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Realization of quantum Fourier transform over Z "
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Since the difficulty in preparing the equal superposition state of amplitude is 1/+/N, we construct a quantile transform
of quantum Fourier transform (QFT) over Zy based on the elementary transforms, such as Hadamard transform and Pauli
transform. The QFT over Zy can then be realized by the quantile transform, and used to further design its quantum circuit
and analyze the requirements for the quantum register and quantum gates. However, the transform needs considerable
quantum computational resources and it is difficult to construct a high-dimensional quantum register. Hence, we investigate
the design of ¢-bit quantile transform, and introduce the definition of ¢-bit semiclassical QFT over Zy. According to
probability amplitude, we prove that the transform can be used to realize QFT over Zy and further design its quantum circuit.
For this transform, the requirements for the quantum register, the one-qubit gate, and two-qubit gate reduce obviously when

compared with those for the QFT over Zy.
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1. Introduction

Quantum computers have a strong ability to perform par-
allel computing with multi-input data processed in one opera-
tion, whereas a classical computer has no such ability. In 1994,
Shor!!! presented a polynomial-time quantum algorithm for
factorization and discrete logarithm problems. This algorithm
can break public-key cryptography, such as RSA and Diffie—
Hellman protocol. In 1996, Grover!?! presented a quantum
searching algorithm, reducing the computational complexity
of current exhaustive search attacks from O(2") to 0(2"/?).
Apparently, the emergence of these two algorithms greatly
threatens current cryptography, especially public-key cryptog-
raphy, whose security is based on factorization and discrete
logarithm. Great attention has since been paid to research on
quantum computation. [3-6]

Quantum Fourier transform (QFT) is the core of the ex-
isting quantum algorithm and can be used for preparing the
equal superposition state. Parallel computing can then be im-
plemented on the quantum computer. Meanwhile, the success
probability of the quantum algorithm can be increased by the
QFT. In Shor’s quantum algorithm, since the Oracle function
has the nature of existing order, the probability amplitude can
be collected after the QFT over Zp» in the quantum state. Con-
sequently, the target state can be observed with high proba-
bility. In 2003, Proos and Zalka!”! presented a quantum al-
gorithm for the elliptic curve discrete logarithm over F,, (p is
a prime), which makes the amplitude of non-target state, ex-
cept the state |0), be 0 under the QFT over Z, in the quantum
states. So, the success probability is close to 1. If the QFT
is not over Z,, then the amplitude of non-target state, except
the state |0), will not be 0. In 2012, Li et al.!¥! presented a
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polynomial-time quantum algorithm for factorization, whose
success probability is close to 1. It needs the QFT over Zy,
as does Zalka’s algorithm, otherwise the success probability is
not close to 1, where N is the factoring integer. It is obvious
that the QFT over different rings has a great influence on the
success probability of a quantum algorithm.

The different implementations of QFT have an influence
on quantum computational resources and speeds. Generally
speaking, when implementing the QFT over Z», an n-bit
quantum state is one time inputted, its circuit needs n? /2 two-
bit quantum gates and » one-bit quantum gates in total.”’! Up
to date, to the best of our knowledge, there has been no imple-
mentation method for the n-dimensional QFT within existing
technology for larger n. In 1996, Griffiths and Niul'% pre-
sented the single-bit semiclassical QFT over Z». Since the
transform input comes from bit flipping, the transform only
needs one-dimensional (1D) quantum register and a one-bit
quantum gate and, therefore, the QFT can be implemented
without a two-bit quantum gate. Thus, the single-bit semi-
classical QFT provides a solution for implementing a high-
dimensional QFT under the condition of limited computa-
tional resources. In 2005, Chiaverini e al.[''l implemented
the single-bit semiclassical QFT in a system of three beryl-
lium ion qubits (two-level quantum systems) confined in a
segmented multizone trap, which verifies the feasibility of the
semiclassical QFT. In 2012, we presented a ¢-bit semiclassi-
cal QFT over Z,»,[1?! which needs low-dimensional QFT. The
requirements for the two-bit and one-bit quantum gates are,
respectively, reduced to 1/1> and 2/I times those of the QFT
over Zy» (where n denotes the dimension of the QFT; if ¢ di-
vides n exactly, [ = [n/t] — 1, otherwise [ = [n/t]), and clar-
ify that the speed of the z-bit semiclassical QFT over Zp» in-
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creases to t times that of the single-bit case. Thus, the trans-
form admits a resource/time-tradeoff in the implementation of
the QFT. However, there is no quantum circuit of the QFT over
Zy, which should be used for the quantum algorithm. How to
design the implementation of the QFT and #-bit semiclassical
QFT over Zy is worth further investigating.

