on the quantum computer. Meanwhile, the success
probability of the quantum algorithm can be increased by the
QFT. In Shor’s quantum algorithm, since the Oracle function
has the nature of existing order, the probability amplitude can
be collected after the QFT over Z2n in the quantum state. Con-
sequently, the target state can be observed with high proba-
bility. In 2003, Proos and Zalka[7] presented a quantum al-
gorithm for the elliptic curve discrete logarithm over Fp (p is
a prime), which makes the amplitude of non-target state, ex-
cept the state |0〉, be 0 under the QFT over Zp in the quantum
states. So, the success probability is close to 1. If the QFT
is not over Zp, then the amplitude of non-target state, except
the state |0〉, will not be 0. In 2012, Li et al.[8] presented a

polynomial-time quantum algorithm for factorization, whose
success probability is close to 1. It needs the QFT over ZN ,
as does Zalka’s algorithm, otherwise the success probability is
not close to 1, where N is the factoring integer. It is obvious
that the QFT over different rings has a great influence on the
success probability of a quantum algorithm.

The different implementations of QFT have an influence
on quantum computational resources and speeds. Generally
speaking, when implementing the QFT over Z2n , an n-bit
quantum state is one time inputted, its circuit needs n2/2 two-
bit quantum gates and n one-bit quantum gates in total.[9] Up
to date, to the best of our knowledge, there has been no imple-
mentation method for the n-dimensional QFT within existing
technology for larger n. In 1996, Griffiths and Niu[10] pre-
sented the single-bit semiclassical QFT over Z2n . Since the
transform input comes from bit flipping, the transform only
needs one-dimensional (1D) quantum register and a one-bit
quantum gate and, therefore, the QFT can be implemented
without a two-bit quantum gate. Thus, the single-bit semi-
classical QFT provides a solution for implementing a high-
dimensional QFT under the condition of limited computa-
tional resources. In 2005, Chiaverini et al.[11] implemented
the single-bit semiclassical QFT in a system of three beryl-
lium ion qubits (two-level quantum systems) confined in a
segmented multizone trap, which verifies the feasibility of the
semiclassical QFT. In 2012, we presented a t-bit semiclassi-
cal QFT over Z2n ,[12] which needs low-dimensional QFT. The
requirements for the two-bit and one-bit quantum gates are,
respectively, reduced to 1/l2 and 2/l times those of the QFT
over Z2n (where n denotes the dimension of the QFT; if t di-
vides n exactly, l = [n/t]− 1, otherwise l = [n/t]), and clar-
ify that the speed of the t-bit semiclassical QFT over Z2n in-
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creases to t times that of the single-bit case. Thus, the trans-
form admits a resource/time-tradeoff in the implementation of
the QFT. However, there is no quantum circuit of the QFT over
ZN , which should be used for the quantum algorithm. How to
design the implementation of the QFT and t-bit semiclassical
QFT over ZN is worth further investigating.

Quantile transform, as defined below, is an important link
of the QFT over Z2n . Up to now, it has been available to be
realized based on Hadamard transform. The n quantile trans-
forms are easily used for preparing the equal superposition
state, with amplitude being 1/

√
2n, but it is difficult when the

amplitude is 1/
√

N. If the quantile transform of the QFT over
ZN can be designed, then the implementation of the QFT over
ZN can be given.

In this paper, we construct the quantile transform of
QFT over ZN based on the elementary transforms, such as
Hadamard transform and Pauli transform. According to the
probability amplitude, we prove that the QFT over ZN can
be realized by the quantile transform and used to further de-
sign its quantum circuit, which requires (2n+1)-dimensional
quantum register, 2n one-bit quantum gates, and n2 two-bit
quantum gates. However, the transform needs considerable
quantum computational resources and it is difficult to build
a high-dimensional quantum register. We investigate the de-
sign of t-bit quantile transform based on the elementary trans-
form, such as Hadamard transform and Pauli transform and,
thus, introduce the definition of t-bit semiclassical QFT over
ZN . According to the probability amplitude, we prove that the
transform can be used to realize QFT over ZN and can also be
used to further design its quantum circuit. The dimension of
the quantum register, two-bit, and one-bit quantum gates re-
quired are, respectively, reduced to 1/l, 1/l, and 1/l2 times
those of the QFT over ZN (where n = dlogNe; if t divides n
exactly, l = [n/t]−1, otherwise l = [n/t]).

