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In this article, a novel (G′/G)-expansion method is proposed to search for the traveling wave solutions of nonlinear
evolution equations. We construct abundant traveling wave solutions involving parameters to the Boussinesq equation by
means of the suggested method. The performance of the method is reliable and useful, and gives more general exact
solutions than the existing methods. The new (G′/G)-expansion method provides not only more general forms of solutions
but also cuspon, peakon, soliton, and periodic waves.
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1. Introduction
As is well known, nonlinear evolution equations (NLEEs)

are widely used to describe complex phenomena in various
fields of science, especially in physics, plasma physics, fluid
physics, quantum field theory, biophysics, chemical kinemat-
ics, geochemistry, electricity, propagation of shallow water
waves, high-energy physics, condensed matter physics, quan-
tum mechanics, optical fibers, elastic media, etc. The an-
alytical solutions of such equations are of fundamental im-
portance to reveal the inner mechanisms of the phenom-
ena. Among the possible solutions to NLEEs, certain spe-
cial form solutions may depend only on a single combi-
nation of variables, such as solitons. In mathematics and
physics, a soliton is a self-reinforcing solitary wave, a wave
packet or pulse that upholds its profile while it travels at con-
stant speed. Due to the availability of symbolic computa-
tion software, direct methods to search for exact solutions
have attracted much attention. In past years, many pow-
erful and direct methods have been developed to find spe-
cial solutions, such as: wave of translation,[1] the inverse
scattering transform,[2] the Hirota’s bilinear method,[3] the
Darboux transformation method,[4] the Backlund transforma-
tion method,[5] the tanh method,[6] the Jacobi elliptic func-
tion method,[7] the symmetry method,[8] the Painleve ex-
pansion method,[9] the Exp-function method,[10,11] the Ado-
mian decomposition method,[12] the homogeneous balance
method,[13] etc.

Lately, Wang et al.[14] introduced an expansion technique
called the (G′/G)-expansion method and demonstrated that it
is a powerful technique for seeking for the analytic solutions

of NLEEs. Making use of this method, some useful equations
are studied in Refs. [15]–[19].

In order to establish the efficiency and persistence of the
(G′/G)-expansion method, and to extend the range of ap-
plicability, further research has been carried out. For ex-
ample, Zhang et al.[20] generalized the (G′/G)-expansion
method for the evolution equations with variable coeffi-
cients. Zhang et al.[21] also presented an improved (G′/G)-
expansion method to seek for general traveling wave solutions.
Zayed[22] presented a new approach to making the (G′/G)-
expansion method more reliable, where G(ξ ) satisfies the Ja-
cobi elliptical equation [G′(ξ )]2 = e2G4(ξ ) + e1G2(ξ ) + e0.
Zayed[23] presented a further alternative approach of this
method, in which G(ξ ) satisfies the Riccati equation G′(ξ ) =
A + BG2(ξ ), where A and B are arbitrary constants. Ak-
bar et al.[16] presented a generalized and improved (G′/G)-
expansion method that provides further solutions than the im-
proved (G′/G)-expansion method.[21]

In this article, we offer a novel (G′/G)-expansion method
to solve the NLEEs in mathematical physics and engineering.
To illustrate the originality, consistency, and advantages of the
proposed method, the Boussinesq equation is solved and abun-
dant new families of exact solutions are found.

2. Description of the method

Suppose that the nonlinear evolution equation is of the
form

P(u,ut ,ux,utt ,utx,uxx, . . .) = 0, (1)
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where P is a polynomial in u(x, t) and its partial derivatives
wherein the highest order partial derivatives and the nonlin-
ear terms are concerned. The main steps of the method are as
follows.

Step 1 Combining the real variables x and t by a com-
pound variable ξ , we suppose that

u(x, t) = u(ξ ), ξ = x±Vt, (2)

where V is the speed of the traveling wave. Equation (2) trans-
forms Eq. (1) into an ordinary differential equation (ODE) for
u = u(ξ ) as follows:

Q(u,u′,u′′,u′′′, . . .) = 0, (3)

where Q is a function of u(ξ ) and its derivatives in which
prime refers to derivative with respect to ξ .

Step 2 Assume that the solution of Eq. (3) can be ex-
pressed in powers of ψ(ξ ) as follows:

u(ξ ) =
N

∑
j=−N

α j(ψ(ξ )) j, (4)

where

ψ(ξ ) = (d +Φ(ξ )) (5)

with Φ(ξ ) = G′(ξ )/G(ξ ).
Herein, α−N or αN may be zero, but both of them could

not be zero simultaneously. α j ( j = 0,±1,±2, . . . ,±N) and d
are constants to be determined later and G = G(ξ ) satisfies the
second order nonlinear ODE:

GG′′ = λGG′+µG2 +ν(G′)2, (6)

where the prime denotes the derivative with respect to ξ ; λ , µ ,
and ν are real parameters.

The Cole–Hopf transformation Φ(ξ ) = ln(G(ξ ))ξ =

G′(ξ )/G(ξ ) reduces Eq. (6) into the Riccati equation:

Φ
′(ξ ) = µ +λΦ(ξ )+(ν−1)Φ2(ξ ). (7)

Equation (7) has twenty five individual solutions (see Ref. [25]
by Zhu for details).

Step 3 The value of the positive integer N can be de-
termined by balancing the highest order linear terms with the
nonlinear terms of the highest order coming out of Eq. (3). If
the degree of u(ξ ) is D[u(ξ )] = n, then the degree of the other
expressions will be as follows:

D
[ d pu(ξ )

dξ p

]
= n+ p, D

[
up(

dqu(ξ )
dξ q )s

]
= np+ s(n+q).

Step 4 Substitute Eq. (4) including Eqs. (5) and (6) into
Eq. (3), then we will obtain polynomials in [d +G′(ξ )/G(ξ )] j

and [d +G′(ξ )/G(ξ )]− j, ( j = 0,1,2, . . . ,N). Collect each

coefficient of the resulting polynomials and let it be zero;
then, an over-determined set of algebraic equations for α j ( j =
0,±1,±2, . . . ,±N), d and V is obtained.

