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Thermodynamics around magnetic phase transitions in
alternating double-chain spin systems∗
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The thermodynamics and quantum phase transitions of two typically alternating double-chain systems are investigated
by Green’s function theory. (i) For the completely antiferromagnetic (AFM) alternating double-chain, the low-temperature
antiferromagnetism with gapped behavior is observed, which is in accordance with the experimental result. In a magnetic
field, we unveil the ground state phase diagram with zero plateau, 1/2 plateau, and polarized ferromagnetic (FM) phases,
as a result of the intra-cluster spin-singlet competition. Furthermore, the Grüneisen ratio is an excellent tool to identify the
quantum criticality and testify various quantum phases. (ii) For the antiferromagnetically coupled FM alternating chains,
the 1/2 magnetization plateau and double-peak structure of specific heat appear, which are also observed experimentally.
Nevertheless, the M–h curve shows an anomalous behavior in an ultra-low field, which is ascribed to the effectively weak
Haldane-like state, demonstrated by the two-site entanglement entropy explicitly.
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1. Introduction
Magnetic materials in the vicinity of a quantum critical

point (QCP) have been of particular interest recently, for their
properties reflect critical behaviors arising from quantum fluc-
tuations rather than thermal fluctuations, which govern ther-
mal phase transitions.[1–3] Nevertheless, the competition be-
tween two different ground states at a QCP gives rise to un-
usual thermodynamic behaviors.[2–4] In general, a quantum
phase transition (QPT) occurs at zero temperature upon tun-
ing a control parameter such as pressure, doping, or magnetic
field to a critical value, which is named the balance between
the competing ground states.[5–9] Furthermore, at a finite tem-
perature, the underlying QPT manifests unusual sensitivity of
thermodynamics with tuning above parameters. Note that, the
Grüneisen ratio,

Γr =−
1
T
(∂S/∂ r)T
(∂S/∂T )r

with r being the control parameter governing the QPT, is an
important tool to identify a QCP.[10,11] If the control parame-
ter to tune the system to the QCP is a magnetic field (r = h),
the Grüneisen ratio,

Γh =−
1
T
(∂S/∂h)T
(∂S/∂T )h

=−
(∂M/∂T )h

CV
,

which equals the magnetocaloric effect (MCE) with its partic-
ularly large value in the vicinity of QCP, is proportional to the
cooling rate, namely, the slope of isoentropes in the T –h phase

diagram.[12–18] From the above formula, we know that the un-
derlying mechanism leading to an enhanced MCE is related
to the large thermal entropy excess that occurs in the vicinity
of QCP,[13] where the competing magnetic interactions play a
key role. Thus, tuning an external magnetic field and magnetic
couplings to select distinct ground states may gain an insight
into the QPT as well as the degenerate magnetic ordering that
leads to large adiabatic cooling rate.[16]

Low-dimensional magnetic systems with competing in-
teractions are known to present exotic physical properties.
One of the most intriguing features is the magnetization
plateau.[2,16,17,19] It is interesting to note that Oshikawa et
al.[20] proposed a necessary condition n(S−m)= integer for
a magnetization plateau appearing in spin chains, with n be-
ing the period of the ground state, S the magnitude of spin,
and m the magnetization per site. For instance, the two-leg
spin-1/2 ladder, which is, indeed, a coupled one-dimensional
(1D) spin system, has been widely investigated both experi-
mentally and theoretically for different rung-and-leg interac-
tions. Nevertheless, the predominant rung-singlet is respon-
sible for the gapped behavior and an M = 0 plateau.[21–25]

