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Considering the spin degree of freedom of the Dirac field, we study the entanglement behavior of a different class
of communication channel and teleportation of three-dimensional single particle state in noninertial frames. Numerical
analysis shows that the communication channel in our scheme can offer enough distillable entanglement for the teleportation
protocol. Moreover, the teleportation protocol could work well if Rob’s acceleration is not very big, but the fidelity of the

teleportation is still reduced due to the Unruh effect.
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1. Introduction

As a remarkable feature of quantum theory, quan-
tum entanglement is considered as an essential resource for

quantum information processing (QIP); such as, quantum

[1-3] quantum cryptography,*! quantum dense

9-11

teleportation,
coding,[®-®! quantum secrete sharing,®~!" and so on. How-
ever, a quantum system used in QIP inevitably interacts with
the surrounding environment, which remains a major obsta-
cle to experimental realizations of the QIP. Much attention has
been paid to the investigation of the evolution of entanglement

e. 12716 Never-

when the quantum systems suffer decoherenc
theless, most of these investigations are based squarely on the
physical properties of non-relativistic quantum systems. For-
tunately, Alsing and Milburn described a process of telepor-
tation between relative accelerated partners and analyzed the
fidelity of teleportation in 2003,!!7! which is considered as the
pioneer work with respect to entanglement behavior in nonin-
ertial frames. It has since been a popular trend to extend QIP
to noninertial frames.!'®24 Alsing e al. showed that the en-
tanglement was degraded by the Unruh effect and asymptot-
ically reached a nonvanishing minimum value in the infinite
acceleration limit taking into account the occupation number
of Dirac field.['8] Subsequently, Leén et al. studied the Dirac
entanglement in both the spin and occupation number cases
and showed that the acceleration produced a qubitxfour-level
quantum system state for spin Bell states.!!°! Furthermore, Br-
uschi et al. analyzed the Unruh effect on entanglement be-
yond the single mode in the bosonic and fermionic cases.?’]
All these studies provide us with a deeper understanding on

entanglement and promote the development of quantum infor-
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mation science in noninertial frames.

Recent studies show that d-dimensional systems (for
instance, qudits d > 3) are better suited for certain
purposes. 2326 Therefore, from a practical point of view it is
interesting to study d-dimensional entangled states. For in-
stance, quantum teleportation with d-dimensional entangled
states in noninertial frames. Unfortunately, to the best of our
knowledge, there are no analyses of teleportation with three-
dimensional entangled states in noninertial frames. Enlight-
ened by the idea of Leén et al.,l'”) in this article we will study
the entanglement behavior of a different class of communica-
tion channel and complete a teleportation of three-dimensional
single particle state in noninertial frames.

The organization of this article is as follows. In Section 2,
using the approach suggested by Le6n et al. we investigate the
entanglement behavior of a different class of communication
channel in noninertial frames. In Section 3, we provides a
brief introduction about the teleportation of three-dimensional
single particle state in inertial frames. In Section 4, the telepor-
tation of three-dimensional single particle state in noninertial

frames is analyzed. The conclusion appears in Section 5.

2. Entanglement behavior of our communica-
tion channel

Suppose that two parties, Alice and Rob, initially share a
quantum channel including occupation number entanglement
along with spin, which is quite different from traditional quan-

tum channel, in the Minkowski spacetime!!"!

|0)ar = al0)4|0)g +b| Ta| Hr+c| Lal L)k, (1)
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where |a|?> + |b|?> + |c|? = 1, and the states | 1), | ), |0) corre-
spond to particle spin up, spin down, and Minkowski vacuum
states, respectively. The subscript A (R) indicates the mode
associated with Alice (Rob). By choosing specific coefficients
in Eq. (1), we can obtain the maximally three-dimensional en-
tangled state

L
7

Now, we start to study the entanglement behavior of the

\(])>1}‘Rz>a:b:c: 2)

communication channel when Rob moves with uniform accel-
eration while Alice is considered to be inertial. According to
Ref. [19], the Minkowski vacuum state and one particle (of

spin) state in Rindler coordinates can be written as follows:

10) = cos” r(0)1[0)rv + &'@ sinrcos r(| il Lv + | Uil Dhiv)
+ e sin?r| Tl T,

| 1) = cosr| Di|0)ry + e'?sinr| +11] Py,

| 1) = cosr| L)1|0)ry — e'?sinr| +01] Liv, (3)

where ¢ is an unimportant phase that will turn out to be ir-
relevant for our calculation, and the subscript I (IV) indicates
the region I (IV) of the Rindler space time. The accelerating
parameter r is defined as r = arctan e "®/4 where o is the
Minkowski frequency and a denotes Rob’s acceleration. For
the sake of convenience, the state’s particle spin-up | 1), spin-
2),

and |3), respectively (we will use the representations here, and

down | }), and particle pair | 1)) will be rewritten as |1),

throughout the rest of paper). Since Rob is causally discon-

V. [19,22,23
b

nected from region I I for an intuitive grasp of Unruh

effect on the communication channel, we will study the be-
havior of entanglement of the Alice—Rob and Alice—antiRob.
Then, the quantum channel that Alice and Rob (in Rob’s re-
gion I) shared can be written as