Step 5 Suppose that the value of the constants can be ob-
tained by solving the algebraic equations obtained in Step 4.
The values of the constants together with the solutions of
Eq. (6) yield abundant exact traveling wave solutions of non-
linear evolution equation (1).

Discussion 1 It is significant to observe that if we re-
place λ by −λ and µ by −µ and set ν = 0 in Eq. (6), then
the proposed new (G′/G)-expansion method coincides with
Akbar et al.’s generalized and improved (G′/G)-expansion
method.[16] On the other hand, if we set d = 0 in Eq. (5)
and ν = 0 in Eq. (6) then the proposed method is identical to
the improved (G′/G)-expansion method presented by Zhang
et al.[21] Again, if we set d = 0, ν = 0, and negative the expo-
nents of (G′/G) are zero in Eq. (4), then the proposed method
turns into the basic (G′/G)-expansion method introduced by
Wang et al.[14] Finally, if we let ν = 0 in Eq. (6) and α j

( j = 1,2,3, . . . ,N) are functions of x and t instead of constants
then the proposed method is transformed into the generalized
the (G′/G)-expansion method developed by Zhang et al.[20]

Thus, the methods presented in Refs. [14], [16], [20], and [21]
are only special cases of the proposed new (G′/G)-expansion
method.

3. Application
In this section, we will employ the proposed method to

obtain some new and more general exact traveling wave solu-
tions of the celebrated Boussinesq equation.

Consider the Boussinesq equation

utt −uxx−uxxxx−3(u2)xx = 0, (8)

we will study the traveling wave solutions to Eq. (8). Substi-
tuting u = u(ξ ), ξ = x−Vt into Eq. (8) and integrating twice,
we obtain

(V 2−1)u−u′′−3u2 +C = 0. (9)

where C is an integration constant. Using Eqs. (4) and (6) and
considering the homogeneous balance between u′′ and u2 in
Eq. (9), we obtain 2N = N +2, i.e, N = 2. Therefore, solution
formula (4) becomes

u(ξ ) = α−2(ψ(ξ ))−2 +α−1(ψ(ξ ))−1 +α0

+α1(ψ(ξ ))+α2(ψ(ξ ))2. (10)

Substituting Eq. (10) into Eq. (9), the terms on the left-
hand side of the resulting equation are transformed into
polynomials in [d +G′(ξ )/G(ξ )] j, ( j = 0,1,2, . . . ,N) and
[d +G′(ξ )/G(ξ )]− j, ( j = 0,1,2, . . . ,N). Equating the coef-
ficients of the same power of these polynomials to zero, we
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obtain an over-determined set of algebraic equations (for sim-
plicity, we leave out the displaying of the equations) for α0,
α1, α2, α−1, α−2, d, C, and V . Solving the over-determined
set of algebraic equations by using the symbolic computation
software, such as Maple 13, we obtain

Set 1

α2 = 4υ−2υ
2−2, α1 = 4υ

2d−2λυ−8υd +2λ +4d,

α0 =−2υ
2d2 +4υd2 +2λdυ− 4

3
µν− 1

6
+

4
3

µ +
1
6

V 2

− 2d2− 1
6

λ
2−2dλ ,

V =V, α−1 = 0, α−2 = 0, d = d,

C =−2
3

µυλ
2− 1

12
+

4
3

µ
2 +

1
6

V 2 +
2
3

µλ
2− 8

3
µ

2
υ

+
4
3

µ
2
υ

2− 1
12

V 4 +
1

12
λ

4, (11)

where d, λ , µ , and ν are all arbitrary constants.
Set 2

α0 =−2υ
2d2 +4d2

υ +2dλυ− 4
3

µυ− 1
6
+

4
3

µ +
1
6

V 2

− 2d2− 1
6

λ
2−2λd,

α−1 = 4d3−2µλ +2λ
2d−4µd +6λd2 +4υ

2d3

− 8υd3−6λd2
υ +4µυd,

α−2 = 4υd4−4µυd2−2µ
2 +4λd3

υ−4λd3−2λ
2d2

− 2υ
2d4 +4µd2−2d4 +4µλd,

V =V, d = d, α2 = 0, α1 = 0,

C =−2
3

µυλ
2− 1

12
+

4
3

µ
2 +

1
6

V 2 +
2
3

µλ
2− 8

3
µ

2
υ

+
4
3

µ
2
υ

2− 1
12

V 4 +
1

12
λ

4, (12)

where d, λ , µ , and ν are all arbitrary constants.
Set 3

α2 = 4υ−2υ
2−2, α0 =−

4
3

µυ +
1
3

λ
2 +

4
3

µ− 1
6
+

1
6

V 2,

α−2 =−
1
8

(16µ2υ2−8µυλ 2−32µ2υ+16µ2+8µλ 2+λ 4

(υ−1)2

)
,

V =V, d =
λ

2(ν−1)
, α1 = 0, α−1 = 0,

C =
64
3

µ
2
υ

2− 32
3

µυλ
2− 128

3
µ

2
υ− 1

12
− 1

12
V 4 +

32
3

µλ
2

+
64
3

µ
2 +

1
6

V 2 +
4
3

λ
4, (13)

where λ , µ , and ν are all arbitrary constants.
Substituting Eqs. (11)–(13) into solution formula (10), we

obtain

u1(ξ ) =
(
−2υ

2d2 +4υd2 +2λdυ− 4
3

µυ− 1
6
+

4
3

µ

+
1
6

V 2−2d2− 1
6

λ
2−2dλ

)
+ (4υ

2d−2λυ−8υd +2λ +4d)(d +(G′/G))

