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Spectrum sensing is an essential component to realize the cognitive radio, and the requirement for real-time spectrum
sensing in the case of lacking prior information, fading channel, and noise uncertainty, indeed poses a major challenge to
the classical spectrum sensing algorithms. Based on the stochastic properties of scalar transformation of power spectral
density (PSD), a novel spectrum sensing algorithm, referred to as the power spectral density split cancellation method
(PSC), is proposed in this paper. The PSC makes use of a scalar value as a test statistic, which is the ratio of each subband
power to the full band power. Besides, by exploiting the asymptotic normality and independence of Fourier transform,
the distribution of the ratio and the mathematical expressions for the probabilities of false alarm and detection in different
channel models are derived. Further, the exact closed-form expression of decision threshold is calculated in accordance
with Neyman—Pearson criterion. Analytical and simulation results show that the PSC is invulnerable to noise uncertainty,
and can achive excellent detection performance without prior knowledge in additive white Gaussian noise and flat slow
fading channels. In addition, the PSC benefits from a low computational cost, which can be completed in microseconds.
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1. Introduction

The rapid growth in wireless communications has
brought about conflicts between a huge demand on the deploy-
ment of new wireless services and increasingly scarce spec-
trum resources. However, various researches of spectrum uti-
lization have shown that substantial resources in frequency,
time, and space are inefficiently exploited, even unused.!? To

(351 has emerged

address this problem, cognitive radio (CR)
as a promising technology to enable the access of the inter-
mittent periods of unoccupied frequency bands, and thereby
increases the spectral efficiency. In the most primitive sense,
the fundamental task of secondary users (SUs) in CR networks
is to detect the primary users (PUs). This is usually achieved
by sensing the ambient radio frequency environments of SUs,
a process called spectrum sensing.!®! In practical CR net-
works applications, spectrum sensing usually has to suffer the
following afflictions.

(i) Spectrum sensing needs to be able to detect PUs at a
fairly low detection signal-to-noise ratio (SNR) level with low
detection error probabilities. "]

(i) Given the protection for PUs and the inaccurateness of
estimating parameters in the low SNR regime, spectrum sens-
ing should work well without any cofactor.!'!]

(iii) Complex electromagnetic environments such as mul-
tipath fading, shadowing, and the noise uncertainty may seri-
ously compromise the performance of spectrum sensing.

(iv) The spectrum sensing time interval must be limited
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at an acceptable level, or it will lead to low spectrum utiliza-
tion. More importantly, SUs will bring harmful interference to
reappeared PUs.

To cope with the challenges mentioned above, several
spectrum sensing schemes have been proposed in the litera-
ture. When SUs have perfect knowledge of the signal wave-
form of PUs, the optimal spectrum sensing method is co-
herent detection,'?! as it maximizes the signal-to-noise ra-
tio (SNR) at the detector’s output. However, coherent detec-
tion is almost ineffective in blind spectrum sensing. By ex-
ploiting the cyclostationary feature from modulation type, car-
rier frequency, symbol rate, and sampling rate of the PU sig-
nal, cyclostationary-based spectrum sensing!!3 achieves reli-
able performance, even in the very low SNR regime. As a
drawback, it often requires a prior knowledge of the signal
characteristics to reduce the computational complexity. Given
that the statistical covariance matrices or autocorrelations of
the signal and noise are generally different, eigenvalue-based
spectrum sensing methods are proposed in Refs. [14]-[18].
These methods have wide applications in signal detection
without requiring knowledge of the signal, channel, and noise
power. Nevertheless, it is very difficult (mathematically in-
tractable) to obtain a precisely closed-form formula for the
threshold. Although some improvements have been made for
this issue in Refs. [17] and [18], it is still not easy to apply to
practical scenarios, since optimal thresholds depend on empir-
ical values. Due to its advantages of easy implementation, real
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time, and blind spectrum sensing supported, energy detection
(ED)!19-25] has been widely regarded as the most popular spec-
trum sensing technique in both study and application. ED can
be performed in the time or frequency domain. Time-domain
energy detection (TDED)!'%?%] adds up the square modulus of
the signal amplitude in the sensing period as the test statistic,
while frequency-domain energy detection (FDED)!?1-?4 accu-
mulates a power spectrum in the sensing bandwidth as the test
statistic. Regardless of TDED or FDED, they have their own
inherent limitation: noise uncertainty. Since the ED threshold
depends on the noise variance, even a little noise uncertainty
may affect ED performance seriously.>!