However, the 1/2 plateau was not observed due to the ab-
sence of competing magnetic interactions along the leg. Quite
recently, the quantum behavior of low-dimensional organic
molecular-based magnets has been one of the most fascinat-
ing topics in condensed matter physics, materials science,
and spin chemistry.[24–38] Usually, the magnetic properties
are heavily governed by the spatial arrangement of molecu-
lar assemblages, in which the intermolecular hydrogen bond-
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ing plays an important role in controlling the arrangement
of open-shell entities. As a matter of fact, a series of radi-
cals of a nitroxide-based organic molecule have been synthe-
sized experimentally.[26,28–34] Izuoka et al.[26] synthesized a
molecular complex with alternating biradical and monoridical,
where the ferromagnetic (FM) and antiferromagnetic (AFM)
couplings compete between each other. Later on, Hosokoshi
et al.[27] introduced triradical including S = 1 and S = 1/2
units in a single molecule to synthesize a molecule-based ferri-
magnet, in which the competing FM and AFM interactions are
responsible for the observed ferrimagnetism. Recently, an or-
ganic AFM alternating double-chain compound has been syn-
thesized by Ise et al.[29] using four-spin clusters as illustrated
in Fig. 1, from which the low-temperature antiferromagnetism
was observed. A very recent experimental breakthrough work
by Iwase et al.[38] who introduced four-spin clusters to synthe-
size an organic FM alternating double-chain, attracts our atten-
tion. In this system, the 1/2 magnetization plateau attributed
to the dominant intra-cluster antiferromagnetic coupling, was
observed. Hence, the competing magnetic interactions play
an important role in determining the magnetic and thermody-
namic properties of organic quantum magnets.

Note that the ultra-low temperature (T approaches to 0 K)
can hardly be attained in experiment. Thus, the gapped or
gapless low-lying excitations were not discovered. Unlike the
scenario in the two-leg ladder system[21–23] with rung-singlet
being predominant, in alternating double-chain spin systems,
the intra-cluster and inter-cluster spin-singlets compete be-
tween each other for dominance, which will give rise to vari-
ous intriguing physical properties in a magnetic field, such as
a magnetization plateau associated with QPT and MCE, and
a double-peak structure of specific heat. Thus, in order to ex-
plore the low-lying excitations and further investigate the field-
induced QPT and MCE, the thermodynamics of the alternating
double-chain spin system is investigated. The rest of this pa-
per is organized as follows. In Section 2, we present the model
Hamiltonian and give an outline of Green’s function method.
In Section 3, the specific heat, the magnetic susceptibility, the
magnetization, the entanglement and thermal entropies, and
the Grüneisen ratio are calculated; the field-induced phase di-
agram is explored; and a comparison with the experimental
results is made. Finally, we draw some conclusions from the
present studies in Section 4.

2. Model Hamiltonian and theoretical method
For an alternating double-chain spin system as schemat-

ically illustrated in Fig. 1, an appropriate spin Hamiltonian
reads

H = ∑
l

[
J1
(
S1,lS2,l +S3,lS4,l

)
+ J2S2,lS3,l

+J3
(
S2,lS1,l+1 +S4,lS3,l+1

)]
−gµBB∑

l

4

∑
i=1

Sz
i,l , (1)

where Ji > 0 (Ji < 0) (i = 1, 2, 3) represents AFM (FM) ex-
change interaction between two contiguous spins. We define
the reduced magnetic field h = gµBB (Zeeman energy). By
performing Jordan–Wigner (JW) transformation[39–41]

S+i,l = c†
i,l e iφi,l ,

φ1,l = π

[
l−1

∑
f=1

4

∑
d=1

nd, f

]
,

φi,l = π

[
l−1

∑
f=1

4

∑
d=1

nd, f +
i

∑
j=2

n j−1,l

]
, (i = 2,3,4),

Sz
i,l = ni,l−1/2, (2)

with the operator c†
i,l

(
ci,l
)

creating (annihilating) a spinless

fermion at site (i, l) and ni,l = c†
i,lci,l the corresponding occu-

pation number operator, Hamiltonian (1) becomes

H = ∑
l

{
J1

2

(
c†

1,lc2,l + c†
3,lc4,l +H.c

)
+

J2

2

(
c†

2,lc3,l +H.c
)

+
J3

2
(
c†

2,lc1,l+1 e i(φ2,l−φ1,l+1)