+ (4υ−2υ
2−2)× (d +(G′/G))2, (14)

u2(ξ ) =
(
−2υ

2d2 +4υd2 +2λdυ− 4
3

µυ− 1
6
+

4
3

µ

+
1
6

V 2−2d2− 1
6

λ
2−2dλ

)
+ (4d3−2µλ +2dλ

2−4dµ +6d2
λ +4d3

υ
2

− 8d3
υ−6d2

λυ +4dµυ)× (d +(G′/G))−1

+ (4d4
υ−4d2

µυ−2µ
2 +4λυd3−4λd3

− 2λ
2d2−2υ

2d4 +4µd2−2d4 +4µλd)

× (d +(G′/G))−2, (15)

u3(ξ ) =
(
−4

3
µυ+

1
3

λ
2+

4
3

µ−1
6
+

1
6

V 2
)
+(4υ−2υ

2−2)

×
(

λ

2(υ−1)
+(G′/G)

)2
+
{
−1

8
1

(υ−1)2

×
(
16µ

2
υ

2−8µυλ
2−32µ

2
υ+16µ

2+8µλ
2+λ

4)}
×
(

λ

2(υ−1)
+(G′/G)

)−2
, (16)

where ξ = x−Vt, d, λ , µ , and υ are all arbitrary constants.

Substituting the solutions G(ξ ) of Eq. (6) into Eq. (14)
and simplifying the resulting equation, we obtain the follow-
ing solutions.

When Ω = λ 2 − 4µν + 4µ > 0 and λ (ν − 1) 6= 0 (or
µ(ν−1) 6= 0), we have

u11(ξ ) = (4υ−2υ
2−2)

{
d− 1

2(ν−1)

×
(

λ +
√

Ω tanh
(1

2

√
Ωξ

))}2

+ (4υ
2d−2λυ−8υd +2λ +4d)

×
{

d− 1
2(ν−1)

(
λ +
√

Ω tanh
(1

2

√
Ωξ

))}
+
(
−2υ

2d2 +4υd2 +2λdυ− 4
3

µν− 1
6

+
4
3

µ +
1
6

V 2−2d2− 1
6

λ
2−2dλ

)
, (17)

u12(ξ ) = (4υ−2υ
2−2)

{
d− 1

2(ν−1)

×
(

λ +
√

Ω coth
(1

2

√
Ωξ

))}2

+(4υ
2d−2λυ−8υd +2λ +4d)

×
{

d− 1
2(ν−1)

(
λ +
√

Ω coth
(1

2

√
Ωξ

))}
+
(
−2υ

2d2 +4υd2 +2λdυ− 4
3

µν− 1
6

+
4
3

µ +
1
6

V 2−2d2− 1
6

λ
2−2dλ

)
, (18)

u13(ξ ) = (4υ−2υ
2−2)

[
d− 1

2(ν−1)

×
{

λ +
√

Ω
(
tanh

(√
Ωξ
)
± i sech(

√
Ωξ )

)}]2

+(4υ
2d−2λυ−8υd+2λ+4d)

[
d− 1

2(ν−1)
020203-3
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×{λ +
√

Ω(tanh(
√

Ωξ )± i sech(
√

Ωξ ))}
]

+
(
−2υ

2d2 +4υd2 +2λdυ− 4
3

µν− 1
6

+
4
3

µ +
1
6

V 2−2d2− 1
6

λ
2−2dλ

)
, (19)

u14(ξ ) = (4υ−2υ
2−2)

[
d− 1

2(ν−1)

×
{

λ +
√

Ω(coth(
√

Ωξ )± csch(
√

Ωξ ))
}]2

+(4υ
2d−2λυ−8υd +2λ +4d)×

[
d− 1

2(ν−1)

×
{

λ +
√

Ω(coth(
√

Ωξ )± csch(
√

Ωξ ))
}]

+
(
−2υ

2d2 +4υd2 +2λdυ− 4
3

µν− 1
6

+
4
3

µ +
1
6

V 2−2d2− 1
6

λ
2−2dλ

)
, (20)

u15(ξ ) = (4υ−2υ
2−2)

[
d− 1

4(ν−1)

×
{

2λ+
√

Ω

(
tanh

(1
4

√
Ωξ

)
+coth

(1
4

√
Ωξ

))}]2

+(4υ
2d−2λυ−8υd +2λ +4d)×

[
d− 1

4(ν−1)

×
{

2λ+
√

Ω

(
tanh

(1
4

√
Ωξ

)
+coth

(1
4

√
Ωξ

))}]
+
(
−2υ

2d2 +4υd2 +2λdυ− 4
3

µν− 1
6

+
4
3

µ +
1
6

V 2−2d2− 1
6

λ
2−2dλ

)
, (21)

u16(ξ ) = (4υ−2υ
2−2)

[
d +

1
2(ν−1)

×
{
−λ+

±
√

Ω(A2 +B2)−A
√

Ω cosh(
√

Ωξ )

Asinh(
√

Ωξ )+B

}]2

+(4υ
2d−2λυ−8υd+2λ+4d)×

[
d+

1
2(ν−1)

×
{
−λ+

±
√

Ω(A2 +B2)−A
√

Ω cosh(
√

Ωξ )

Asinh(
√

Ωξ )+B

}]
+
(
−2υ

2d2 +4υd2 +2λdυ− 4
3

µν− 1
6

+
4
3

µ +
1
6

V 2−2d2− 1
6

λ
2−2dλ

)
, (22)

u17(ξ ) = (4υ−2υ
2−2)

[
d +

1
2(ν−1)

×
{
−λ+

±
√

Ω(A2 +B2)+A
√

Ω cosh(
√

Ωξ )

Asinh(
√

Ωξ )+B

}]2

+(4υ
2d−2λυ−8υd+2λ+4d)×

[
d+

1
2(ν−1)

×
{
−λ+

±
√

Ω(A2+B2)+A
√

Ω cosh(
√

Ωξ )

Asinh(
√

Ωξ )+B

}]
+
(
−2υ

2d2 +4υd2 +2λdυ− 4
3

µν− 1
6

+
4
3

µ +
1
6

V 2−2d2− 1
6

λ
2−2dλ

)
, (23)

where A and B are both real constants;

u18(ξ ) = (4υ−2υ
2−2)