Inspired by some FDED methods,?!~?* a power spectral
density split cancellation (PSC) method is proposed in this pa-
per. In contrast to FDED, the PSC uses the ratio of each sub-
band power to the full band power as a test statistic. Benefit-
ting from this scalar transformation, the PSC not only inherits
the advantages of FDED, but also overcomes the impact of
noise uncertainty. The novel contribution of this paper is as
follows.

i) Based on the asymptotic normality and independence
of Fourier transform, we first get the stochastic properties of
the power spectral density, and then we calculate the cumula-
tive distribution function of the ratio of each subband power
to the full band power. In addition, the exact closed-form ex-
pressions of the probability of a false alarm and the decision
threshold are obtained. Most importantly, it is shown that the
decision threshold is just decided by the configuration param-
eters of the PSC, and theoretically, we prove that the PSC is
inherently capable of suppressing the noise uncertainty.

ii) Considering the correlation of oversampling samples,
a more accurate mathematical formula for the probability of
detection under additive white Gaussian noise (AWGN) chan-
nel and flat slow fading channels are derived. Both analytical
and simulation results show that the PSC could offer a high
probability of detection at a low probability of a false alarm
for a wide range of SNR without prior knowledge in different
channels. These conclusions can give important insight into
the performance of this algorithm under various channel mod-
els and operational scenarios.

iii) Algorithm complexity is analyzed according to the
PSC procedure, and we verify that the Fourier transform dom-
inates the computation overhead of the PSC. When imple-
mented on a Field-Programmable Gate Array (FPGA), the
PSC will be accomplished in microseconds by means of ma-
ture module of fast Fourier transform techniques.

The rest of this paper is organized as follows. Section 2
presents the employed system model. In Section 3, the steps
of the PSC are summarized and the expressions for the prob-
ability of detection and a false alarm are derived. Section 4
provides atheoretical performance analysis in four aspects.

In Section 5, we illustrate the performance of the proposed
method via some simulations. Finally, we conclude our paper
in Section 6.

2. System model and basic assumptions

In this section, a reasonable system model considering
signal oversampling is presented, which serves as an analysis
basis to study blind spectrum sensing. The single-user spec-
trum sensing is formulated as a binary hypothesis problem as
follows:

_Jw(@), Hp,
x(t)_{h(t)s(t)er(t), . )

We make the following assumptions:

AS1 x(¢) denotes the received signal at the SU, s(¢) is
a PU transmitted signal, which is unknown and real, w(z) is
band-limited white noise, k(¢) is the channel coefficient, which
is independent of w(r), 5% and 7] denote the hypothesis of
the absence and the presence of the PU signal respectively;

AS2 o(t) is the complex Gaussian, independently and
identically distributed (i.i.d.) random process with mean zero
and variance 62, namely @(t) ~ €.4(0,02), and it can be
denoted as @(t) = ©"(t) +jw'(t), where ®'(t) and w'(r) are
the real part and imaginary part of ®(¢), ®"(¢), and w'(¢) is
the independent Gaussian random process with mean zero and
variance 62 /2;

AS3 h(t) could be either a constant or complex random
process, with mean L, and variance G/%. Without considera-
tions of large scale fading and shadowing, we have /.L% + G,f =
1. When the PU signal transmits in the AWGN channel, A() is
constant and t;, = 1; when the PU signal transmits in the slow
flat fading channel, A(¢) is a complex random process and it
will remain unchanged for at least a symbol period. In this pa-
per, we assume A(¢) stays unchanged in a symbol period, and
we discuss two classic slow flat fading channels:

1) Rayleigh channel: #(z) is complex Gaussian random
process with u;, =0 and G,f =1

2) Rician channel: #(r) is complex Gaussian random
process with K = H;% / G,%, and Rician factor K is the ratio be-
tween the power in the direct path and the power in the other
scattered paths.

For the evaluation of the detection performance, the prob-
abilities of detection Py and false alarm P; are defined as

Py = P{decision = 54|74 }, 2)
Py = P{decision = 4 |74 }. 3)

Discrete observations x(n),n =0, 1,...,N — 1 are sampled
from received signal x(¢), with N denoting the total number
of discrete samples. From the above assumptions, samples
x(n),n=0,1,....N—1 willbe equal to @(n),n=0,1,.... N—1
when PU is absent, whereas they will be equal to h(n)s(n) +
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o(n),n=0,1,...,N
which obeys a complex Gaussian distribution

) ~ €N (0,02), S,
CN (ns(n), 6;5°(n) + 05), A,

— 1. In addition, x(n) is a random variable,

“4)

where h(n),
s(t), and (t), respectively.

s(n), and w(n) are the discrete sample of h(r),

In realistic blind spectrum sensing scenarios, because of
lacking prior information, the sampling rate has to be deter-
mined by the instantaneous monitoring bandwidth IMBW) of
the receiver rather than the bandwidth of the PU signal, and
usually it is twice or multiple of the IMBW. We assume that
the PU signal may appear in the IMBW, and the signal band-
width is less than IMBW. Thus, oversampling towards the PU
signal will take place inevitably. When analyzing the statistic
characteristics of the PSC, we should consider the influence
brought by oversampling.

3. Single-user PSC

In this section, firstly, the flow of the single-user PSC
will be given, and the asymptotic normality and independence
of Fourier transform are confirmed. Secondly, the stochastic
properties of PSD are deduced. Finally, the mathematical ex-
pression for the probability of a false alarm is derived, and we
infer an exact closed-form expression of the decision threshold
of the PSC.