2. ttt-bit semiclassical QFT over Z2nZ2nZ2n

Definition 1 (Quantum Fourier transform)[9] The QFT
over ZN on an orthonormal basis |0〉 , |1〉 , . . . , |N−1〉 is de-
fined as a linear operator UF with an action on the basis states
described by

UF : | j〉 7→ 1√
N

N−1

∑
k=0

ω
jk

N |k〉.

Therefore, the action on an arbitrary state may be written
as

UF :
N−1

∑
j=0

x j | j〉 7→
1√
N

N−1

∑
k=0

N−1

∑
j=0

x jω
jk

N |k〉,

where the symbol “ 7→” denotes an invertible transform and
ωN = e2π i/N .

If N = 2n, then the QFT UF acting on the state |a〉 can be
written as

UF |a〉=
n−1

∏
j=0
⊗
∣∣p(φ j)

〉
j.

It is called the n-dimensional QFT, where a =
n−1
∑
j=0

a j2 j

is the binary representation of a, with a j being 0 or

1; φ j =
n− j
∑

k=0
ak2 j+k−n−1 for j = 0,1, . . . ,n − 1; |p(φ)〉 =

(|0〉+ e2π iφ |1〉)/
√

2. In this paper, we call |p(φ)〉 the quan-
tile transform.

It has been pointed out[9] that the circuit of the QFT re-
quires a (dlogNe)-dimensional quantum register. In 2012, the
t-bit semiclassical QFT over Z2n was presented.[12] It carries
|a〉= |an−1,an−2, . . . ,a0〉 into |c〉= |cn−1,cn−2, . . . ,c0〉, whose
amplitude is equal to that for the QFT. Thus, the t-bit semi-
classical QFT over Z2n can realize the QFT, which can carry
out the parallel computing of 2n inputs within l +1 steps (if t
divides n exactly, l = [n/t]−1, otherwise l = [n/t]). Measure-
ments made after transforming each bit block show that the
t-bit semiclassical QFT over Z2n requires less quantum com-
putational resources than the QFT, where the first bit block has
n− lt bits and all of the others have t bits.

3. ttt-bit semiclassical QFT over ZNZNZN

3.1. Circuit of the QFT over ZNZNZN

Up to now, there has been no circuit of the QFT over ZN ,
which the quantum algorithm requires. Thus, it is imperative
to design the circuit. Its specific transform method is as fol-
lows.

Theorem 1 Suppose that N is a positive integer, the bi-
nary representation of N− 1 is (Nn,Nn−1, . . . ,N1), and |a〉 =
|an,an−1, . . . ,a1〉 is an arbitrary orthonormal state with or-
thonormal basis |0〉 , |1〉 , . . . , |N−1〉. Ud transforms |a〉 from
the most significant bit to the least bit, as follows.

(i) If jk = 1, dk on |ak〉 under the two situations:
(i)-a Nk = 0

| jk〉 |ak〉 7→ | jk〉 |0〉 7→ | jk−1 = 1〉 |0〉 ;

(i)-b Nk = 1

| jk〉 |ak〉 7→ | jk〉
( √

2k−1√
N−λk

|0〉+
√

N−λk−2k−1√
N−λk

|1〉
)

7→ 2k−2√
N−λk

| jk−1 = 0〉 |0〉

+ e2kπ i(ϕk+2k−2ak−1+···+a1)/N

×
√

N−λk−2k−1√
N−λk

| jk−1 = jk〉 |1〉 ,

(ii) If jk = 0, dk on |ak〉 is that

| jk〉 |ak〉

7→ 1√
2
| jk〉(|0〉+ |1〉)

7→ 1√
2
| jk−1 = 0〉(|0〉+ |1〉)
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7→ | jk−1 = 0〉

⊗
(
|0〉+ e2kπ i(ϕk+2k−1ak+2k−2ak−1+···+a1)/N |1〉

)
/
√

2,

where k= 1,2, . . . ,n, ϕk−1 =ϕk+2k−1ak, ϕn = 0, λ ′k = λk′+1+

2k′−1N′k, λn = 2n−1Nn, k′ = 1,2, . . . ,n− 1, and jn = 1. Ud is
equal to the QFT over ZN and dk is called quantile transform
of QFT over ZN .

Proof dk carries |ak〉 into |ck〉, whose amplitude is differ-
ent depending on the value of jk.