×

{
d +

2µ cosh
(1

2

√
Ωξ

)
√

Ω sinh
(1

2

√
Ωξ

)
−λ cosh

(1
2

√
Ωξ

)}2

+(4υ
2d−2λυ−8υd +2λ +4d)

×

{
d +

2µ cosh
(1

2

√
Ωξ

)
√

Ω sinh
(1

2

√
Ωξ

)
−λ cosh

(1
2

√
Ωξ

)}

+
(
−2υ

2d2 +4υd2 +2λdυ− 4
3

µν− 1
6

+
4
3

µ +
1
6

V 2−2d2− 1
6

λ
2−2dλ

)
, (24)

u19(ξ ) = (4υ−2υ
2−2)

×

{
d +

2µ sinh
(1

2

√
Ωξ

)
√

Ω cosh
(1

2

√
Ωξ

)
−λ sinh

(1
2

√
Ωξ

)}2

+(4υ
2d−2λυ−8υd +2λ +4d)

×

{
d +

2µ sinh
(1

2

√
Ωξ

)
√

Ω cosh
(1

2

√
Ωξ

)
−λ sinh

(1
2

√
Ωξ

)}

+
(
−2υ

2d2 +4υd2 +2λdυ− 4
3

µν− 1
6

+
4
3

µ +
1
6

V 2−2d2− 1
6

λ
2−2dλ

)
, (25)

u110(ξ ) = (4υ−2υ
2−2)

×
{

d+
2µ cosh(

√
Ωξ )√

Ω sinh(
√

Ωξ )−λ cosh(
√

Ωξ )± i
√

Ω

}2

+(4υ
2d−2λυ−8υd +2λ +4d)

×
{

d+
2µ cosh(

√
Ωξ )√

Ω sinh(
√

Ωξ )−λ cosh(
√

Ωξ )± i
√

Ω

}
+
(
−2υ

2d2 +4υd2 +2λdυ− 4
3

µν− 1
6

+
4
3

µ+
1
6

V 2−2d2− 1
6

λ
2−2dλ

)
, (26)

u111(ξ ) = (4υ−2υ
2−2)

×
{

d+
2µ sinh(

√
Ωξ )√

Ω cosh(
√

Ωξ )−λ sinh(
√

Ωξ )±
√

Ω

}2

+(4υ
2d−2λυ−8υd +2λ +4d)

×
{

d+
2µ sinh(

√
Ωξ )√

Ω cosh(
√

Ωξ )−λ sinh(
√

Ωξ )±
√

Ω

}
+
(
−2υ

2d2 +4υd2 +2λdυ− 4
3

µν− 1
6

+
4
3

µ+
1
6

V 2−2d2− 1
6

λ
2−2dλ

)
. (27)

When Ω = λ 2− 4µν + 4µ < 0 and λ (ν − 1) 6= 0 (or µ(ν −
1) 6= 0), we have

u112(ξ ) = (4υ−2υ
2−2)

×
{

d +
1

2(ν−1)

(
−λ +

√
−Ω tan

(1
2

√
−Ωξ

))}2
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+(4υ
2d−2λυ−8υd +2λ +4d)

×
{

d +
1

2(ν−1)

(
−λ +

√
−Ω tan

(1
2

√
−Ωξ

))}
+
(
−2υ

2d2 +4υd2 +2λd− 4
3

µν− 1
6

υ

+
4
3

µ+
1
6

V 2−2d2− 1
6

λ
2−2dλ

)
, (28)

u113(ξ ) = (4υ−2υ
2−2)

×
{

d− 1
2(ν−1)

(
λ +
√
−Ω cot

(1
2

√
−Ωξ

))}2

+(4υ
2d−2λυ−8υd +2λ +4d)

×
{

d− 1
2(ν−1)

(
λ +
√
−Ω cot

(1
2

√
−Ωξ

))}
+
(
−2υ

2d2 +4υd2 +2λdυ

− 4
3

µν− 1
6
+

4
3

µ+
1
6

V 2−2d2−1
6

λ
2−2dλ

)
, (29)

u114(ξ ) = (4υ−2υ
2−2)

×
[
d +

1
2(ν−1)

{
−λ

+
√
−Ω

(
tan(
√
−Ωξ )± sec(

√
−Ωξ )

)}]2

+(4υ
2d−2λυ−8υd +2λ +4d)

×
[
d +

1
2(ν−1)

{
−λ

+
√
−Ω

(
tan(
√
−Ωξ )± sec(

√
−Ωξ )

)}]
+
(
−2υ

2d2 +4υd2 +2λdυ− 4
3

µν− 1
6

+
4
3

µ +
1
6

V 2−2d2− 1
6

λ
2−2dλ

)
, (30)

u115(ξ ) = (4υ−2υ
2−2)

×
[
d− 1

2(ν−1)

{
λ

+
√
−Ω

(
cot(
√
−Ωξ )± csc(

√
−Ωξ )

)}]2

+(4υ
2d−2λυ−8υd +2λ +4d)

×
[
d− 1

2(ν−1)

{
λ

+
√
−Ω

(
cot(
√
−Ωξ )± csc(

√
−Ωξ )

)}]
+
(
−2υ

2d2 +4υd2 +2λdυ− 4
3

µν− 1
6

+
4
3

µ +
1
6

V 2−2d2− 1
6

λ
2−2dλ

)
, (31)

u116(ξ ) = (4υ−2υ
2−2)

×
[
d +

1
4(ν−1)

{
−2λ

+
√
−Ω

(
tan
(1

4

√
−Ωξ

)
− cot

(1
4

√
−Ωξ

))}]2

+(4υ
2d−2λυ−8υd +2λ +4d)

×
[
d +

1
4(ν−1)