Quantile transform, as defined below, is an important link
of the QFT over Zy». Up to now, it has been available to be
realized based on Hadamard transform. The n quantile trans-
forms are easily used for preparing the equal superposition
state, with amplitude being 1/ \/27, but it is difficult when the
amplitude is 1/v/N. If the quantile transform of the QFT over
Zy can be designed, then the implementation of the QFT over
Zy can be given.

In this paper, we construct the quantile transform of
QFT over Zy based on the elementary transforms, such as
Hadamard transform and Pauli transform. According to the
probability amplitude, we prove that the QFT over Zy can
be realized by the quantile transform and used to further de-
sign its quantum circuit, which requires (2n 4 1)-dimensional
quantum register, 2n one-bit quantum gates, and n> two-bit
quantum gates. However, the transform needs considerable
quantum computational resources and it is difficult to build
a high-dimensional quantum register. We investigate the de-
sign of ¢-bit quantile transform based on the elementary trans-
form, such as Hadamard transform and Pauli transform and,
thus, introduce the definition of ¢-bit semiclassical QFT over
Zy. According to the probability amplitude, we prove that the
transform can be used to realize QFT over Zy and can also be
used to further design its quantum circuit. The dimension of
the quantum register, two-bit, and one-bit quantum gates re-
quired are, respectively, reduced to 1/1, 1/1, and 1/I? times
those of the QFT over Zy (where n = [logN7; if ¢ divides n
exactly, [ = [n/t] — 1, otherwise [ = [n/1]).

2. t-bit semiclassical QFT over Z»

Definition 1 (Quantum Fourier transform)®! The QFT
over Zy on an orthonormal basis [0),|1),...,|N—1) is de-
fined as a linear operator Ur with an action on the basis states
described by

1 N—1 "
Up:lj) = —= Y o
N 2o

Therefore, the action on an arbitrary state may be written

as
N—IN—-1

oy et

” denotes an invertible transform and

N-1
Ue: Y xjlj)—
=0

where the symbol “—
oy = e2717i/N )

If N = 2", then the QFT Uf acting on the state |a) can be
written as

U]: \a)

=HH)®IP(¢/)>

n—1 .
It is called the n-dimensional QFT, where a = Y a;2/
j=0
is the binary representation of a, with a; being 0 or
L ¢; = Z a2 for Jj=01,.. 2 lp(e) =

(J0) + ez”“]’ |1>)/ﬁ In this paper, we call [p(¢)) the quan-
tile transform.

It has been pointed out!®! that the circuit of the QFT re-
quires a ([logN'|)-dimensional quantum register. In 2012, the
t-bit semiclassical QFT over Z: was presented.!!?]
|a) = |an—1,an—2,...,a0) into |c) = |cy—1,¢n—2,-..,c0), whose
amplitude is equal to that for the QFT. Thus, the #-bit semi-
classical QFT over Z,» can realize the QFT, which can carry

It carries

out the parallel computing of 2" inputs within / + 1 steps (if ¢
divides n exactly, / = [n/t] — 1, otherwise [ = [n/t]). Measure-
ments made after transforming each bit block show that the
t-bit semiclassical QFT over Zp» requires less quantum com-
putational resources than the QFT, where the first bit block has
n — It bits and all of the others have ¢ bits.

3. t-bit semiclassical QFT over Zy
3.1. Circuit of the QFT over Zy

Up to now, there has been no circuit of the QFT over Zy,
which the quantum algorithm requires. Thus, it is imperative
to design the circuit. Its specific transform method is as fol-
lows.

