Chin. Phys. B Vol. 23, No. 2 (2014) 020305

Quantum state measurement in double quantum dots with a
radio-frequency quantum point contact*
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We study the dynamics of two electron spins in coupled quantum dots (CQDs) monitored by a quantum point contact
(QPC) detector. Their quantum state can be measured by embedding the QPC in an LC circuit. We derive the Bloch-type
rate equations of the reduced density matrix for CQDs. Special attention is paid to the numerical results for the weak
measurement condintion under a strong Coulomb interaction. It is shown that the evolution of QPC current always follows
that of electron occupation in the right dot. In addition, we find that the output voltage of the circuit can reflect the evolution
of QPC current when the circuit and QPC are approximately equal in frequency. In particular, the wave shape of the output

voltage can be improved by adjusting the circuit resonance frequency and bandwidth.
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1. Introduction

Semiconductor technology is rapidly approaching a level
such that quantum systems comprising one or two electron
spins can be confined or manipulated within a nanostructure
device.l'3] These improvements accelerate new applications
in quantum computational schemes. Obviously, a key fac-
tor for the quantum computational scheme is reading out the
quantum spin states, thus, the methods of measuring quantum
states are still being investigated extensively, both theoreti-
cally and experimentally.[*-'°1 Quantum point contact (QPC)
and single electron transistor (SET) have been used to con-
tinuously measure a charge quantum bit (qubit), which is the
superposition of two basic quantum states |¥)) = coso|1) +
e'"sino |2) with two real parameters o and 7.l In one re-
alization of a solid-state based qubit, the two basic states rep-
resent a single-level quantum dot.!8! The Hamiltonian is given
by H = Elai"al + Eza;ag + _Qaiaz + H.c. Provided that the
QPC is close to the quantum dot, the QPC current drops due
to the electrostatic repulsion between electrons. It is clear that
one can use a QPC as a sensitive detector for measuring qubits.

Recently, the readout of a few-electron double quan-
tum dot with fast radio-frequency (rf) gate-sensors was real-
ized experimentally.['”] In addition, Wang et al. studied the
thermoelectric transport through a double-quantum-dot sys-
tem with spin-dependent interdot coupling.!'3] Furthermore,
Oxtoby et al.l'*! theoretically introduced the so-called radio-
frequency quantum point contact (rf-QPC) for monitoring
charge qubits. The principle of the rf-QPC operation is some-
what similar to the operation of radio-frequency superconduct-
ing quantum interference devices!'”! and is based on the mi-
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crowave reflection from a tank circuit that consists of an induc-
tor L and a capacitor C. In this scheme, embedding the QPC
provides the tank circuit a damping source, so the oscillator
damping depends on the qubit state via the qubit-dependent
QPC current.

In this paper, we discuss an alternative theoretical scheme
whereby the spin state of two coupled quantum dots (CQDs)
can be inferred by observing the nearby QPC current. Spin-
dependent charge current can be observed by continuously
measuring two CQDs with a QPC adjacent to one of the dots
(see Fig. 1). QPC is used as an electrometer in this work, al-
though it might equivalently be a SET or a double dot (DD)
detector.'®! Note that the QPC here acts both as a noise source
that can induce inelastic transitions in the quantum dots and
as a detector to observe these transitions. According to the
Pauli Exclusion Principle, two electrons with different spins
may occupy one dot at most. The electron may oscillate be-
tween two dots with its spin not flipping. Based on the method
proposed by Gurvitz et al.,l'®!7! we first derive the Bloch-type
rate equations of the system. Then, we investigate the relation-
ship between the spin state of the dots and the QPC current
numerically. It is found that the spin state can be directly ex-
tracted from the measured QPC current. We use these results
to simulate individual runs of the measurement scheme and
to characterize the output for the different measurement con-
ditions. To read out the spin state, we then embed the above
quantum system in an LC circuit, just as Oxtoby et al.,['*) did.
We conclude by briefly discussing how this technique could
be used to measure spin states and also to improve the output
voltage signal.