{
−2λ

+
√
−Ω

(
tan
(1

4

√
−Ωξ

)
− cot

(1
4

√
−Ωξ

))}]
+
(
−2υ

2d2 +4υd2 +2λdυ− 4
3

µν− 1
6

+
4
3

µ +
1
6

V 2−2d2− 1
6

λ
2−2dλ

)
, (32)

u117(ξ ) = (4υ−2υ
2−2)

×
[
d +

1
2(ν−1)

{
−λ

+
±
√
−Ω(A2−B2)−A

√
−Ω cos(

√
−Ωξ )

Asin(
√
−Ωξ )+B

}]2

+(4υ
2d−2λυ−8υd +2λ +4d)

×
[
d +

1
2(ν−1)

{
−λ

+
±
√
−Ω(A2−B2)−A

√
−Ω cos(

√
−Ωξ )

Asin(
√
−Ωξ )+B

}]
+
(
−2υ

2d2 +4υd2 +2λdυ− 4
3

µν− 1
6

+
4
3

µ+
1
6

V 2−2d2− 1
6

λ
2−2dλ

)
, (33)

u118(ξ ) = (4υ−2υ
2−2)

×
[
d +

1
2(ν−1)

{
−λ

+
±
√
−Ω(A2−B2)+A

√
−Ω cos(

√
−Ωξ )

Asin(
√
−Ωξ )+B

}]2

+(4υ
2d−2λυ−8υd +2λ +4d)

×
[
d +

1
2(ν−1)

{
−λ

+
±
√
−Ω(A2−B2)+A

√
−Ω cos(

√
−Ωξ )

Asin(
√
−Ωξ )+B

}]
+
(
−2υ

2d2 +4υd2 +2λdυ− 4
3

µν− 1
6

+
4
3

µ+
1
6

V 2−2d2− 1
6

λ
2−2dλ

)
, (34)

where A and B are both arbitrary constants such that A2−B2 >

0;

u119(ξ ) = (4υ−2υ
2−2)

×
{

d− 2µ cos(
√
−Ωξ/2)√

−Ω sin(
√
−Ωξ/2)+λ cos(

√
−Ωξ/2)

}2

+(4υ
2d−2λυ−8υd +2λ +4d)×

{
d

− 2µ cos(
√
−Ωξ/2)√

−Ω sin(
√
−Ωξ/2)+λ cos(

√
−Ωξ/2)

}
+
(
−2υ

2d2 +4υd2 +2λdυ− 4
3

µν− 1
6

+
4
3

µ+
1
6

V 2−2d2− 1
6

λ
2−2dλ

)
, (35)

u120(ξ ) = (4υ−2υ
2−2)

×
{

d +
2µ sin(

√
−Ωξ/2)√

−Ω cos(
√
−Ωξ/2)−λ sin(

√
−Ωξ/2)

}2

+(4υ
2d−2λυ−8υd +2λ +4d)
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×
{

d+
2µ sin(

√
−Ωξ/2)√

−Ω cos(
√
−Ωξ/2)−λ sin(

√
−Ωξ/2)

}
+
(
−2υ

2d2 +4υd2 +2λdυ− 4
3

µν− 1
6

+
4
3

µ+
1
6

V 2−2d2− 1
6

λ
2−2dλ

)
, (36)

u121(ξ ) = (4υ−2υ
2−2)

×
{

d− 2µ cos(
√
−Ωξ )√

−Ω sin(
√
−Ωξ )+λ cos(

√
−Ωξ )±

√
−Ω

}2

+(4υ
2d−2λυ−8υd +2λ +4d)

×
{

d− 2µ cos(
√
−Ωξ )√

−Ω sin(
√
−Ωξ )+λ cos(

√
−Ωξ )±

√
−Ω

}
+
(
−2υ

2d2+4υd2+2λdυ−4
3

µν−1
6

+
4
3

µ+
1
6

V 2−2d2− 1
6

λ
2−2dλ

)
, (37)

u122(ξ ) = (4υ−2υ
2−2)×

{
d

+
2µ sin(

√
−Ωξ/2)√

−Ω cos(
√
−Ωξ/2)−λ sin(

√
−Ωξ/2)±

√
−Ω

}2

+(4υ
2d−2λυ−8υd +2λ +4d)×

{
d

+
2µ sin(

√
−Ωξ/2)√

−Ω cos(
√
−Ωξ/2)−λ sin(

√
−Ωξ/2)±

√
−Ω

}
+
(
−2υ

2d2 +4υd2 +2λdυ− 4
3

µν− 1
6

+
4
3

µ+
1
6

V 2−2d2− 1
6

λ
2−2dλ

)
. (38)

When µ = 0 and λ (ν−1) 6= 0, we have

u123(ξ ) = (4υ−2υ
2−2)

×
{

d− λk
(ν−1)

{
k+ cosh(λξ )− sinh(λξ )

}}2

+(4υ
2d−2λυ−8υd +2λ +4d)

×
{

d− λk
(ν−1)

{
k+ cosh(λξ )− sinh(λξ )

}}
+
(
−2υ

2d2 +4υd2 +2λdυ− 4
3

µν− 1
6

+
4
3

µ+
1
6

V 2−2d2− 1
6

λ
2−2dλ

)
, (39)

u124(ξ ) = (4υ−2υ
2−2)

×
{

d−
λ
{

cosh(λξ )+ sinh(λξ )
}

(ν−1)
{

k+ cosh(λξ )+ sinh(λξ )
}}2

+(4υ
2d−2λυ−8υd +2λ +4d)

×
{

d−
λ
{

cosh(λξ )+ sinh(λξ )
}

(ν−1)
{

k+ cosh(λξ )+ sinh(λξ )
}}

+
(
−2υ

2d2 +4υd2 +2λdυ− 4
3

µν− 1
6

+
4
3

µ+
1
6

V 2−2d2− 1
6

λ
2−2dλ

)
, (40)

where k is an arbitrary constant.
When (ν−1) 6= 0 and λ = µ = 0, the solution of Eq. (8)

is

u125(ξ ) = (4υ−2υ
2−2)

{
d− 1

(ν−1)ξ + c1

}2

+(4υ
2d−2λυ−8υd +2λ +4d)

×
{

d− 1
(ν−1)ξ + c1

}
+
(
−2υ

2d2 +4υd2 +2λdυ− 4
3

µν− 1
6

+
4
3

µ+
1
6

V 2−2d2− 1
6

λ
2−2dλ

)
, (41)

where c1 is an arbitrary constant.
By substituting the solutions G(ξ ) of Eq. (6) into

Eq. (15), and simplifying the resulting equation, we obtain the
following solutions.