3.1. The PSC algorithm

N — 1 will be di-
vided into U segments with the same length M. The u-th seg-
M—1,u=1,2,...,U. Here the seg-
ment length M is chosen as even and M = N/U. Considering

The discrete samples x(n), n =0, 1, ...,
ment is x,(n),n="0,1,...,

the difference of the stochastic properties of the power spec-
tral density between 7] and J&), the test statistic of the PSC is
designed in use of normalized PSD and the PSC can be sum-
marized as five steps given below.

Step 1 Calculating the Fourier transform of x,,(n)

lMl

vir L

where k=0,1,...M—1landu=1,2,....U.
Step 2 Getting the power spectrum F, (k) by the peri-

—277,'jk}'l/1\47 (5)

odogram method
Fu(k) = X (k). (©6)

so the average power spectrum of all the segments can be ex-
pressed as

U
Y Fu(k), )

where k =0,1,....M —1and u = 1,2,...,U. Given the trans-
mitted signal is real, its power spectrum is symmetric. For
convenience, we only use the power spectrum of positive fre-
quency.

Step 3 Splitting the power spectrum into L subbands with
T /2 frequency bins in each subband, where L is a positive inte-
ger. Then the power of full band and subband can be obtained

from the following expression

M/2
Fran = Z Favg (k)7 (8)
k=1
T/2 T
Z Fag (1= 1)5 +K), )

where [ =1,2,...,.L

Step 4 Generating the test statistic (/) for each subband
by introducing normalization to take scalar transformation
L

l =
() Fran’

1=1,2,..,L. (10)

Step 5 Comparing r(/) with the threshold v, if (1) > 7,
we set decision array element R(/) as 1, otherwise R(/) = 0.
The final decision is made as follows:

L \R()=0, decide 4, an
L R(I)>1, decide 4.

3.2. Stochastic properties of power spectral density

To get the distribution of the test statistic, we first derive
the stochastic properties of PSD F, (k). To facilitate analysis,
Fourier transform of x,(n) in Step 1 is decomposed into

X, (k) = X,y (k) +iX} (k), (12)

where X! (k) and X/ (k) are the real part and imaginary part
of X, (k). So, PSD estimation in Eq. (6) can be written as
Fulk) = (X3(K))? + (X3 (k)
erties of F,(k), we should derive the distributions and the co-

. To analyze the stochastic prop-

variance of X' (k) and X! (k) along with the covariance of X, (p)
and X,,(¢), where 0 < p,g <M —1,p #gq.

Under 7%, by substituting x,(n) = o};(n) +j
Eq. (5), the real part X} (k) can be expressed as

1 MZ‘ {C o8 <2nkn) o (n)}

Z [ ( ”k”> w;(n)]. (13)

Similarly, the imaginary part X} (k) is

o ()]

M—1
LM y [sm(zﬁn) w{,(n)]. (14)

n=0

ol (n) into
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When the sample rate is multiple times of IMBW, which is the

practical noise bandwidth, ®(n),n = 0,1,...,N — I are inde-

pendent of each other. Along with the independence between
@} (n) and @ (n), the mean and variance of X' (k) and X (k)
can be directly achieved as

E[X;(0)] = E [X(0)] =0, as)

DIX0] = D) - 2. 16)

where E [-] and D [-] stand for mean and variance operators. By
the following lemma, we can know the covariance of X (k) and
Xi (k).

Lemma 1 Under %, the covariance of X (k) and X (k)
is zero

Cov {X;(k),x;(k)} =0. 17)

Proof According to Eq. (15), the covariance between
X!(k) and X! (k) under 7% can be simplified as

Cov [ X5(0), X4 (k)|
= E (X0 — E (x;(k)) (X0 — E (Xi0)) )|
— E[Xi0Xi(0)] (18)
Substituting Egs. (13) and (14) into Eq. (18), we have

Cov [X5(0), X} (k)]

11‘420l <27rkn) in(z;}zm)E [w;(n)z}
1 MZ' <27tkn> i <27Zm>E {w{, (n)z}

VL=O
=0. (19)

As shown in the following lemma, we derive the corre-
lation of the power spectrum of different frequency bins from
the same segment under J4).

Lemma 2 Under J74), the power spectrums of different
bins from the same segment are uncorrelated, that is

Cov[Xu(p), Xu(q)] =0, (p#q,0<p,g<M—1). (20)

Proof From Eq. (15), it is obviously to get

E [Xu(p)] =E [Xu(q)] =0. 2n

Then the covariance between X,(p) and X,(q) can be ex-
pressed as

Cov[X,(p), Xu(q)]

= E[((p) —E (%,(p))) (X(q) — E (Xu(0)))]

(el )

M-1 n
—gLre P e k). @

From the formula for the sum of a geometric series, we obtain

Cov [X,(p), Xu(q)]
M—1 .275 2
ZLio—gnlE
n;) exp [J vl q)n} [y (n)]
=0, p#9,0<pg<M-1 23)

Thus, different power spectrum bins of the same segment are
uncorrelated.

With the help of Lemma 1 and Lemma 2, the following
theorem can be given.