Pow, = lal’*(cos* r|00)(00] +sin*r03)(03])
+ |a|* cos® rsin® r(|01)(01] + |02)(02])
+ |b|*(sin® r|13) (13| +cos® r[11)(11])
+ |e[*(sin? |23) (23| + cos? r[22)(22])
+ (ab* cos® r|00) (11| + ac* cos® r|00) (22|
— ac* cosrsin® r|01)(23| 4 ab* cos rsin® r|02) (13|
+ be*cos? r|11)(22| +H.c.). (4)

The quantum channel shared by Alice and anti-Rob (in Rob’s

region IV) can be written as
Posry, = |a)? (cos* r|00) (00| + sin* 7|03) (03])
+ |a|* cos? rsin? r(|01) (01| + [02) (02])
+ |b|*(cos? r[10) (10| + sin® r[11)(11])

+ |e[*(cos® r|20) (20| + sin? r|22)(22])

+ (e'?ac* cos® rsinr|01) (20|

+ e'%ab* cos? rsinr|02) (10| — be* sin® r[11) (22|
+ e'®ab* sin® r|03) (11|

— e'%ac*sin® r|03) (22| + H.c.). 5)

Substituting a = b = ¢ = 1/\/§ into Eq. (4) and Eq. (5), we
can obtain the maximally three-dimensional entangled quan-

tum channel Pyl and Pyl -
I v

In our analysis, we will use the negativity!!®?"1 4 to
evaluate the communication channel capacities for the max-
imally three-dimensional entangled state. The negativity is
defined as the sum of the negative eigenvalues of the partial-
transpose density matrix. If A; are the eigenvalues of any par-
tially transposed bipartite density matrix psp, its negativity is
ap = Li(|Ai] = A) = —=2X 1 <0 Ai- It should be noted that the
maximum value of the negativity (reached for maximally en-
tangled states) depends on the dimension of the maximally en-
tangled state. It is also worth mentioning that negativity acts
only as a measure of distillable entanglement and does not ac-
count for the possible bound entanglement the communication
channel would have.[?8] Therefore, it is worthwhile to study
the mutual information!'®?°! for our communication channel.
For a bipartite density matrix p4p, its mutual information is
Iap = S(pa) +S(pB) — S(pap), where py(p) is the partial den-
sity matrix of A(B), and S(p) = —Tr(p log, p) is the von Neu-
mann entropy.

The negativities and mutual information of Py A, and
Py Sy as a function of » for the maximally three-dimensional
entangled state are given in Fig. 1. As shown in Fig. 1(a), the
negativity of Py Ik, will decrease while the negativity of Py ey
will increase as the acceleration increases, and both of them
can still keep a high value even in the limit of infinite accel-
eration. However, Py i, can always offer enough distillable
entanglement in noninertial frames; so, it is the better biparti-
tion to which one can perform informational work. In addition,
as we see from Fig. 1(b), the mutual information of Py /{RI and
Pyl asa function of r is not proportional to the negativity. In
fact, after calculation, we can find that the ratio of Ajg, to Ing,
for the maximally three-dimensional entangled state is always
bigger than that of Bell states.!'”! In other words, compared
with the spin Bell state systems,!'”! the three-dimensional en-
tangled system not only has a higher distillable entanglement
but also has a higher utilization ratio of information. So, in
a sense, the maximally three-dimensional entangled system is
better suited for performing informational work in noninertial

frames.
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Fig. 1. (a) The negativities and (b) mutual information of Py " (black
line) and pMR (dash black line) as a function of r for the maximally
vV

three-dimensional entangled state.

3. A brief introduction of teleporting three-
dimensional single particle state in inertial
frames

Before elaborating on our scheme in noninertial frames,
we first give a brief introduction about teleporting three-
dimensional single particle state in inertial frames.!!] Suppose
that Alice wants to teleport the state |y)a, = a|0) + B|1) +
7|2) (it should be noted that |y)4, is different from tradi-
tional three-dimensional input state in which only the occu-
pation number states of fields are considered) to Rob, by using
a shared maximally three-dimensional entangled state (|¢)}z).
The total initial state is given by [¥) = |y)4,|¢)\x where the
first two qubits of |¥) are Alice’s and the third is Rob’s qubit.