+c†
4,lc3,l+1 e i(φ4,l−φ3,l+1) +H.c

)
+J2

(
n2,l−

1
2

)(
n3,l−

1
2

)
+J1

[(
n1,l−

1
2

)(
n2,l−

1
2

)
+

(
n3,l−

1
2

)(
n4,l−

1
2

)]
+J3

[(
n2,l−

1
2

)(
n1,l+1−

1
2

)
+

(
n4,l−

1
2

)(
n3,l+1−

1
2

)]}
−h∑

l

4

∑
i=1

(
ni,l−

1
2

)
, (3)

which describes a system of interacting spinless fermions with
the chosen phases φi,l satisfying the spin commutation rela-
tion, and is treated within the bond mean-field theory.[6,41,42]

The method we employ is the two-time Green’s func-
tion theory which has been extensively used to deal with the
Heisenberg chain model.[43–46] The retarded Green’s function
for the JW fermions is defined as

Gi j
(
t− t ′

)
= 〈〈ai (t) ;b†

j

(
t ′
)
〉〉=−iθ

(
t− t ′

)
〈aib

†
j +b†

jai〉
(a,b = c1,c2,c3,c4) , (4)

where the subscripts i and j denote lattice sites. After the time
Fourier transformation, the Green’s function is substituted into
the equation of motion,

ω〈〈ai;b†
j〉〉=

〈[
ai,b

†
j

]
+

〉
+ 〈〈[ai,H] ;b†

j〉〉. (5)

Using a similar equation of motion and also Eq. (5) for the
high-order Green’s function 〈〈[ai,H]; b†

j〉〉, a higher-order
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Green’s function will appear on the right hand, resulting in an
infinite set of coupled equations. In terms of Wick’s theorem,
we adopt the decoupling scheme[45]

〈〈c†
j,mc j,mci,n;c†

i,n〉〉

≈ 〈c†
j,mc j,m〉〈〈ci,n;c†

i,n〉〉−〈c
†
j,mci,n〉〈〈c j,m;c†

i,n〉〉. (6)

For further Fourier transformation into k-space, the Green’s
function can be expressed as

Gi j =
1
N ∑

k
g(k)e ik·(i− j). (7)

The integral of the wavevector k extends over the first Brillouin
zone. So, the momentum space Green’s function g(k,ω) can
be described as a function of wavevector k and the elemen-
tary excitation spectrum ω = ω (k). According to the standard
spectral theorem, the correlation function of the product of
fermion operators can be calculated through the correspond-
ing Green’s function

〈b†
jai〉 =

i
2πN ∑

k
e ik·(i− j)

×
∫ dω

eβω +1

[
g
(
k,ω + i0+

)
−g
(
k,ω− i0+

)]
, (8)

where β = 1/kBT , kB is the Boltzman’s constant, and T is the
absolute temperature.

Then the average magnetization M per cell and magnetic
susceptibility χ are expressed as

M =
1
N ∑

l

4

∑
i=1

〈
Sz

l,i

〉
, and χ =

∂M
∂h

. (9)

Likewise, the specific heat can be obtained as

CV =
dE
dT

=
d 〈H〉
dT

. (10)

Thus, we can obtain the thermal entropy,

S =
∫ T

0

CV

T ′
dT ′. (11)

The Grüneisen ratio is expressed as

Γh =
1
T

(
∂T
∂h

)
S
=− 1

T
(∂S/∂h)T
(∂S/∂T )h

. (12)

Therefore, the above equations can be solved self-
consistently. In calculation, an initial state, composed of a
set of correlation functions, is substituted into the equations to
produce resulting values. The iteration goes on until conver-
gence is reached.