Theorem 1 Under %), the power spectrums F,(k),0 <
k <M — 1 are independent, which obey a central Chi-square
distribution with two degrees of freedom. The mean and vari-
ance of F,(k) are

E[F,(k)|.7%) = o5, (24)
D[F, (k)| 4] = o3, 25)

Proof As is known to all, the Fourier transform is a lin-
ear transformation, so the Fourier transform of @,(n) is also
a Gaussian distribution. In addition, the real part X} (k) and
imaginary part X} (k) of X, (k) also obey a Gaussian distribu-
tion. Using Lemma 1, we will know that X" (k) and X! (k) are
independent. So, under %, F, (k) obeys a central Chi-square
distribution with two degrees of freedom. The mean and vari-
ance of F,(k) can be achieved as

2

E[F ()4 =2( /22| =a, 26)

%

D[F, (k)| ) = 4 = gy @7

From Lemma 2, we can get that X,,(p) and X,,(g) are in-
dependent of each other. Since the continuous function of two
independent variables is also independent, we could conclude
that power spectrums F, (k) = |X,,(k)|* are independent of dif-
ferent k.

When analyzing the stochastic properties of PSD un-
der 4, the influence on the independence of 4(n), which is
caused by oversampling, has been taken into consideration. In
a slow flat fading channel, channel coefficient 4(n) from a cer-
tain change period is supposed to be one and the same random
variable, and channel coefficients from different symbol peri-
ods are independent random variables. Oversampling factor R
is defined as the ratio of sample rate to symbol rate, which is a
positive integer R < M.
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Under 4, by replacing x,(n) with [k} (n)s,(n) +
@~ (n)] +j[h, (n)s,(n) + @} (n)] in Eq. (5), the real part X (k)
can be written as

X = L'y s (227 ) s+ 05|

M ;5 M
., IMMOI sin (225 ) () ) + ).

(28)
and the imaginary part X! (k) is

56 = o X [oos (5) st + )|

. jMMZ: [ (2’;‘) (H (n)sa(n) +w;<n>>] ,

(29)

where /' (n) and A, () denote the real part and imaginary parts
of h,(n), repectively.

In analogy to the analysis process mentioned above, we
get the following lemmas about the distributions and correla-
tion of X/ (k) and X/ (k) under /4.

Lemma 3 Under ., the mean and variance of X[ (k)
and X[ (k) are

E[XI(K)] = j—ﬁuzsuk) + ﬁuzs‘;(k» (30)

. 1 1 i
E[X0)] = muiSil) — uis®, 6D
% , %Gk
2 2M

DIX; (0] =D X} (k)| = (32)

where S, (k) = YM Vs, (n) e 3270/M | 5t (k) and S, (k) are the
real part and imaginary part of S, (k), and

M/R—1|R-1 : 2
Gk)="Y Y su(Rn'+n)exp (27;]4]“1>| . (33)
n'=0 |[n=0

Proof See Appendix A.

Although the formulas in Lemma 3 are deduced in a slow
flat fading channel, they are also suitable for an AWGN chan-
nel when G}% is replaced by value 0. In the following lemma,
the correlation analysis of X" (k) and X! (k) under ./ is given.

Lemma 4 Under 7, the covariance of X (k) and X/ (k)
are zero

Cov {X;(k),X;(k)} —0. (34)

Proof See Appendix B.
The following lemma discusses the correlation of differ-
ent power spectrum bins under 77 .

Lemma 5 Under .77, the power spectrum bins of the
same segment are asymptotically uncorrelated, and the corre-
lation coefficient of different spectrum bins meets

2
Oy

0< |p| € 5—E—.
_‘p|_c,f+l/SNR

(35)

Proof See Appendix C. Obviously, the correlation coef-
ficient of different spectrum bins in the AWGN channel is zero,
as o7 equals zero in this channel model. In the slow flat fad-
ing channels, although G,% is not zero, we can also deduce that
the correlation coefficient p tends to zero asymptotically when
taking a low SNR regime of cognitive radio into account. So,
different power spectrum bins of the same segment are asymp-
totically uncorrelated under 777 .

Theorem 2 Under 4, the power spectrums Fy(k),0 <
k < M — 1 are asymptotically independent, which obey a non-
central Chi-square distribution with two degrees of freedom.
The mean and variance of F,, (k) are

_ wISKIP+Gk)aE

E[F,(k)|74] = i + 04y, (36)
G(k)o? +Ma2)’
DF. (0] = LT M%)
2 2 2 2

M?2

Proof In the same way, from Eq. (4), we can conclude
the Fourier transform X, (k), the real part X[ (k) and imaginary
part X! (k) all obey a Gaussian distribution. With the help of
Lemma 4, the real part and imaginary part are derived to be
independent. Therefore, F, (k) obeys a noncentral Chi-square
distribution with two degrees of freedom. By means of the
mean and variance formulas of noncentral Chi-square distri-
bution, the mean and variance of F,(k) can be achieved as
Egs. (36) and (37).