1) If jk = 0

Ak = e2kπ i(ϕk+2k−1ak+2k−2ak−1+···+a1)/
√

2

= e2kπ iack/N/
√

2;

2) If jk = 1, there are two situations.
2)-a Nk = 1

Ak =



√
2k−1√

N−λk
, ck = 0,√

N−λk−2k−1√
N−λk

e2kπ i(ϕk+2k−1ak+···+a1)ck/N , ck = 1,

=



√
2k−1√

N−λk
, ck = 0,√

N−λk−2k−1√
N−λk

e2kπ iack/N , ck = 1,

2)-b Nk = 0

Ak = 1.

Then, the amplitude of |c〉 = |cn,cn−1, . . . ,c1〉 can be ob-
tained.

2)-b1 If cn = 0, then jn−1 = 0 and An =
√

2n−1/
√

N. The
amplitude of ck is Ak = e2kπ iack/N/

√
2, so the amplitude of

|c〉= |0,cn−1, . . . ,c1〉 is

A = AnAn−1 • · · · •A1

=

√
2n−1
√

N

n−1

∏
k=1

e2kπ iack/N/
√

2

=
1√
N

n−1

∏
k=1

e2kπ iack/N

=
1√
N

e2π iac/N ,

2)-b2 If cn = 1 and Nn−1 = 0, then

An =

√
N−2n−1
√

N
e2nkπ iacn/N ,

jn−1 = 1 and An−1 = 1. So the quantum state |c〉 has a unique
form |1,0,cn−2, . . . ,c1〉, whose amplitude is

√
N−2n−1
√

N
e2nkπ iacn/N •An−2 • · · · •A1.

2)-b3 If cn = 1 and Nn−1 = 1, then jn−1 = 1 and An =√
N−2n−1/

√
N. When cn−1 = 0, then

An−1 =
√

2n−2/
√

N−2n−1

and the amplitude of ck is Ak = e2kπ iack/N/
√

2. Thus, the am-
plitude of |c〉= |1,0,cn−2, . . . ,c1〉 is

A = AnAn−1 • · · · •A1

=

√
N−2n−1
√

N
•
√

2n−2
√

N−2n−1

n−2

∏
k=1

e2kπ iack/N/
√

2

=
1√
N

e2π iac/N .

When cn−1 = 1, then

An−1 =

√
N−2n−1−2n−2
√

N−2n−1
e2n−1π iacn−1/N

and jn−2 = 1. According to the case 2)-b1, the amplitude
of |c〉 = |1,1,0,cn−3, . . . ,c1〉 is (1/

√
N)e2kπ iac/N and that of

|c〉= |1,1,1,cn−3, . . . ,c1〉 is
√

N−2n−1−2n−2
√

N
e2kπ ia(cn+cn−1)/N •An−2 • · · · •A1.

If Nn−2 = 0, then cn−3 = 0 and An−2 = 1, otherwise

An−2 =

√
N−2n−1−2n−2−2n−3
√

N−2n−1−2n−2
e2n−1π iacn−2/N

and jn−3 = 1. According to the case 2)-b1, the amplitude
of |c〉= |1,1,1,0,cn−4, . . . ,c1〉 is (1/

√
N)e2π iac/N and that of

|c〉= |1,1,1,1,cn−4, . . . ,c1〉 is
√

N−2n−1−2n−2−2n−3
√

N
e2kπ ia(cn+cn−1+cn−2)/N •An−3•· · ·•A1.

Similarly, by combining cases 2)-b2 and 2)-b3, we
can obtain that the amplitude of |c〉 = |1,cn−1, . . . ,c1〉 is

(1/
√

N)e2π iac/N , and
n
∑
j=1

2 j−1c j < N.

We thus obtain Theorem 1.
In Theorem 1, the QFT over ZN on |a〉= |an,an−1, . . . ,a1〉

is divided into the transform dk on each |ak〉. Based on this, its
circuit can be designed as shown in Fig. 1.

Nn

N

Nn↩

dn↩

d c

cn↩

cn

jn↩

jn↩

j

an↩

a

ϕn↩

ϕ

ϕn↩

λn↩

jn
dn

an

λn

λ

ϕn

Fig. 1. Circuit of the QFT over ZN .
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Figure 1 is explained as follows.
i) Each symbol is the same as defined in Theorem 1.
ii) A single line represents a quantum signal and a double

line represents a classical signal.

iii) The final measurement result is c =
n
∑

k=1
2k−1ck.