When Ω = λ 2 − 4µν + 4µ > 0 and λ (ν − 1) 6= 0 (or
µ(ν−1) 6= 0),

u21(ξ ) =
(
4υd4−4µυd2−2µ

2 +4λd3
υ−4λd3

−2λ
2d2−2υ

2d4 +4µd2−2d4 +4µλd
)

×
{

d− 1
2(ν−1)

(
λ +
√

Ω tanh
(1

2

√
Ωξ

))}−2

+
(
4d3−2µλ +2λ

2d−4µd +6λd2 +4υ
2d3

−8υd3−6λd2
υ +4µυd

)
×
{

d− 1
2(ν−1)

(
λ +
√

Ω tanh
(1

2

√
Ωξ

))}−1

+
(
−2υ

2d2 +4υd2 +2λdυ− 4
3

µν− 1
6

+
4
3

µ+
1
6

V 2−2d2− 1
6

λ
2−2dλ

)
, (42)

where ξ = x−Vt, d, λ , µ , and ν are arbitrary constants;

u22(ξ ) = (4υd4−4µυd2−2µ
2 +4λd3

υ−4λd3

−2λ
2d2−2υ

2d4 +4µd2−2d4 +4µλd)

×
{

d− 1
2(ν−1)

(λ +
√

Ω coth(
√

Ωξ/2))
}−2

+(4d3−2µλ +2λ
2d−4µd +6λd2 +4υ

2d3

−8υd3−6λd2
υ +4µυd)

×
{

d− 1
2(ν−1)

(λ +
√

Ω coth(
√

Ωξ/2))
}−1

+
(
−2υ

2d2 +4υd2 +2λdυ− 4
3

µν− 1
6

+
4
3

µ+
1
6

V 2−2d2− 1
6

λ
2−2dλ

)
, (43)

u23(ξ ) = (4υd4−4µυd2−2µ
2 +4λd3

υ−4λd3

−2λ
2d2−2υ

2d4 +4µd2−2d4 +4µλd)

×
[
d− 1

2(ν−1)

{
λ

+
√

Ω(tanh(
√

Ωξ )± i sech(
√

Ωξ ))
}]−2

+(4d3−2µλ +2λ
2d−4µd +6λd2 +4υ

2d3

−8υd3−6λd2
υ +4µυd)

020203-6



Chin. Phys. B Vol. 23, No. 2 (2014) 020203

×
[
d− 1

2(ν−1)

{
λ

+
√

Ω(tanh(
√

Ωξ )± i sech(
√

Ωξ ))
}]−1

+
(
−2υ

2d2 +4υd2 +2λdυ− 4
3

µν− 1
6

+
4
3

µ+
1
6

V 2−2d2− 1
6

λ
2−2dλ

)
. (44)

The other families of exact solutions of Eq. (8) are omitted for
convenience.

When Ω = λ 2 − 4µν + 4µ < 0 and λ (ν − 1) 6= 0 (or
µ(ν−1) 6= 0), we have

u212(ξ ) = (4υd4−4µυd2−2µ
2 +4λd3

υ−4λd3

−2λ
2d2−2υ

2d4 +4µd2

−2d4 +4µλd)×
{

d +
1

2(ν−1)

×
(
−λ +

√
−Ω tan(

√
−Ωξ/2)

)}−2

+(4d3−2µλ +2λ
2d−4µd +6λd2 +4υ

2d3

−8υd3−6λd2
υ +4µυd)

×
{

d+
1

2(ν−1)
(−λ+

√
−Ω tan(

√
−Ωξ/2))

}−1

+
(
−2υ

2d2 +4d2
υ +2dλυ− 4

3
µυ− 1

6

+
4
3

µ +
1
6

V 2−2d2− 1
6

λ
2−2λd

)
, (45)

u213(ξ ) = (4υd4−4µυd2−2µ
2 +4λd3

υ−4λd3−2λ
2d2

−2υ
2d4 +4µd2−2d4 +4µλd)

×
{

d− 1
2(ν−1)

(
λ +
√
−Ω cot(

√
−Ωξ/2)

)}−2

+(4d3−2µλ +2λ
2d−4µd +6λd2

+4υ
2d3−8υd3−6λd2

υ +4µυd)

×
{

d− 1
2(ν−1)

(
λ +
√
−Ω cot(

√
−Ωξ/2)

)}−1

+
(
−2υ

2d2 +4d2
υ +2dλυ− 4

3
µυ− 1

6

+
4
3

µ +
1
6

V 2−2d2− 1
6

λ
2−2λd

)
, (46)

u214(ξ ) = (4υd4−4µυd2−2µ
2 +4λd3

υ−4λd3

−2λ
2d2−2υ

2d4 +4µd2−2d4 +4µλd)

×
{

d +
1

2(ν−1)

{
−λ

+
√
−Ω(tan(

√
−Ωξ )± sec(

√
−Ωξ ))

}}−2

+(4d3−2µλ +2λ
2d−4µd +6λd2 +4υ

2d3

−8υd3−6λd2
υ +4µυd)

×
{

d +
1

2(ν−1)

{
−λ

+
√
−Ω(tan(

√
−Ωξ )± sec(

√
−Ωξ ))

}}−1

+
(
−2υ

2d2 +4d2
υ +2dλυ− 4

3
µυ− 1

6

+
4
3

µ +
1
6

V 2−2d2− 1
6

λ
2−2λd

)
. (47)