Alice starts the teleportation procedure by measuring the self-

belonging state in mutual orthogonal basis {|¢)% }. The mu-
tual orthogonal bases are given by
2 ..
o)net =Y. ™3y |(j+m) mod 3)/V3,  (6)
Jj=0

where (n,m,j = 0,1,2). Then, the total state will collapse
to [@)ad @ |w)", with probability of 1/9. Where |y)}" are
given by

W)@ = alm)+ B|(m+ 1) mod 3)
+ 7|(m+2) mod 3),
[W)R" = alm)+Be >/ (m+1) mod 3)

+ ye /3| (m +2) mod 3),
V)R = alm)+Be 3| (m+1) mod 3)
+ e 23| (m+2) mod 3). @)

Subsequently, Alice sends the result of the measurement (n,m)
to Rob by using a classical information channel. Conse-
quently, Rob extracts information by performing the unitary
operation Uy, on the state in his hand, where the unitary oper-

ation Uy, can be expressed as

2
Upm =Y €*™9/3|j)((j+m) mod 3. 8)
j=0
The result is given by |W) = Unu|Y)R" = |W)a,, and the cor-
responding teleportation fidelity is F = |(y|y)a,|> = 1.

4. Teleportation of three-dimensional single par-
ticle state in noninertial frames

For the teleportation protocol in noninertial frames, we
suppose that Alice and Rob initially share the maximally
three-dimensional entangled state (|¢)} ), and at rest in their
local frame. Then, Rob moves with uniform acceleration
while Alice is considered to be inertial. Alice now wishes
to perform the same teleportation protocol with the uniformly
accelerated Rob. The calculation proceeds straightforwardly
once we remember three things. First, Rob is uniformly accel-
erating, so the states associated with Rob must be expanded in
terms of the Rindler states according to Eq. (3). Second, Rob
is causally disconnected from region IV, the physically acces-
sible information will be encoded in the mode A described by
Alice and mode I described by Rob. We should trace over
the mode in region IV (anti-Rob). Third, Rob has a four-
level quantum system (]0), |1),]2),|3)), so the operations as-
sociated with Rob should be changed slightly, and the best
state we can expect Rob to recover at the end of the protocol
is W)k = &|0) +B[1)+7]2) +0[3).

Alice still starts the teleportation procedure by measuring
the self-belonging state in mutual orthogonal basis {|¢>f,‘,°nA
The total state will collapse to |¢)al @ |y/)1, with probabil-
ity of 1/9. Then, Alice sends the result of the measurement
(n,m) to Rob by using a classical information channel. Con-
sequently, Rob extracts information by performing the unitary

operation U/, on the state in his hand. In contrast from U,,,,,

nm

the unitary operation U/ takes the form as

nm

Up =

nm

eZnijn/SU><(j+m) mod 3|+|3><3‘. &)

~.
III" (S
(==}

So the information that Rob could extract is
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|a|? cos* r af*cos’r ay*cos®r 0
plo = Bocos®r (|B|?+ |a|?sin?r) cos? r By*cos®r —ay*cosrsin®r (10)
n0 yotcos® r yB* cos?r (|y? + | |*sin? r) cos® r af*cosrsin’r ’
0 —ya* cosrsin’ r Bo*cosrsin® r sin? 7(|B|? + |7]* + | |* sin® r)
. i4nm .
(|ot|?> 4 |y|?sin? r) cos? r af*cos’r ay*cos®r —exp ( ; ) yB*cosrsinr
Bo*cos?r (IB|? +|y|>sin®r)cos’>r  By*cos’r ex 14nz a*cosrsin’r
Pl = " P\ )7 , (D
yotcosd r yB* cos® r |7]? cos® r 0
i2nm . i2nm . . .
—exp( ; )ﬁy*cosrsmzr exp( ; )a)f*cosrsmzr 0 sin? (|| + |B|? + |y|?sin? r)
) i2nm .
(|t|> +|B|?>sin®r)cos’>r  atf*cos®r ay*cos’r exp ( ; )ﬁy*cosrsmzr
Bo*cos®r |B|? cos* r By cos’r 0
I . i2nm . . (12
P2 ya*t cos? r yB*cos®r  (|y]>+|B|*sin?r)cos®r —exp( ;1 )Ba*cosrsm2r (12
i4nm . idnzm . . .
exp< ; )yﬁ*cosrsmzr 0 —exp( ;1 )aﬁ*cosrsmzr sin? (|| + |y]? 4 B|?sin® r)

At r = 0, corresponding to a = 0, we are back to the usual
case of teleportation between Alice and Rob, both Minkowski
observers, and the fidelity is unity. Furthermore, we find that
some phase will be introduced to the result if n,m # 0. But we
still can extract much useful information from the result. The
fidelities F, = (W |p.,,| W )& are evaluated as

Fo = (1- |06|2+|Ot|zcosr)zcos2r
+ (IBI* + 7?)|a|* cos? rsin’r,
F = (1—|7)?+|y>cosr)?cos® r
+ (|af* + B?)|7I* cos® rsin’r,
Fn = (1—|B>+|B|*cosr)*cos’r

+ (|7> + | oc)|B|? cos? rsin’ . (13)

Without loss of generality, the fidelity Fpp as a function of r
and |a| is shown in Fig. 2(a). In this case, we find that the
fidelity Fpo will decrease with the increase of the acceleration
and |a|. In fact, the change of fidelity Fy; (Fpp) is similar to
the behavior of Fy, and Fp; as a function of r and |y| is shown
in Fig. 2(b).