Theorem 1 Suppose that N is a positive integer, the bi-
nary representation of N — 1 is (N, N,—_1,...,N1), and |a) =
|@n,an—1,...,a1) is an arbitrary orthonormal state with or-
thonormal basis |0),]1),...,|N—1). Uy transforms |a) from
the most significant bit to the least bit, as follows.

(i) If ji = 1, dy on |ai) under the two situations:

(i)-aN,=0

i) lak) = 1ji) [0) = Lje—1 = 1)[0) ;

(i)-b N, = 1
) VN A =20 lk— 2k-1
—0) +
2k
— ﬁ|]k 1=0)[0)

4 e2k7r1((pk+2k*2ak,l+---+a1)/N

X—W|~ = i) 1)
\/m Jk—1 Jk )

(ii) If jiy = 0, dy on |ay) is that

|jk>\ak>
\[ L) (10) +[1))
\[|Jk 1=0)(|0) +1))
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= |1 =0)
® <|0> + e2kﬂi(¢k+2k’lak+2k’2ak,|+---+a1)/N|1>) /\/Z

wherek=1,2,....n, @1 = @+ 2" Lag, @, =0, A = Ay +
XING, Dy = o IN, K =1,2,....n—1,and j, = 1. Uqis
equal to the QFT over Zy and d;, is called quantile transform
of QFT over Zy.

Proof d; carries |a;) into |c;), whose amplitude is differ-
ent depending on the value of jy.

DIf jz =0

Ak — eZkﬂ:i(¢k+2k’lak+2k’2ak71+-~-+al)/\fz

— ean'iack/N/\/E;
2) If ji = 1, there are two situations.
2)-a Ny = 1
2k—1
; ae=0,
N—2X
Ap = —
N_)bk_z eZkﬂi((P/(-&-Zk*lak-ﬁ-"'-‘rtll)Ck/N, Cp = 17
N—2X
2k—1
; a=0,
_ N — A
\% N — — 21 eZ"n’iack/N, =1,
VN =24
2)-b Ny =0
Ar=1.
Then, the amplitude of |¢) = |¢y,¢p—1,---,¢1) can be ob-

tained.

2)-b1 If ¢, =0, then j,_; =0 and A, = v2"~1/y/N. The
amplitude of ¢ is Ay = g2 miack/N /\/2, so the amplitude of
lc) =0,¢cn—1,...,c1) is

_ Y 2n-1 ﬁ eZkﬂiack/N/\/E
N L

n—1 s
62 mwiac; /N

—_

k=1
e277:iac/N
2)-b2 If ¢, = 1 and N,,_; = 0, then

VN =21 eZ”kﬂ:iac,,/N
VN ’

Jn—1=1and A,_; = 1. So the quantum state |c) has a unique

A, =

form |1,0,¢,—2,...,c1), whose amplitude is

A/ —1
N-=2 eZ"kﬂiacn/N

\/N OAn,20~~~OA1.

2)-b3 If ¢, =1 and N,—; = 1, then j,—1 =1 and A, =
VN —27=1/y/N. When ¢, _ =0, then

An—l — ,/271—2/, /N —2n—1

and the amplitude of ¢ is Ay = e2miac/N / v/2. Thus, the am-
plitude of |¢) = |1,0,¢4-2,...,c1) is

A= AA, 1o oA

_ YN T Vo2 T o 2eriac /v W3
VN N —2n—1 ;.
_ LCZMac/N.
VN

When ¢,,_1 = 1, then

VN —2n-1 —2n—2 e2”’1ﬂiucn_|/N

Ay = /71\,_ 1
and j,—» = 1. According to the case 2)-bl, the amplitude
of ) =11,1,0,¢p—3,...,c1) is (1/\/N)ezk”i“”/N and that of
le) =11,1,1,¢4-3,...,c1) is
N —on—1 _on=2 ,
N 2\"/7 n ezkma(anrc,,,l)/N.An_z. oAy
N

If N,_» =0, then ¢,_3 =0and A,,_» = 1, otherwise

Ao = \/N_znil —2n=2—2n3 eZ”’IEiacn_z/N

n_2 =

VN —2n—1_9on=2
According to the case 2)-bl, the amplitude
(1/+/N)e?mia/N and that of

and j, 3 = 1.
of [e) =1,1,1,0,¢cp—4q,...,c1) is
|C> = |1,1,1,1,Cn,4,...761> 18

_ 21172 _ 2n73
VN

Similarly, by combining cases 2)-b2 and 2)-b3, we

VN —2n-1

Kos oo .
ez mia(cp+ep_1+cu—2)/N .An73 - .Al .

can obtain that the amphtude of |¢) = |l,cp1,...,c1) is
(1/+/N)e?miac/N and z 277 1e; < N.