When (ν−1) 6= 0 and λ = µ = 0, the solution of Eq. (8) is

u225(ξ ) = (4υd4−4µυd2−2µ
2 +4λd3

υ−4λd3

−2λ
2d2−2υ

2d4 +4µd2

−2d4 +4µλd)
{

d− 1
(ν−1)ξ + c1

}−2

+(4d3−2µλ +2λ
2d−4µd +6λd2 +4υ

2d3

−8υd3−6λd2
υ +4µυd)

{
d− 1

(ν−1)ξ + c1

}−1

+
(
−2υ

2d2 +4d2
υ +2dλυ− 4

3
µυ− 1

6

+
4
3

µ +
1
6

V 2−2d2− 1
6

λ
2−2λd

)
, (48)

where c1 is an arbitrary constant.
We can write down the other families of exact solutions

of Eq. (8), which are omitted for practicality.
Finally, substituting the solutions G(ξ ) of Eq. (6) into

Eq. (16) and simplifying the resulting equation, we obtain the
following solutions.

When Ω = λ 2 − 4µν + 4µ > 0 and λ (ν − 1) 6= 0 (or
µ(ν−1) 6= 0), we obtain

u31(ξ ) = (4υ−2υ
2−2)

{ 1
2(ν−1)

(
√

Ω tanh(
√

Ωξ/2))
}2

+
{
−1

8

(16µ2υ2−8µυλ 2−32µ2υ+16µ2+8µλ 2+λ 4

(υ−1)2

)}
×
{ 1

2(ν−1)
(
√

Ω tanh(
√

Ωξ/2))
}−2

+
(
−4

3
µυ +

1
3

λ
2 +

4
3

µ− 1
6
+

1
6

V 2
)
, (49)

where ξ = x−Vt, and λ , µ , and ν are arbitrary constants;

u32(x, t) = (4υ−2υ
2−2)

{ 1
2(ν−1)

(
√

Ω coth(
√

Ωξ/2))
}2

+
{
−1

8

(16µ2υ2−8µυλ 2−32µ2υ+16µ2+8µλ 2+λ 4

(υ−1)2

)}
×
{ 1

2(ν−1)
(
√

Ω coth(
√

Ωξ/2))
}−2

+
(
−4

3
µυ +

1
3

λ
2 +

4
3

µ− 1
6
+

1
6

V 2
)
, (50)

u33(ξ ) = (4υ−2υ
2−2)

[ 1
2(ν−1)

×
{√

Ω(tanh(
√

Ωξ )± i sech(
√

Ωξ ))
}]2

+
{
−1

8

(16µ2υ2−8µυλ 2−32µ2υ+16µ2+8µλ 2+λ 4

(υ−1)2

)}
×
[ 1
2(ν−1)

{√
Ω(tanh(

√
Ωξ )± i sech(

√
Ωξ ))

}]−2

+
(
−4

3
µυ +

1
3

λ
2 +

4
3

µ− 1
6
+

1
6

V 2
)
. (51)

For simplicity, others families of exact solutions are omitted.
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When Ω = λ 2 − 4µν + 4µ < 0 and λ (ν − 1) 6= 0 (or
µ(ν−1) 6= 0), we have

u312(ξ ) = (4υ−2υ
2−2)

{ 1
2(ν−1)

(
√
−Ω tan(

√
−Ωξ/2))

}2

+
{
−1

8

(16µ2υ2−8µυλ 2−32µ2υ+16µ2+8µλ 2+λ 4

(υ−1)2

)}
×
{ 1

2(ν−1)
(
√
−Ω tan(

√
−Ωξ/2))

}−2

+
(
−4

3
µυ +

1
3

λ
2 +

4
3

µ− 1
6
+

1
6

V 2
)
, (52)

u313(ξ ) = (4υ−2υ
2−2)

{ 1
2(ν−1)

(
√
−Ω cot(

√
−Ωξ/2))

}2

+
{
−1

8

(16µ2υ2−8µυλ 2−32µ2υ+16µ2+8µλ 2+λ 4

(υ−1)2

)}
×
{ 1

2(ν−1)
(
√
−Ω cot(

√
−Ωξ/2))

}−2

+
(
−4

3
µυ +

1
3

λ
2 +

4
3

µ− 1
6
+

1
6

V 2
)
, (53)

u314(ξ ) = (4υ−2υ
2−2){ 1

2(ν−1)

{√
−Ω(tan(

√
−Ωξ )± sec(

√
−Ωξ ))

}}2

+
{
−1

8

(16µ2υ2−8µυλ 2−32µ2υ+16µ2+8µλ 2+λ 4

(υ−1)2

)}
×
{ 1

2(ν−1)

{√
−Ω(tan(

√
−Ωξ )± sec(

√
−Ωξ ))

}}−2

+
(
−4

3
µυ +

1
3

λ
2 +

4
3

µ− 1
6
+

1
6

V 2
)
. (54)

When (ν−1) 6= 0 and λ = µ = 0, the solution of Eq. (8) is

u325(ξ ) = (4υ−2υ
2−2)

{
λ

2(ν−1)
− 1

(ν−1)ξ + c1

}2

+
{
−1

8

(16µ2υ2−8µυλ 2−32µ2υ+16µ2+8µλ 2+λ 4

(υ−1)2

)}
×
{

λ

2(ν−1)
− 1

(ν−1)ξ + c1

}−2

+
(
−4

3
µυ +

1
3

λ
2 +

4
3

µ− 1
6
+

1
6

V 2
)
, (55)

where c1 is an arbitrary constant.
The other families of exact solutions of Eq. (8) are omit-

ted for convenience.