Figure 1 shows that the circuit needs to store |a〉 =
|an,an−1, . . . ,a1〉, ϕk, and | jk〉, hence, it requires (2n + 1)-
dimensional quantum register. dk contains Hadamard trans-
form H,

U(q,Q) =
1√
Q

[ √
q

√
Q−q√

Q−q −√q

]
and phase transform. H and U are all one-bit gate and only
used once in dk. The phase transform is a two-bit gate, which
is used n times in dk. Since the circuit contains d1, d2, . . . , dn,
it needs 2n one-bit gates and n2 two-bit gates.

3.2. Circuit of the ttt-bit semiclassical QFT over ZNZNZN

The t-bit semiclassical QFT over Z2n needs less quantum
computational resource than the QFT over Z2n , and has higher
implementation speed than the single-bit semiclassical QFT
over Z2n .[10] Thus, the transform can balance the tradeoff be-
tween the quantum computational resource and speed in the
implementation of the QFT. Therefore, we will give the t-bit
semiclassical QFT over ZN .

Definition 2 Suppose that N and t are both positive inte-
gers, the binary representation of N− 1 is (Nn,Nn−1, . . . ,N1),
|a〉 = |an,an−1, . . . ,a1〉 is an arbitrary orthonormal state with
orthonormal basis |0〉 , |1〉 , . . . , |N−1〉,

l =
{
[n/t] , t 6 |n,
l = [n/t]−1, t|n,

and n = dlogNe. UZt
N

transforms a block of bits of |a〉 =
|an,an−1, . . . ,a1〉 entering on the left into one leaving on the
right through

Dl+1
Zt

N
: |an,an−1, . . . ,alt+1〉 | jl+1〉 7→ Al+1,

Dl
Zt

N
:
∣∣alt ,alt−1, . . . ,a(l−1)t+1

〉
| jl〉 7→ Al ,

· · · ,
D1

Zt
N

: |at ,at−2, . . . ,a1〉 | j1〉 7→ A1,

where

Al+1 =

√
N−λl+1√

N
ω

a
n
∑

i=lt+1
2i−1Ni

N

× |Nn,Nn−1, . . . ,Nlt+1〉 | jl = jl+1〉

+

√
2ltNlt+1√

N
ω

a
n
∑

i=lt+2
2i−1Ni

N

× |Nn,Nn−1, . . . ,Nlt+2,0〉 | jl = jl+1−1〉+ · · ·

+

√
2n−2Nn√

N ∑
c′n−1,...,c

′
lt+2,c

′
lt+1

ω

a
n−1
∑

i=lt+1
c′i2

i−1

N

×
∣∣0,c′n−1, . . . ,c

′
lt+2,c

′
lt+1
〉
| jl = jl+1−1〉 .

If ji = 0, then

Ai =
1

2t/2 ∑
c′it ,c

′
it−1,...,c

′
(i−1)t+1

ω
ac′′i
2t

∣∣∣c′it ,c′it−1, . . . ,c
′
(i−1)t+1

〉
,

otherwise

Ai =

√
N−λi−1√
N−λi

ω

a
it
∑

i=(i−1)t+1
2i−1Ni

N

×
∣∣Nit ,Nit−1, . . . ,N(i−1)t+1

〉
| jl = jl+1〉

+

√
2(i−1)tNlt+1√

N−λi
∑

c′
(i−1)t+1

ω

a(2(i−1)t c′(i−1)t+1+
it
∑

i=(i−1)t+2
2i−1Ni)

N

×
∣∣∣Nit ,Nit−1, . . . ,N(i−1)t+2,c

′
(i−1)t+1

〉
| jl = jl+1−1〉+ · · ·

+

√
2it−2Nn√
N−λi

∑
c′it−1,...,c

′
(i−1)t+1

ω

a
it−1
∑

i=(i−1)t+1
c′i2

i−1

N

×
∣∣∣0,c′it−1, . . . ,c

′
(i−1)t+1

〉
| jl = jl+1−1〉 ,

where c′i is 0 or 1,

λi = λi+1 +
it

∑
j=(i−1)t+1

2 j−1N j,

λl+1 =
n

∑
i=lt+1

2i−1Ni, i = 1,2, . . . , l,

jl+1 = 1, and ωN = e2π i/N . Therefore UZt
N

is called the t-bit

semiclassical QFT over ZN , and D j
Zt

N
is called the t-bit quantile

transform.
Theorem 2 Suppose that |0〉 , |1〉 , . . . , |N−1〉 is an

orthonormal basis, UF is the QFT over ZN , UZt
N

is t-bit
semiclassical QFT over ZN , then the probability of |c〉 =
|cn,cn−1, . . . ,c1〉 obtained by UF on |a〉= |an,an−1, . . . ,a1〉will
be equal to that by UZt

N
.