We thus obtain Theorem 1.

In Theorem 1, the QFT over Zy on |a) = |ay,an—1,...,a1)

is divided into the transform dj on each |a;). Based on this, its
circuit can be designed as shown in Fig. 1.

Nn X,
5071&
j’VL
d"L N _ C’VL

an ”i ” i>\n—1

. Pn—1

In—1

dn—l Cp—1
An—1

dy cl

Fig. 1. Circuit of the QFT over Zy.
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Figure 1 is explained as follows.
i) Each symbol is the same as defined in Theorem 1.
ii) A single line represents a quantum signal and a double

line represents a classical signal.
n

iii) The final measurement resultis ¢ = ¥ 25~ !¢;.
k=1
Figure 1 shows that the circuit needs to store |a) =

lan,an—1,...,a1), @, and |ji), hence, it requires (2n + 1)-
dimensional quantum register. dj contains Hadamard trans-
form H,

1 Vi 0—q
U(q,0) =—=
@O=75|vo—a -va
and phase transform. H and U are all one-bit gate and only
used once in di. The phase transform is a two-bit gate, which
is used n times in d. Since the circuit contains dy, da, ..., d,,
it needs 2n one-bit gates and n” two-bit gates.

3.2. Circuit of the ¢-bit semiclassical QFT over Zy

The ¢-bit semiclassical QFT over Z;» needs less quantum
computational resource than the QFT over Z», and has higher
implementation speed than the single-bit semiclassical QFT
over Zon.19 Thus, the transform can balance the tradeoff be-
tween the quantum computational resource and speed in the
implementation of the QFT. Therefore, we will give the ¢-bit
semiclassical QFT over Zy.

Definition 2 Suppose that N and ¢ are both positive inte-
gers, the binary representation of N — 1 is (N, N,—1,-..,N1),

|a) = |ay,an—1,...,a1) is an arbitrary orthonormal state with
orthonormal basis [0),[1),...,|N—1),
[/t
T [ =[n/t]—1,t|n,
and n = [logN]. Uy, transforms a block of bits of |a) =
|an,an—1,...,a1) entering on the left into one leaving on the
right through

DZZ;\;I : ‘an7an—la"'7alt+1> |jl+1> '_>A]+1a

Dlz;\, Cawsan 1y ag-ny) i) = A,

Dé}\] Har,aia,. .. a1) | 1) = Al

where
IN 2 ly,
A = VN= A coa":;“
VN N
X Ny, Ny—15 -, Nige1) L = Jig1)
v 21N
R 2" N 41 w“;:Ez
vN "
X [Ny Np—15 -, Niy12,0) [Ji = jigr — 1) +- -+
n—1 i1
212N, . '*E'H 2
X oy~
vN Z N

N / /
Cn—t10Cl 4251141

X

/ / / . .
O7cn—1""7clt+2>clz+l> lji1=Jjis1—1).

If j; =0, then

1 acl'l / / /
Ai:izt/z Z w2tl Cit’citfl""7C(i71)l+1>7
Cz,‘t'rcﬁz—lf'*cl(i—l)zﬂ
otherwise
)[f 21N,
a :
N—Ai1 Sy '
A = ——ay
VN —A;

X |Nit,Nit—17-~~aN(i—l)t+l> ji = Ji+1)

it
- a(2i=Dr¢l + 21y,
Y 201Ny 4 Z o ( (=D i:(i—zl’)IJrZ )
N
VN—=LA

J
(i—1)t+1

X

]Vit;Nitflv'"aN(i—l)t+27c/(i7])[+]> ‘]I = jl+1 - 1> +---

it—1

i a ¥ 2!
21 2Nn i=(i—1)r+1
T S
it*l"“’czi—])wrl

X

0,c§l,] yeee 7c/(i_1)t+1> |Jl = jl+1 - 1> )

where ¢/ is 0 or 1,

it
hi=Aa+ Y, 27N,
Jj=(i—D+1

n
A=Y 20N, i=1.2,...1,
i=lt+1

Jiv1 =1, and oy = e2™/N_ Therefore UZ;V is called the #-bit

semiclassical QFT over Zy, and Dé},v is called the ¢-bit quantile
transform.