So far, the derivation of fidelity is based on that Alice
knows the result of the measurement. However, we think it is
more acceptable to define the total fidelity of teleportation as
the minimum of the values in Eq. (13). Since it is more mean-
ingful to evaluate the total performance for teleportation proto-
col even before implementing the protocol. We have assumed
o =sinfcosn, B =sinBsinn, and ¥ = cosH (6 C [0,27],
N C [0, 7)) for the sake of convenience. For an intuitive grasp
of the change of fidelity of teleportation in noninertial frames,
the total fidelity as a function of 6 and 1 is given in Fig. 3.
As we see from Fig. 3(a), a high fidelity (above 0.945) still can
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Fig. 2. (color online) (a) The fidelity Fy as a function of r and |¢t|, (b)
the fidelity Fy; as a function of r and |7|.

be achieved for a wide range of parameters in the red area. Fur-
thermore, the fluctuations in 6 and 1 would not significantly
affect the total fidelity with » = 0.2. However, in Fig. 3(b)
(Fig. 3(c)) the fidelity is significantly affected by the fluctua-
tions in O and 1, and the maximal fidelity drops to about 0.83
(0.65). In other words, a relatively high fidelity can always be
achieved in the same red area, but the effect of the fluctuations
in 6 and 1) on the fidelity will become apparent with the in-

creases of r. Consequently, r is still a detrimental factor for
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the teleportation protocol.
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Fig. 3. (color online) Density plot of the total fidelity as a function of 6
and 1 with (a) r =0.2, (b) r = 0.4, and (c) r = 0.6.

5. Discussion and conclusion

It is well known that Unruh decoherence degrades entan-
glement of occupation number states of fields. Here, we have
shown further study of the Unruh effect on a different class of
communication channel when we take into account that each
Dirac mode has spin structure. Specifically, we analyzed two
possible bipartitions of an entangled system composed of an
inertial observer (Alice) and an accelerated observer (Rob),
which inhabits a universe with an event horizon.?! We study
the behavior of entanglement of the Alice—Rob and Alice—
anti-Rob in the maximally three-dimensional entangled sys-
tem, which are the two bipartitions to which one could assign
physical meaning. We show that the communication channel
(p¢ /{RI) in our scheme could offer enough distillable entangle-
ment for the teleportation protocol. In addition, compared with

the spin Bell state systems,!'”! the three-dimensional entan-

gled system not only has higher distillable entanglement, but
also has higher utilization ratio of information. In a sense, the
maximally three-dimensional entangled system is better suited
for performing informational work in noinertial frames.

In conclusion, we have studied the teleportation of a
three-dimensional single particle state by using a shared maxi-
mally three-dimensional entangled state in noninertial frames.
The effects of Rob’s acceleration and different input states
have been discussed in detail. Numerical analysis shows that
the teleportation protocol could work well if Rob’s accelera-
tion is small. Furthermore, a relatively high fidelity always can
be achieved for some special input states (which corresponds
to the red area in Fig. 3), but the effect of different input states
on the fidelity will become apparent with the increases of . As
a matter of fact, the above results can be understood intuitively
as follows. In the teleportation protocol, Alice is in the free
space and accelerated Rob involves space-time conversion!!"]
(it is a direct consequence of the existence of Unruh—Hawking
radiation!'’-%1),  Furthermore, because Rob is causally dis-
connected from region IV, the physically accessible informa-
tion is obtained from the mode A (Alice) and mode I (Rob),
so we have traced over the mode in region IV (anti-Rob); that
is, we have removed the information contained in the mode
of anti-Rob, therefore, the information that Rob finally could
extract in the teleportation protocol only contains the mode /
(Rob). Furthermore, it should be emphasized that the informa-
tion contained in the modes of Alice—antiRob increases with
the acceleration increases as shown in Fig. 1(a), which im-
plies that the loss of information in the modes of Alice—Rob
will increase with the increasing acceleration. Correspond-
ingly, the effective information contained in the mode of Rob
will naturally decrease in some degree with the increasing ac-
celeration. Consequently, the fidelity of the teleportation will
decrease with the increasing acceleration. We hope that our

work may be useful for the QIP in the near future.
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