4. Physical explanation
Solutions (17), (19), (42), and (44) are cuspon of the

Boussinesq equation. Cuspons are different forms of solitons
where solution exhibits cusps at their crests. Unlike peakons,
where the derivatives at the peak differ only by a sign, the
derivatives at the jump of a cuspon diverge. It is important to
note that the soliton solution u(x, t), along with its derivatives,
tends to be zero as |x| →∞. The assumption is that cuspon can
be represented as u(x, t) = e−|x−a|1/2

, n > 1. It can easily be
shown that uξ = ∞ at the cusp, and uξ , uξ ξ · · · → 0 to charac-
terize the soliton property. Figure 1 below shows the cuspon,

obtained from solution (17) of the Boussinesq equation (8).
The shapes of figure of solutions (19), (42), and (44) are sim-
ilar to the figures of solution (17), and so the figures of these
solutions are omitted here for convenience.

-10 -10
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0

00

0.5

1.0

1.5

xt

Fig. 1. (color online) Graph of cuspon solution of Eq. (17) for
λ = 1, µ =−1, ν = 2, d = 1, α = 1 with −10≤ x, t ≤ 10.

Solutions (39) and (40) are bell-shaped sech2 solitary
traveling wave solutions. Figure 2 shows the shape of the bell-
shaped sech2 solitary traveling wave solution (Shown here is
only the shape of solution of Eq. (21) with V = 1, k = 1, λ = 1,
µ = 0, ν =−2, d = 1, and α = 1 with −10≤ x, t ≤ 10. ).
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0.1
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0.3

xt

Fig. 2. (color online) Bell-shaped sech2 solitary traveling wave so-
lution of Eq. (39) with −10≤ x, t ≤ 10.

Solutions (18), (20), (49)–(51), and (55) are singular soli-
ton solutions. Figure 3 shows the shape of the exact singular
soliton solution of Eq. (18) of the Boussinesq equation. The
shapes of figures of solutions (20), (48)–(51), and (55) are sim-
ilar to the shape of the figure of solution (18).

The solution of Eq. (21) is a singular kink solution. Fig-
ure 4 shows the shape of the exact singular kink-type solu-
tion (shown here is only the shape of solution of Eq. (21) with
λ = 1, µ =−1, ν = 2, d = 3, α = 1 with −10≤ x, t ≤ 10).
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Fig. 3. (color online) Graph of singular soliton solution of Eq. (18)
with −10≤ x, t ≤ 10.
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Fig. 4. (color online) Graph of the singular kink traveling wave
solution of Eq. (21) with −10≤ x, t ≤ 10.

Solutions (22)–(27), (39)–(41), (43), and (48) describe
the soliton, which is a special kind of solitary wave. The
soliton solution is a specially localized solution; hence, u′(ξ ),
u′′(ξ ), u′′′(ξ )→ 0 as ξ →±∞ and ξ = x−ct. The soliton has
a remarkable property in that it keeps its identity upon inter-
acting with other solitons. Figure 5 shows the soliton obtained
from solution (22).

Solutions of Eqs. (28), (30), (31), (33), (35), (37), (45)–
(47), and (54) represent the exact periodic traveling wave so-
lutions. The periodic solutions are traveling wave solutions
that are periodic, such as cos(x− t). Figure 6 below shows the
periodic solution of Eq. (28). The graph of periodic solution
of Eq. (28), for V = 1, λ = 1, µ = 1, ν = 2, d = 2, and α = 1
with −1≤ x, t ≤ 1 is omitted for convenience.

Solutions of Eqs. (29), (32), (34), (36), (38), and (52)–
(53) are the exact singular periodic traveling wave solutions.
Figure 7 shows the shape of u213(x, t) with λ = 1, µ = 1, ν = 2,
d = 2, α = 1, and −1≤ x, t ≤ 1.
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Fig. 5. (color online) Graph of the soliton traveling wave solution
of Eq. (22) with −10≤ x, t ≤ 10.
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Fig. 6. (color online) Graph of the periodic traveling wave solution
of Eq. (28) with −10≤ x, t ≤ 10.
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Fig. 7. (color online) Graph of the singular periodic traveling wave
solution of Eq. (29) with −10≤ x, t ≤ 10.

Remark 1 We have checked the obtained solutions by
putting them back into the original equation and have found
them to be correct.
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5. Discussion
From the above solutions we observe that if we set ν = 0,

d = 0,

α0 =
4λ 2

3
− 3λ

2
− 2

3
− 16µ

3
+

4V 2

6
,

and λ and µ are replaced by −λ and −µ , respectively, in our
solutions. Then, Case 1 in Ref. [25] by Neyrame et al. is
identical to our solution u11 when C2 = 0 and solution (13) is
identical to our solution u12 when C1 = 0. Similarly, Case 2 in
Ref. [25] by Neyrame et al. is identical to our solutions u112

and u113 when C2 = 0 and C1 = 0 respectively. On the other
hand Case 3 in Ref. [25] by Neyrame et al. is identical to our
solution u125 . Although Neyrame et al.[25] did not find any
more solutions, by using the proposed new (G′/G)-expansion
method, for Set 1, apart from these solutions, we obtain a fur-
ther twenty new solutions. The solutions obtained in this ar-
ticle for Set 2 and for Set 3 are not obtained by Neyrame et
al. It can be shown that the solutions obtained by the im-
proved (G′/G)-expansion method[21] and the basic (G′/G)-
expansion method[14] are only special cases of our proposed
(G′/G)-expansion method.

6. Conclusions
A novel (G′/G)-expansion method has been proposed

and applied to the Boussinesq equation in this article. Abun-
dant exact traveling wave solutions of this equation are con-
structed by the proposed method. The obtained solutions are
more general, and many known solutions are only a special
cases of these. Furthermore, this study shows that the pro-
posed method is quite efficient and practically well suited to
be used in finding exact solutions of NLEEs. It is noteworthy
to observe that the basic (G′/G)-expansion method, the im-
prove (G′/G)-expansion method and the generalized and im-
proved (G′/G)-expansion method are only special cases of the

proposed new (G′/G)-expansion method and, thus, the new
(G′/G)-expansion method would be a powerful mathematical
tool for solving NLEEs.
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