By virtue of Lemma 5, the power spectrum lines of the
same segment are asymptotically uncorrelated. Considering
the normality of X, (k), X,(p) and X,,(g) are asymptotically in-
dependent. Since the continuous function of two independent
variables is also independent, F, (k) = | X, (k)|* are indepen-
dent of different k.

3.3. Probability of false alarm and threshold

In this subsection, using the above conclusions, we con-
struct a novel test statistic r(!). The distribution of test statistic
r(1) is derived for calculating the probability of false alarm P
and threshold 7.

From Theorem 1 and Theorem 2, F,(k),k=1,2,....M /2
of the same segment are independent under both J# and
. Given x,(n) are independent at different segment u, the
same frequency bins of power spectrum from different seg-
ments are also independent. We further derive that Fg(k),

128401-5
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k=1,2,..
description, we assume that PU transmits the same signal s(n)
in different time segments. With the distribution of F, (k) in the
last subsection, the stochastic properties of Fiye (k) are given
by

,M /2 are independent of each other. For a succinct

E [Fag(k) | 76) = o5, (38)
D [Fug(k)|76] = 04/U, (39)
2 2 2
E [Fug(k)|7] = H ‘S”(k)‘nj oM, o2, (40)
G(k)o? +Ma2)’
D [Fugltol ] = (X1 2 100)
247 Su(k)|* (G(k) o} + M o)
+ e . (41)

Since Fyyg(k), k=1,2,...,M /2 are independent, the dis-
tribution of the sum of the power spectrum can be concluded
in using the central limit theorem (CLT) when the number
of power spectrum bins participating in the operation is suf-
ficiently large (commonly larger than 20).

Thus, Fyy from Eq. (8) and F; from Eq. (9) obey a Gaus-
sian distribution

Fi~ N (E[F|2%),D[F|7%)), A, 42)
N (E[R|A4],D[R|A)), A,
where
E[F|/%) = Tog/2, (43)
DIF|)] = Tcl/2U, (44)
2|Su(k) >+ G(k) o7
E[R|IA] = Y (1 — '“)+c£ . (45)

k

2
[Fl|% Gh +MG§))

MZZ
+2u2[S.(K)]* (G(k)of + MG2)],  (46)

withk e [(I—1)T/2+1,IT /2] and [ = 1,2,...,L. By the same

token, we have

Frug ~ N (E [Fran|7%) , D [Fran|7%)]), 24, @7
! N (E [Fran| 4], D [Fran| 54)), A4,
where
E [Frn| %) = Mog /2, (48)
D[Fun|#%) = Mo /2U, (49)
e [ (u2ISuk)P +Gez)
E[Fal|4] = ), 7 + 05|, (50)
k=1
M/2 s
2
[EL% UMZ Z Gh +MG&))
+2u7[Su(K)]* (G(k)of + MaZ)]. (51

To find the distribution of the test statistic r(), we give
the following theorem.

Theorem 3 If independent random variables A and B
obey a Gaussian distribution, the cumulative distribution func-
tion (CDF) of Z=A/B is

] _
RIS B L (52)

F
79 = 272 2032+ 07

where L4, Up, 0'/%, and Gé are the mean and variance of A and
B, respectively, and erf( - ) is the Gauss error function,

erf(x :—/ -’ dn.

Proof See Appendix D.
Based on Theorem 3, if A > 0, B > 0, and z > 0, the dis-
tribution of B/(A + B) can be further derived as

B A 1 1
P(atae)=r(a= i) = (i)

When we define B = F; and A = (Fyy — Fp), the false
alarm probability of the /-th subband can be obtained

F B
P, =P > v|.74 — > YA
% <Ffu11 7l 0> <A y: 7l o)

1 1
= —+ —erf

E[F|7) /Y — E [Fr| 74)

2 2 2
\/ZD[FIL%’B] <;—1> +2(\/D[Ffull|%]—\/l)[5|%])2

(54)

Substituting Eqgs. (43), (44), (48), and (49) into Eq. (54), P;; can be simplified as

1 1
Py =P(r(l) > v|5%) = 5 + serf

T—-My

(35)

T<11>2+W—ﬁ>2
Y

213
2
"o

U
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The false alarm probability of the PSC can be got from L
identical to P;; with the “or” combination rule

Pr=1—(1-pP)" (56)
|

Hence, according to the Neyman—Pearson criteria, we can
first get Pr; from the preset P;, and then we calculate the deci-
sion threshold by substituting 7' = M /L and P, into Eq. (55).
The threshold of the PSC can be expressed as follows:

’}/:

where erf ! (x) is the inverse function of erf(x).

4. Performance analysis

In this section, some of the performance including de-
tection probability, suppression of noise uncertainty, computa-
tional complexity, and real time analysis will be given. These

I 1

L, 2\/UM(L— D) [erf™" (1-2y)]* —4(L— 1) [erf" (1-2Ry)]"
L UML—4L[ert ™" (1-2R,)]”

E[F|74))y— E [Frn| 4]

; (57)

conclusions will offer a valuable and precise insight into the
performance of this algorithm under various channel models
and operational scenarios.