Proof To prove the theorem, we only need to prove that
the amplitude of |c〉 = |cn,cn−1, . . . ,c1〉 obtained by UF on
|a〉= |an,an−1, . . . ,a1〉 is equal to that by UZt

N
.

UZt
N

carries |a〉 into |c〉, whose amplitude is as follows.
(I) If (cn,cn−1, . . . ,clt+1) 6= (Nn,Nn−1, . . . ,Nlt+1), Al+1

contains the state |cn,cn−1, . . . ,clt+1〉= |Nn,Nn−1, . . . ,Nlt+2,0〉.
When Nlt+1 = 1, the amplitude of |cn,cn−1, . . . ,clt+1〉 is√

2ltNlt+1√
N

ω

a(2lt clt+1+
n
∑

i=lt+2
2i−1)

N

and jl−1 = 0. Furthermore, according to the form of Al , . . . ,
A1, we can obtain that the amplitude of |c〉 is√

2ltNlt+1√
N

ω

a(2lt clt+1+
n
∑

i=lt+2
2i−1)

N

l

∏
i=1

1
2t/2 ω

ac′′i
2t

=
1√
N

ω
ac
N .
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When Nlt+1 = 0,

|cn,cn−1, . . . ,clt+1〉= |Nn,Nn−1, . . . ,Nlt+2,1〉 .

But the state is not contained in Al+1.
So, only when Nlt+1 = 1, is

(cn,cn−1, . . . ,clt+1) 6= (Nn,Nn−1, . . . ,Nlt+1)

contained in Al+1.
Similarly, if (cn,cn−1, . . . ,clt+1) is in other form and

n

∑
i=lt+1

2i−1ci <
n

∑
i=lt+1

2i−1Ni,

then the amplitude of |c〉 is

1√
N

ω
ac
N .

(II) If (cn,cn−1, . . . ,clt+1) = (Nn,Nn−1, . . . ,Nlt+1), then
the amplitude of |cn,cn−1, . . . ,clt+1〉 is

√
N−λl+1√

N
ω

a
n
∑

i=lt+1
2i−1Ni

N .

(II)-a When∣∣clt ,clt−1, . . . ,c(l−1)t+1
〉
6=
∣∣Nlt ,Nlt−1, . . . ,N(l−1)t+1

〉
and

lt

∑
i=(l−1)t+1

2i−1ci <
lt

∑
i=(l−1)t+1

2i−1Ni,

according to case (I), the amplitude of |c〉 is

1√
N

ω
ac
N .

(II)-b When∣∣clt ,clt−1, . . . ,c(l−1)t+1
〉
=
∣∣Nlt ,Nlt−1, . . . ,N(l−1)t+1

〉
,

the amplitude of
∣∣cn,cn−1, . . . ,c(l−1)t+1

〉
is

√
N−λl√

N−λl+1
ω

a
it
∑

i=(l−1)t+1
2i−1Ni

N .

If ∣∣c(l−1)t ,c(l−1)t−1, . . . ,c(l−1)t+1
〉

6=
∣∣N(l−1)t ,N(l−1)t−1, . . . ,N(l−2)t+1

〉
,

according to case (I), the amplitude of |c〉 is

1√
N

ω
ac
N .

If ∣∣c(l−1)t ,c(l−1)t−1, . . . ,c(l−1)t+1
〉

=
∣∣N(l−1)t ,N(l−1)t−1, . . . ,N(l−2)t+1

〉
,

then the amplitude of∣∣∣∣cn,cn−1, . . . ,c(l−1)t+1
〉
=
∣∣Nn,Nn−1, . . . ,N(l−2)t+1

〉〉
is √

N−λl√
N−λl+1

ω

a
n
∑

i=(l−1)t+1
2i−1Ni

N .

Similarly, by combining cases (I) and (II), we can obtain
that the amplitude of |c〉 is

1√
N

ω
ac
N

and
n
∑
j=1

2 j−1c j < N.

From Definition 1, we obtain

UF |a〉=
1√
N

N−1

∑
k=0

ω
ak
N |k〉.

Then, after UF acts on |a〉, the amplitude of |c〉 =

|cn,cn−1, . . . ,c1〉 is
1√
N

e2π iac/N .