Theorem 2 Suppose that |0),[1),...,|[N—1) is an
orthonormal basis, Ur is the QFT over Zy, Uz;V is z-bit
semiclassical QFT over Zy, then the probability of |¢) =
|cn,€n—1,-..,c1) obtained by Ug on |a) =|ay,an—1,...,a;) will
be equal to that by UZz'v‘

Proof To prove the theorem, we only need to prove that
the amplitude of |¢) = |¢y,¢n-1,-..,¢1) obtained by Ur on
|a) = |an,an—1,...,a1) is equal to that by Uy .

Uy, carries |a) into |c¢), whose amplitude is as follows.

(M If (enyntye-scur1) # (NasNa—t15-- Ny 1), Arga

contains the state |c,, ¢h—1,- - -, Clr1) = [Ny Ny—1, - - -, Njz42,0).
When Ny, 1 = 1, the amplitude of |c,,cy—1, ..., Cirr1) 18
/9t a@"cpp+ > 271
2 le+1 i=lt+2
Wy
VN

and j;_; = 0. Furthermore, according to the form of Ay, ...,
A}, we can obtain that the amplitude of |c) is

It & il
\/ZZINltJrl wa(Z cl,+1+i:§+22 )IIIL(D“C’U
vN " Houn™
1
= —oy.
VN "
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When N4 =0,
|Cnacn71;---7clt+1> = |Nn7Nn71;---7Nlt+27 1>

But the state is not contained in A .
So, only when Ny, =1, is

(Cn,cnflau-aclt—}—l) 7é (Nnaanlw .. 7Nlt+1)

contained in A; 4.

Similarly, if (¢,,¢y—1,---,c;41) is in other form and
n i n .
Z 2171Ci< Z 2171]\][7
i=li+1 i=li+1

then the amplitude of |c) is

La),‘(f.

VN

dn If (Cnacn71;~--aclt+1) = (Nn7Nn717"'aNlt+l)’ then
the amplitude of |c,,cp—1,...,Cp11) 1S

VN =X

a
Wy

VN

il
Y 27N
i=lr+1

(II)-a When

\CitsCl—ts - Ca—1yes1) Z [N Ni—15 - Na—1ye1)

and
It ) It )
Z 21716,' < Z 217]]\]{,
i=(1—1)t+1 i=(I—-1)t+1

according to case (I), the amplitude of |c) is

1 .
o,

VN
(ID-b When
it €=t Ca—1y1) = [NitsNie—1 - . Ng—1y41) »

the amplitude of |c,,Cp1,...,C(_1)+1) 18

it .
a Y 2l
VN—=X Sy
Oy .
VN =X

If
|C(1—1)nC 1—1):—17~~~,C(1—1)t+1>
# Nt Na=1y—15- > Na—2ys1) »
according to case (I), the amplitude of |c) is

ico,?,".

VN
If

|C(171)zac(171)z717 e ,0(171)z+1>

= INe—yesN=1y—1s- - Nu—2y1) »

then the amplitude of

chacn—17~‘ac(17])t+]> = |NnaNn—17~~~7N(172)z+1>>

is .,
21'71]\/1,
vVN-— A ai:(lE)tH
Wy
VN =X
Similarly, by combining cases (I) and (II), we can obtain
that the amplitude of |c) is

1 o

VN
n .
and Y 2/71c; < N.
j=1

I;rom Definition 1, we obtain
1 N—1
Urla) = —= Y off[k).
N =

Then, after Ur acts on |a), the amplitude of |c¢) =
lcn,Cnet,---,c1) 18
L eZn'iac/N
/i .
We thus obtain Theorem 2.
Then, we can conclude that the z-bit semiclassical QFT
over Zy can actually realize the QFT over Zy. Its circuit is
illustrated in Fig. 2.