4.1. Detection probability

Similar to false alarm probability, equation (58) shows the
detection probability of each segment Fy;

Py ==+ =erf
d,l 2+26

From Eq. (11) the final detection probability is

1~

Pi=1—]](1—="Pyy). 59

I=1
We can obtain probability in different channels by substituting
the corresponding L, and O'}% into Egs. (45), (46), (50), and
(51). These theoretical values will be validated in the subse-
quent section.

4.2, Suppression of noise uncertainty

From the process of the PSC and the threshold expres-
sion in Eq. (57), we know that the threshold 7 is only related
to the segment number U, the segment length M, the subband
number L, and the false alarm probability P;. It is notable
that the noise power G(% does not exist in Eq. (5§7). So the
PSC threshold 7y can be accurately computed from the param-
eters we previously set. The major advantage of the proposed
methods over energy detection is summarized as follows: en-
ergy detection needs the noise power for its decision while the
proposed method does not. As a blind detection method, the
PSC can overcome noise uncertainty perfectly, which is one of

the key issues in spectrum sensing.

4.3. Computational complexity

In the following, we will compare the computational
complexity of the PSC, energy detection, and eigenvalue-
based spectrum sensing. Here we assume N being the sam-

ple number for the three methods mentioned above, M is the

2D /717 +2( VDRl A] - /DIRIA)

(58)

segment length, and L’ is the smoothing factor in eigenvalue-
based spectrum sensing.

In energy detection, only N multiplications and N — 1 ad-
ditions are needed for one spectrum sensing. In eigenvalue-
based spectrum sensing, NL' multiplications and (N — 1)L’
additions are used for the computation of the covariance ma-
trix. Eigenvalue decomposition need O(L' 3) multiplications
In the PSC, a total of (Nlog,M)/2 multi-
plications and Nlog,M + N additions are needed. Where
(Nlog,M) /2 multiplications and (N log, M) additions are used

for fast Fourier transformation (FFT) in Step 1, N multiplica-

and additions.

tions and N — M additions are used for periodogram spectrum
estimation in Step 2, and M additions are used to get the full
band power and subband power in Step 3. In sum, energy
detection has the lowest computational complexity among the
three methods. The PSC and eigenvalue-based spectrum sens-
ing have the same order of computational complexity, both
need O(N) multiplications and O(N) additions.

4.4. Real time analysis

From the above text, we know that the computational
complexity of the PSC is mainly determined by FFT opera-
tions. As the base of digital signal processing, FFT has been
implemented in many matured Intellectual Property (IP) cores.
By using these IP cores, the real time character of the PSC will
be improved remarkably.

The PSC detector is composed of an analog to digital con-
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verter (ADC), FFT module, modular square module, split can-
cellation module, and decision module. Here we take an exam-
ple of the PSC with N =4096. It delays 1 clk to get one sample
from x(¢), where clk is the clock cycle. By using the streaming
data flow engine architecture IP core of the Altera Company,
FFT only needs 4096 clk?®! to output valid transformed data.
The modular square module yields one power spectrum lines
per clk. The split cancellation module takes 4096 clk in cal-

culating subband power and full band power, and it will take
2 clk for the decision module to compute test statistics and
make decisions. If the segment number U = 1, the whole pro-
cess needs almost 8196 clk, such as figure 1 shows.

With 370-MHz clock frequency, it only takes 22.16 ps. If
SUs sensing is continuous, by adopting pipeline technology,
the PSC needs only 4096 clk, which is 11.068 us for another
4096 samples sensing.

8196 clk
r N\
— 3 ADC » FFT p| modular| - split » decide —>
square cancellation
— 6 ~ J C ~ J N ~ J —
1 clk 4096 clk 1 clk 4096 clk 2 clk

Fig. 1. Real time analysis of PSC method.

5. Simulation results

In this section, we evaluate the performance of the PSC
by simulations. Parameters setting will be shown first, and
then we provide the simulation results and illustrations.

5.1. Parameters setting

In the following simulations, we choose BPSK signals as
the PU transmitting signal. It is necessary to point out that
the PSC can be useful for not only BPSK signals but also all
the other digital modulation signals. The carrier frequency f.
here is 4.25 MHz, and the symbol rate s; is 1 MBaud. To
avoid aliasing, the sample rate f; is set as 10 MSPS. The sym-
bol number for sensing is 400, so the number of samples N is
4000. The noise level ngy is —100 dBm/kHz, and the noise vari-
ance (noise power) 6, is equal to ng f;. If we assume the signal
amplitude is Ay, SNR can be defined as (A2, /2nq f;)qs. When
there exists noise uncertainty, noise variance is no longer a
constant, but an evenly distributed random variable in inter-
val [62/p,02p], where p is the noise uncertainty factor and
p > 1. Without loss of generality, we set the subbands number
L = 4 and segment number U = 1. For credibility of compar-
ison, the smoothing factor of maximum-minimum eigenvalue
(MME) detection in Ref. [14] is chosen as 10, which is the op-
timal one. All the results we provided are averaged over 107
Monte Carlo realizations.