*Project supported by the National Natural Science Foundation of China (Grant No. 11174358) and the National Basic Research Program of China (Grant

No. 2010CB833102).
fCorresponding author. E-mail: wenyin@aphy.iphy.ac.cn
© 2014 Chinese Physical Society and IOP Publishing Ltd

http://iopscience.iop.org/cpb http://cpb.iphy.ac.cn

020305-1


http://dx.doi.org/10.1088/1674-1056/23/2/020305
mailto:wenyin@aphy.iphy.ac.cn
http://iopscience.iop.org/cpb
http://cpb.iphy.ac.cn

Chin. Phys. B Vol. 23, No. 2 (2014) 020305

2. Model and formulation

The CQDs system, including a QPC detector, is schemat-
ically shown in Fig. 1. We represent the QPC as a tunnel bar-
rier between source and drain leads (reservoirs) with respec-
tive Fermi levels yp, and pgr. The two-electron coupled-dot
system can be described by the Hamiltonian

H = Hcgp + Hope + Hint. (D
The Hamiltonian for CQDs is

Hecop = ZE a; Ga,0—+290 alcazg +a26a16)

lO'

+U annw +Us Y nienag, 2)
c,0

where the subscript i = 1,2 indicates the left or right quantum
dot, ajf(, (aic) is the creation (annihilation) operator of the elec-
tron with spin 6 (0 =1,) in the i-th quantum dot, E; is the
energy level of the I th quantum dot, € is the tunnel-coupling
amplitude, n;c = a ~dic 1s the occupation number operator of
the i-th quantum dot, U, is the intradot Coulomb repulsion en-
ergy and U, is the interdot Coulomb repulsion energy. The
Hamiltonian for QPC is

Hgpc = ZE[CI cH—ZE c CH-Z-er c c/—i-cl c,) 3)

Lr

where the operators CZ- (¢;) and ¢! (c,) correspond to the cre-

ation (annihilation) of an electron for the left and right reser-
voirs, respectively. Hj,, describes the electrostatic interaction
between QPC and CQDs,

Hiy = Z5Qnaham(cfcl +cler)

Lr

+Y8Qa] ay (cle/+cfep), )
Lr

where 8€2;, is the change in the effective QPC tunnelling am-
plitude €2;, when the nearby dot is occupied and is independent
of the electron spin state. The so-called vacuum state |0) cor-
responds to the levels in the reservoirs being filled up to the
Fermi energies and the CQDs being kept empty. Without loss
of generality, we assume that two opposite-spin electrons oc-
cupy the left dot of the CQDs initially. The evolution of the
whole system is described by the wave function as

W(1)) = [bi(t)aja}, +ba(t)a),a),
+b3 (t)ala;T +by (t)a;ai
+Zb11,(t)a]1}ahcjcl + Zbg,r(t)aaaicjcl
Lr Lr
+Zb31r(t)aha;cjcl
Lr
+Y bar(t)az,al cle+--+110), )
Lr

where by (t), k = 1,2,3,4,11r,2lr,... are the time-dependent
probability amplitudes for finding the system in the corre-
sponding states described above with the initial condition
b1(0) = 1 and all the other 5(0) =0

QPC

CQDs

Fig. 1. Schematic illustration of the spin state readout scheme.

We now introduce the density matrix of the system. Ac-
cording to the electron occupancy of the CQDs (see Fig. 2),
the system has four possible states, namely: |1) represents two
electrons with different spins in the left dot, |2) represents one
electron with spin up in the left dot and the other electron with
spin down in the right dot, |3) represents one electron with
spin down in the left dot and the other electron with spin up
in the right dot, and |4) represents two electrons with different
spins in the right dot.

Fig. 2. All possible electron states of the CQDs.

In the four-dimensional Fock space composed of |1), |2),
3), and |4), using the method Gurvitz et al.['! developed, we
can derive the following set of equations for the density matrix
elements of the system:

611 = iQo(o12—021) + 190(613—631), (62)
G = iQ0(021 — 012) +1Q0(024 — O42), (6b)
633 = iQy(03; 7613)+1.Qo(0'347643), (6¢)
Gu4 = 1Q0(0u2 — 024) +1Q20(043 — O34), (6d)
612 = 1Q20(011 — 0n) +iQ0(014 — 032)

—|—\/D’D”612+I(Ez—E1)612+i(U2—U1)(‘7]2

1
—5 (D' +D oz, (6e)

613 = iQo(011 — 033) +1Q0(014 — 023)
+VD'D"o13+i(Ey —Er)oi3+i(Ux —Up)oi3

1
5 (D' +D"ous, (60

614 = i0(013 — 034) +1Q0(012 — 024)
+VDD"G14+2i(E; —E1)014
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(D+D")o14, (62)

| —

623 = i20(021 — 013) +1Q0(024 — 043), (6h)
Gy = 1Q0(02 — Oma) +1820(023 — O14)
+VD'DOry+i(Ey —E1)0oo+1(Uy —Up)0n4

1
—5 (D/ +D)0o4, (61)