A1
Ap Cp
Ua(kisn)| 3 T
a4 Clt+1
art i Cit
a(l—l)H»l ic(l*nH»l
Ji—1
A1 J1
ag # Ct
Ua(r1) :
aq # cq
Fig. 2. Circuit of the ¢-bit semiclassical QFT over Zy.
Figure 2 is explained as follows.
D
1 4 i1
— J— .
K1 = 2li+1 Z 2/7'N;j
j=lt+1
and
1 it -
S J— .
Ki= 2 (i—1)r+1 Z 277N,
j=(i—1)e+1
wherei=1,...,1[.
n
. . . 71
I) U4 (K1) is the QFT over Zy,, ,, in which ' Y 2/7'N;
j=Ilt+1
and 2*T4+1 respectivel 1 d?2*
pectively replace k74| and 2*.
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) If j; = 1, then Uy(k;) is the QFT over Z, in which

11 . .

Y 2/7'N; and 25H(=1H regpectively replace k; and
J=(i—1)t+1
2%, otherwise it is the QFT over Zy, where i=1,..., 1.

IV) T is the detector.

n
V) The final measurement resultis ¢ = ¥, 2K 1¢;

Figure 2 shows that Ug(k;) is the QF"lIf olver Zy;, which
requires a (2t + 1)-dimensional quantum register. Since the
other value is a classical value and the quantum register can
be recycled, the ¢-bit semiclassical QFT over Zy only needs
(2t + 1)-dimensional quantum register. Uq(;) requires 2¢ one-
bit gates and 7% two-bit gates, and these gates can be recycled,
so the ¢-bit semiclassical QFT over Zy needs 2¢ one-bit gates
and > two-bit gates.

In conclusion, the quantum register, one-bit gate and two-
bit gate for the ¢-bit semiclassical QFT over Zy are, respec-
tively, 1/1, 1/1, and 1/1? times as large as those of the QFT
over Zy. Like the 7-bit semiclassical QFT over Z,», the ¢-bit
semiclassical QFT over Zy can also balance the tradeoff be-
tween the quantum computational resource and speed in the
implementation of the QFT over Zy, and the requirements
for the two-bit gate is reduced obviously, which can reduce
the difficulty in realizing the QFT over Zy. Meanwhile, low-
dimensional quantum register is required, which can provide a
solution for implementing the QFT over Zy when N is large.

So far, realizing that the quantum algorithms are all based
on the QFT over Zom, where m = [logN],!"!
QFT over Zy, the former is easier to implement than the latter.

but not on the

However, when both of these QFTs are used for implementing
quantum algorithms, like Zalka’s algorithm, the success prob-
ability of the latter is highly accurate, even much more sp than
that of the former. Now we will give an example to explain the
result.

Example Zalka’s algorithm requires three quantum reg-
isters. It can obtain superposition state

qfx/Z Z

Y'=0y=

)CO dV

o | ]Y)

in double QFT over Z,, where @, = e2mi/4 and q is a prime.
Since

i o-dv)X oy | g, ¥ =dx mod g,
) o =

o
= 0, y' # dx' mod ¢,

we obtain

Z o |x') [y = dx’ mod q).

By measuring, we obtain a pair x’,y’ from which we can cal-
culate d = (x') "'y mod q as long as x’ # 0. Thus, the success
probability is close to 1. If we replace each of the two QFTs
over Z, with QFT over Zym, we will obtain

om_1 pm_

1 (xo—dy)x' vy
Zm,/ mx/z/ Z a)zm (I)2m

)Y,

where m = [logq]. By measuring, we obtain a pair x',y/,

which may not satisfy y = dx’ mod ¢, and the success proba-
bility is less than 1.

4. Conclusions

In this paper, we gave the circuit of the QFT over Zy. Be-
cause of the difficulty in building a high-dimensional quantum
register, in this paper we presented the 7-bit semiclassical QFT
over Zy, which admits a tradeoff between the quantum compu-
tational resource and speed in the implementation of the QFT
over Zy. We have further designed its circuit, which leads
to the implementation of quantum algorithms, like Zalka’s al-
gorithm, whose success probability is highly accurate, even
much more so than that of the QFT over Zy» (m = [logN]).
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