5.2. Simulation results

Figure 2 shows the detection probability Py of the PSC,
ED, and MME with different SNRs. The SNR ranges from
—12 dB to 0 dB. It was shown that the detection probability
Py of energy detection is the best without noise uncertainty.
However, when considering the effect of noise uncertainty, the
detection probability Py of energy detection drops seriously,

even the noise uncertainty factor p is only 1.05. Much better
than energy detection, the PSC still works well with noise un-
certainty; the two curves of the PSC with and without noise
uncertainty are almost overlapping, which validate Eq. (57)
that the PSC is not affected by the noise level. Comparing
the PSC and MME detection with the optimal parameters, the
curves are very close. MME detection with optimal param-
eters is only a little better, even less than 0.1 dB under the
simulation conditions.

1.0 S — i ——— S —a——8
: : s
: : /
: : PSC theory

0.5 Fofoffirn i

: ”P‘SC ‘S‘i‘mfulét‘ibii
....m* 7 PSC noise uncertainty |

Probability of detection, Py

0.4 : :
Y . — ED theory ,
03 b/ % .......0 EDsimulation. - ... ]
y ‘s : =% - ED noise uncertainty
028 % ... . ——MME simulation .. . .
1 : -A-MME noise uncertainty
—12 —10 -8 —6 —4 -2 0
SNR/dB

Fig. 2. (color online) Probability of detection of PSC, ED, and MME.

The receiver operating characteristic (ROC) curves are
shown in Fig. 3. The probability of false alarm P is from 1073
to 107!, and SNR = —9 dB. When there exists noise uncer-
tainty, detection probability Py of the PSC is the same as that
without noise uncertainty, which is much better than energy
detection. Besides, at different P, the theory results are the
same as the simulation results, which validate the threshold y
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we derived in Eq. (57).

1.0
0.9
0.8 ,
0.7 F g

+ -PSC noise uncert

Probability of detection, P,

1072 107"

Probability of false alarm, P;

Fig. 3. (color online) ROC curves of PSC, ED, and MME.

Figure 4 provides the ROC curves under fading channels
at SNR = —7 dB, and the Rician factor is 1. Here we change
the samples N = 2000 only for distinguishing purposes. It is
shown that the curves of the PSC under slow fading chan-
nels are a little lower than that under the AWGN channel.
The curve of the Rician channel is between the curves of the
AWGN channel and the Rayleigh channel. For distinguishing
different curves, we only provide the curve with Rician factor
1. Tt is worth noting that the theoretical detection probability
Py under fading channels is accurate, due to the fact that the
simulation results coincide with the theoretical results.

1.0

0.9

0.8 r

0.7 | & 8
=== PSC-AWGN theory

3 —— PSC-Rayleigh theory

0.6 | O PSC-AWGN simulation 8

¢ PSC-Rayleigh simulation
PSC-Rician theory

A

Probability of detection, P,

0.5 Y t PSC-Rician simiulation
—g— ED-AWGN simulation
0.4 —6— ED-Rayleigh simulation
i i
10 107° 107? 107!

Probabilityoffalsealarm, P;

Fig. 4. (color online) ROC curves of the PSC and ED under fading channels.

Figure 5 illustrates the probability of detection under dif-
ferent parameters including segment numbers M, different
subband numbers L, and different sample numbers N = MU.
The plot reveals that the higher number of samples improves
the detection performance. Under the simulation condition,
when the same samples are divided into more segments, the

probability of detection Py will be improved to some degree.
Moreover, more subbands will bring on a little higher perfor-

mance.
1.0 B iO—i—i
0.9 i
& 0.8f 1
5 0.7t ,
E=
o 0.6f
g
_8
o 0.5
> 0.4+ theory, M =:4000, U=2, L =10
= theory, M =4000, U=1, L =10
3 0.3f theory, M =80, U=50, L =10
= theory, M =4000, U=1, L =20
© 0.2t O simulation, M =4000, U=2; L =10
A~ A simulation, M =4000, U=1;, L =10
0.1¢ ¢ simulation, M =80, U=50, L=10
0 ‘ ‘ simqlation, ‘]\12400‘0, U= 1,‘ L=20
—14 -12 —-10 -8 —6 —4 —2 0
SNR/dB

Fig. 5. (color online) Probability of detection of the PSC under different
parameters.

6. Conclusions

In this paper, a new spectrum sensing method named PSC
is proposed. The ratio of each subband power to the full
band power is used as a test statistic inventively, and rigorous
closed-form mathematical expressions for the probability of
false alarm and detection are calculated by making use of the
stochastic properties of discrete samples. Analytical and simu-
lation results show that the PSC has the inherent advantages of
invulnerability to noise uncertainty and the PSC could offer a
high probability of detection at a low probability of false alarm
for a wide range of SNR in different channels without prior
knowledge. Meanwhile, the proposed method has a low com-
putational complexity, which can be completed in microsec-
onds. For these reasons, the PSC, a robust spectrum sensing
method, has potential applicability in piratical CR systems.
Moreover, as a bonus, we can apply the PSC to distinguish
multiple signals, which are not aliasing in an ultra-wideband.