634 = 1Q20(032 — 014) +1Q0(033 — Oua)
+VD'Do3y +1(Ey — E1) 034 +1(Up — Ua) 034
_ %(D' + D)o, ()
where D = ZﬂprR.QZZr([.LL — UR), D = 2npLpr (2 +
8)* (UL — R and D" = 27py PR (2 +2882;,)* (UL — UR)
represent the corresponding tunnelling rate from the left lead
to the right lead of the QPC when zero, one or two electrons
stay in the left quantum dot, respectively. pp ) is the density
of states in the left (right) lead, since the states in the leads are
very dense (continuum).
According to the general current formula,!!®!7! the cur-
rent flowing through the QPC can be given by

I(t) = e[D" 011 + D' (022 + 033) + DOya). 7

3. Measurement circuit

Now, we embed this QPC and CQDs system in the radio-
frequency circuit. This procedure was proposed by Oxtoby

et al.l'

I This circuit is a classical oscillator consisting of an
inductor L and a capacitor C. Embedding a dissipative com-
ponent QPC into the circuit will produce a source of damping.
In this case, the damping depends on the QPC current and,
therefore, depends on the spin states of the electrons.

The total current coming from the QPC is I(t) =
e|T|J (t) + Lias (t), where Iy (1) is the classical signal and
the remaining part is the quantum signal. We make the ap-
proximation T ~ Ty = /D due to &, < 1, so we further get
the quantum signal J (¢) ~ I (r)/(eTpy), where I (¢) is given by
Eq. (7). By beating the output voltage with a local oscillator,
the observer would measure the quadrature voltage to read out
two quadrature currents. To be more specific, we skip the so-
phisticated derivation process and give the output voltage as it
would be measured by an ideal observer

! Z
VES(t) = anTL—t A dsexp [—ZTLL(t—s)}
X / " dkI(K)[sin(2fk)
s—dt
+ %Sin(l —cos(4mfk))], (8a)
. 1 t 7
Vout () = _ﬂfZTLa/O dsexp [—;LL(t—s)]

y / id dKI (1) [cos (27 fK)

+ %ein sin(4w fk)], (8b)
where Zt is the impedance of the transmission line (typically
50 Q), B = 1/dt is the bandwidth, @y = 1/\/L7C =27f is the
resonance angular frequency and g, is the dimensionless pa-
rameter, which represents the ratio of the rf signal and dc sig-
nal. Here, QPC is biased (dc) as well as subjected to a small-
amplitude sinusoidal carrier signal (rf); thus, &, < 1. In the
high quality limit, the tank circuit damping is mainly from the
detector, which requires @y > Zy,/L.

4. CQDs dynamic with the QPC detector

In order to understand the spin state of the electrons in the
CQDs, it is instructive to examine the dynamics of the elec-
trons without the QPC detector. In this discussion, we choose
the interdot coupling €29 = 1.0 as the energy unit. The lev-
els are aligned (AE = E| — E; = 0) and the Coulomb interac-
tions U; and U, satisfy the relationship as U} = V2U,. Fig-
ure 3 shows the occupations of the electrons with the different
Coulomb interactions. We find in the case of strong Coulomb
interaction (e.g. U; = 80), the periodical oscillation is kept for
both o, and 044, which means the strong interdot Coulomb
interactions prevent the electrons from occupying the neigh-
boring dots. It is interesting that the electrons staying only
in states |1) and |4) will produce the so-called Bell state.!'8]
Thus, in the following, we focus on the CQDs and QPC sys-
tem under the condition of the strong Coulomb interaction
U = V2U, = 80). For convenience, the weak measurement
conditions D’ = 0.9D and D" = 0.9D’ are considered to mini-
mize the dephasing that reflects the quantum-mechanical cost
of obtaining information about the quantum state.

We now discuss the dynamics of electrons with the QPC
detector. It can be deduced from Fig. 4(a) that the evolution
of QPC current I(z) is consistent with the 044 oscillations.
This is easy to comprehend from the physical point of view.
When the electrons tunnel into the right dot, the disappear-
ance of the electrostatic repulsion between the CQDs and the
QPC minimizes the height of the QPC barrier and, thus, the
current reaches its maximum. Figure 4(b) shows the occu-
pation probabilities of the electrons in the left and the right
dots. For the stationary state, 01 = 044 = 0.5 in the limit of
t — oo, which comes from the dephasing process due to mea-
surement. Furthermore, we consider the condition that there
exists an energy mismatch by tuning the gate voltages of the
two dots.[!!] Figure 4(c) suggests that when AE = 0.59, al-
though the QPC current /(7) still follows 044 closely, it is more
difficult to identify the quantum information from the QPC
current. In addition, the energy mismatch strongly suppresses
coherent oscillations (see Fig. 4(d)). In order to obtain the
quantum state information easily, we should limit ourselves to
AE = 0, which can be adjusted by sweeping across the interdot
charge transition.[1%!
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Fig. 3. (color online) Time-dependent electron occupation probability (a) 611, (b) 022, (¢) 033, and (d) 044 With the different Coulomb
interactions. Each line from bottom to top in the figures corresponds to U; = 0, 20, 40, 80 respectively. Successive curves are offset
for clarity.
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Fig. 4. (color online) The electron occupation probability 611, 044, and the QPC current /(¢) as a function of time. (a) and (b) the
energy mismatch between the two dots AE = 0; (c) and (d) the energy mismatch between the two dots AE = 0.52. For clarity, the
data for I(r) in panel (c) are shifted.
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5. The measurement of the quantum state of the
CQDs via an rf-QPC circuit