We thus obtain Theorem 2.
Then, we can conclude that the t-bit semiclassical QFT

over ZN can actually realize the QFT over ZN . Its circuit is
illustrated in Fig. 2.

an

alt⇁

alt

jl

jl↩

j

at ct

c↼l↩↽t⇁

clt

clt⇁

cn

ca

a↼l↩↽t⇁

λl⇁

λl

λl↩

λ

jl⇁

Υd(κl⇁)

Υd(κl)

Υd(κ)

T

T

Fig. 2. Circuit of the t-bit semiclassical QFT over ZN .

Figure 2 is explained as follows.
I)

κl+1 =
1

2lt+1

n

∑
j=lt+1

2 j−1N j

and

κi =
1

2(i−1)t+1

it

∑
j=(i−1)t+1

2 j−1N j,

where i = 1, . . . , l.

II) Ud(κl+1) is the QFT over Zκl+1 , in which
n
∑

j=lt+1
2 j−1N j

and 2x+lt+1 respectively replace κl+1 and 2x.
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III) If ji = 1, then Ud(κi) is the QFT over Zκi in which
it
∑

j=(i−1)t+1
2 j−1N j and 2x+(i−1)t+1 respectively replace κi and

2x, otherwise it is the QFT over Z2t , where i = 1, . . . , l.
IV) T is the detector.

V) The final measurement result is c =
n
∑

k=1
2k−1ck.

Figure 2 shows that Ud(κi) is the QFT over Zκi , which
requires a (2t + 1)-dimensional quantum register. Since the
other value is a classical value and the quantum register can
be recycled, the t-bit semiclassical QFT over ZN only needs
(2t+1)-dimensional quantum register. Ud(κi) requires 2t one-
bit gates and t2 two-bit gates, and these gates can be recycled,
so the t-bit semiclassical QFT over ZN needs 2t one-bit gates
and t2 two-bit gates.

In conclusion, the quantum register, one-bit gate and two-
bit gate for the t-bit semiclassical QFT over ZN are, respec-
tively, 1/l, 1/l, and 1/l2 times as large as those of the QFT
over ZN . Like the t-bit semiclassical QFT over Z2n , the t-bit
semiclassical QFT over ZN can also balance the tradeoff be-
tween the quantum computational resource and speed in the
implementation of the QFT over ZN , and the requirements
for the two-bit gate is reduced obviously, which can reduce
the difficulty in realizing the QFT over ZN . Meanwhile, low-
dimensional quantum register is required, which can provide a
solution for implementing the QFT over ZN when N is large.

So far, realizing that the quantum algorithms are all based
on the QFT over Z2m , where m = dlogNe,[7] but not on the
QFT over ZN , the former is easier to implement than the latter.
However, when both of these QFTs are used for implementing
quantum algorithms, like Zalka’s algorithm, the success prob-
ability of the latter is highly accurate, even much more sp than
that of the former. Now we will give an example to explain the
result.

Example Zalka’s algorithm requires three quantum reg-
isters. It can obtain superposition state

1
q
√

q

q−1

∑
x′,y′=0

q−1

∑
y=0

ω
(x0−dy)x′
q ω

yy′
q
∣∣x′〉∣∣y′〉

in double QFT over Zq, where ωq = e2π i/q and q is a prime.
Since

q−1

∑
y=0

ω
(x0−dy)x′
q ω

yy′
q =

{
q, y′ = dx′ mod q,
0, y′ 6= dx′ mod q,

we obtain

1
√

q

q−1

∑
x′=0

ω
x0x′
q
∣∣x′〉∣∣y′ = dx′ mod q

〉
.

By measuring, we obtain a pair x′,y′ from which we can cal-
culate d = (x′)−1y′ mod q as long as x′ 6= 0. Thus, the success
probability is close to 1. If we replace each of the two QFTs
over Zq with QFT over Z2m , we will obtain

1
2m
√

2m

2m−1

∑
x′,y′=0

2m−1

∑
y=0

ω
(x0−dy)x′

2m ω
yy′
2m

∣∣x′〉∣∣y′〉,
where m = dlogqe. By measuring, we obtain a pair x′,y′,
which may not satisfy y′ = dx′ mod q, and the success proba-
bility is less than 1.

4. Conclusions
In this paper, we gave the circuit of the QFT over ZN . Be-

cause of the difficulty in building a high-dimensional quantum
register, in this paper we presented the t-bit semiclassical QFT
over ZN , which admits a tradeoff between the quantum compu-
tational resource and speed in the implementation of the QFT
over ZN . We have further designed its circuit, which leads
to the implementation of quantum algorithms, like Zalka’s al-
gorithm, whose success probability is highly accurate, even
much more so than that of the QFT over Z2m (m = dlogNe).
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