Appendix A: Proof of Lemma 3
Under 77, the mean of X,(k) is

E[X, (k)]
1 Ml 21 . .
=E T P cos (Mkn) (@), (n) + K, (n)s,(n))

(A)

+ N ;} sin (an) (w;(n) —|—h;‘l(n)su(n)>

Substituting Eq. (15) into Eq. (A1) results in

E[X (k)] = iMfcos 2 n ) su(n)E [AE (n)]
vt &
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Z sm( kn> su(n)E [hiu(”)} ~ sin (27;;") h;(n)] H

= S0+ WﬂiSL(k)-

(A2) — | )~ S 0)] 1170 + pis 0|
The variance of X (k) under .7 can be expressed as = {/JliISr(k) - H}isi(k)} {uﬁS‘(k) + /JliISi(k)}
DX, (k)] +S'(k)S'(k) (07/2 — 0} /2)
- D LM_lcos <2nkn) (@), (n)+ K, (n)s(n)) - - o
Mz ) e — S W) — S )| (ST + 1S (0|
—0. (B1)
MU fom ; ;
+ Wi n;) sin (Mkn> (a)u(n) + hu(n)s(n)) . (A3)

Appendix C: Proof of Lemma 5
Considering the independence between h(n) and @(n), the

n),
variance of X} (k) can be simplified when replacing Eq. (16)
into Eq. (A3)

The covariance between X, (p) and X,,(¢) is given below

Cov[Xu(p), Xu(q)]
2 1 =l /o = E [ ()~ EX(p)) (%) ~E (%(9)))]
oLl = 2+MDLZOCOS (372e) o e[ LY e (252 (st + )
= i L P i u(n)s(n (n
M-1 27 .
+ sin (kn) s(n)hb(n)} . (Ad)
n=0 M 1 Ml —Zﬂqu
_ v 2 T (7u(v)s(v) + @u(v))
As independent variables /!, (n) and A, (n) have the same vari- =0
ance, we can obtain
—E |%.(p)| £ [X(q)
DX, (k)] 1 M/R-1 27jpn’ 2
— . / 2 = —FE eXp r (_p) r (q> Oj's
o2 [Mie-t / (—ank(Rn —|—n))‘ M ( , { ( M ) })]
= I Rn'+n)exp | ———— n'=0
i | L g s (Ra' 4-n) M )
o2 where
Ay
02 0;G(k) i Rn' +n)exp <—27rjpn>’
2 T (A N "
where G(k) is given by Eq. (33). In the same way, the mean — Zl
and variance of X! (k) can be obtained v=0

o7
RY +v)exp< ;{qu).

The correlation coefficient can be further derived

Appendix B: Proof of Lemma 4

By making use of similar replacements, the covariance
between X! (k) and X! (k) under .74 can be calculated as

o] = Cov[Xu(p), Xu(q)]
VDXu(p)l\/DIXu(q)]
cov[ ;(k),x;(k)} ) % Ai/éolexp (%W)T(P)T(Q) %
= E[Xi(0)Xi(0)| - E X0 E [x,(0) : GG o3 2@ ai v
7 1 (Mt 2mkn\ .
=E {\/M{ P s(n) {cos ( i >hu(n)

+
<]
=

7 N

[\

§ Q

;\\A

S

~_
=
.
S
N—
_
—
A

it ¥ [lew (Z2) T o]

0
\/G h+Mow\/G (q) o} +Ma}

(p)o
M/R-1
” o; , T EPIIT @)
1 2mkn\ | =
X M{ﬂZ()s(n)[cos( i )h (n)

\/G(p) 07 + M0} /G(g) o} + M

n
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M/R—1
o L AITERIT @]
< =
T sz L
(o2+ s ) VEPIG@)
2
< Ll —+0(SNR - 0), (€2)
G}%+Sl\17R

where G(p) and G(gq) were given in Eq. (33).

Appendix D: Proof of Theorem 3

If independent random variables A and B obey a Gaussian
distribution, the distribution of Z=A/B is

Fz(z) = Prob (2 < z)

A
= 1—Prob <B >z>

=1- [ [ fa(@dafs(v)db
—oo Jbz

2
exp —L ”2A)
o oo 203
= 1—/ / da
—oo Jbz \V2TTGOy

(b—ps)’
203
X db.
V2mop

By setting = (a — u) /v/204, we have
v / [1 —erf(bz_uA>}
4mop J o V20,

b e
X exp 7% db.
203

exp | —

(D)

Fz(z) =

(D2)

Setting ¢ = (b — ug) /\/20s,

oo

1
C2yT )

1 OpzCc | MBZ— Ha ) }
+ 7/ erf( +—

X exp (—cz) dc.

F;(z) =1 exp (—cz) de

(D3)

From Egs. (3.321) and (8.259) in Ref. [27], we obtain

11 UpZ — Ha
Fp(2) = 5 4 gerf | e (D4)
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