In this paper we are quite interested in investigating the
measurement of the quantum state via an rf-QPC circuit. Thus,
we embed the whole CQDs and QPC system into the LC os-
cillator and get the numerical solution of the output voltage
quadrature VS5 (f) with no energy mismatch. We can safely
ignore the other quadrature because it carries no information
(141 We keep &, = 0.001, which indicates a small-

amplitude sinusoidal carrier signal and the coupling between

about qubits.

the dots at a relatively large value €y = 10 GHz that can be
reached by tuning the gate voltage in an experiment.!'®! Other
parameters are set as B= 100 MHz and L = 1 pH giving a high
quality factor of the unloaded circuit, Q ~ 34.0-22) When we
chose the resonance frequency f = 270 MHz, which is roughly
equal to the oscillation frequency of the QPC current, the os-
cillation of output voltage reflects that of the QPC current (see
Fig. 5). Here, the damping y = Zr./L > 1 gives the circuit
slaved to the quantum state. That is, V5o () is directly pro-
portional to the quantum signal.l'*l In addition, we find the
wave shape is kept for about 15 ns. The scale of time is in
accordance with that in Ref. [21]. After that time, the output
voltage is chaotic, which means the output voltage cannot re-
flect the quantum information directly. The observer needs to
invert the convolution to achieve the QPC current.

0.01

I(t)e!)[;

{-0.01

—Veur/wV

t/ns

Fig. 5. The output voltage —V553 () and QPC current /() as functions
of time.

Furthermore, we are also interested in how the parame-
ters of the circuit influence the output of the voltage signal.
We make a shift in the resonance frequency f by adjusting
the capacitance of the LC circuit. When f = 250 MHz, the
output voltage still reflects the oscillation of QPC current (see
Fig. 6(a)). In contrast, an overdamping phenomenon exists
when f = 300 MHz (see Fig. 6(c)). The quality factor of de-
tector QPC is Q4 = 74/ @y while the quality factor of the un-
loaded LC circuit is Q = wy/y.1"*! When the resonance fre-
quency is relatively large, the quality factor of the loaded LC

circuit Q7 = (Q’1 + QJI ) ! depends mainly on Q4. Thus, we
infer from Fig. 6 that Q4 shrinks sharply when the frequency
of the LC circuit is larger than the QPC frequency. In addition,
we find that increasing the bandwidth B helps keep the wave
shape within the limit Y < B < @' (see Fig. 7). In experi-
ments, it is also crucial to increase the single-shot spin readout
fidelity.[**!
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Fig. 6. The output voltage —VS¥(r) as a function of time for (a)
f =250 MHz, (b) f =270 MHz, and (c) f = 300 MHz.
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Fig. 7. The output voltage —VS5: (1) as a function of time for the band-
widths (a) B = 150 MHz, (b) B = 100 MHz, and (c) B = 80 MHz.

6. Summary

In this paper, we have derived the rate equations of the
density matrix for CQDs monitored by a QPC detector and
have applied the method developed by Gurvitz. Then, we put
this model into an LC oscillator. Without the QPC detector,
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we find that the electrons are inclined to stay in the localized
states under the strong Coulomb interaction through numeri-
cal solution. With the QPC detector, the change of current /()
always reflects that of the probability that the electrons are in
the right dot. The electrons remain in the initial localized state
when energy displacement exists. For the circuit, the output
voltage can reflect the change of QPC current by selecting the
proper parameters. Increasing the resonance frequency could
lead to overdamping output. Moreover, we can improve the
bandwidth of the circuit for a better wave shape for output.

The output voltage we give is in the microvolt range. The
output voltage can be amplified through cryogenic and room-
temperature amplifier in experiments.”?!) However, it is still
challenging to perform such an experiment, especially for high
bandwidth. We have so far considered the evolution of a re-
duced density matrix for the CQDs when all the measurement
results are averaged.!> To make contact with a single realiza-
tion of the measurement records conditioned on a particular
measurement realization, we would apply the realistic quan-
tum trajectory theory!?>! to this model in the next step.
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