3. Results and discussion
3.1. Completely AFM alternating double-chain

Based on the molecular structure synthesized by Ise et al.
experimentally,[29] four-spin clusters with intra-cluster cou-
plings (J1 and J2) and weak inter-cluster coupling (J3) being
AFM interactions, which form an antiferromagnetically alter-
nating double-chain spin system, are taken into account as il-
lustrated in Fig. 1. For simplicity, we take kB = 1 and J1 as an
energy unit (J1 = 1.0) hereafter, and all other parameters are
scaled by J1. We start our discussion with the analysis of spe-
cific heat and magnetic susceptibility for the double-chain spin
system in the case of no magnetic field, and the relevant results
are plotted in Fig. 2. In order to compare the results of intra-
cluster interaction with those of inter-cluster interaction, first,
we set J2 = 0.5. Figure 2(a) shows the temperature depen-
dences of specific heat for different J3 couplings. One can find
that for a small J3 value, the specific heat decays exponentially
to zero as T → 0 after a round maximum due to the existence
of a finite energy gap between the ground state and the excita-
tion state. It is clearly manifested by ln(CV )–1/T curve at low
temperature in the inset, where ln(CV ) behaves linearly with
1/T , giving rise to CV ∝ e−∆/kBT , of which the slope reflects
the magnitude of energy gap (−∆).[23] By increasing the J3

value, the single peak moves towards a high temperature with
its maximum suppressed for J3 < 1.0, beyond which its maxi-
mum is enhanced. It is due to the combination of energy vari-
ation and energy gap.[7] The gapped low-lying excitations can
also be identified by the temperature dependence of magnetic
susceptibility as shown in Fig. 2(c). Likewise, the susceptibil-
ity is exponentially activated at an ultra-low temperature after
a round peak, which shifts towards a lower temperature with
its maximum decreasing as J3 increases for J3 < 1.0, which
is attributed to the dominant J1-singlets. For J3 > 1.0 the
scenario is reversed: the round peak moves towards a higher
temperature region, which is due to the dominant J3-singlets.
Wondrously, as J3 approaches to 1.0, a shoulder appears at low
temperature, reflecting the uniform antiferromagnetism along
the chain. It should be emphasized that the low-energy prop-
erties of the spin system are governed mainly by the intra-
cluster interactions. In other words, the intra-cluster singlet-
dimer is more robust than the inter-cluster coupling. Thus, the
ground state consists of essentially coupled dimers or singlet-
dimer recombination. In order to make a comparison with the
experimental observation, herein, the weak inter-cluster cou-
pling (J3) is considered and set to be 0.1, so that the competi-
tion between different intra-cluster couplings (J1 and J2) is re-
sponsible for the rich thermodynamic phenomena. Figure 2(b)
shows the temperature dependence of specific heat, which de-
cays exponentially to zero as T → 0 after a round maximum
for J2 < 1.0, indicating a gapped low-lying excitation. In this
case, the J1-singlet predominates over the system with a large
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gap. After J2 exceeds J1, the single peak of specific heat splits
into two peaks in which its low-temperature peak moves to-
wards a lower temperature region as J2 increases, therefore
the J2-singlet becomes more and more dominant. Meanwhile,
we plot the temperature dependence of the magnetic suscep-
tibility in Fig. 2(d). It is clearly shown that as T → 0, the
susceptibility goes exponentially to zero after a round maxi-
mum, indicating a gapped behavior. Though the round peak
shifts towards low temperature with J2 ascending, its maxi-
mum is suppressed for J2 < 1.0 while enhanced for J2 > 1.0.
The former is attributed to the dominated J1-singlet, while the
latter is due to the J2-singlet. Furthermore, we also calcu-
late the susceptibility multiplied by temperature that decreases
continuously upon cooling (see the left inset), reflecting the
low-temperature antiferromagnetism of the system, which is
in accordance with the experimental results and illustrated in
the right inset. Besides, we plot χ−1 versus temperature in

the left inset of Fig. 2(d), where the extrapolation from the
high temperature portion of the curve gives a small negative
Weiss temperature, indicating the low-temperature antiferro-
magnetism of the system according to Curie–Weiss law. Nev-
ertheless, at an ultra-low temperature, χ−1 diverges as T → 0,
of which the behavior was observed in the ladder compound
Cu(2,3-dimethylpyrazine)Br2,[47] indicating the gapped spin
liquid ground state.

S↪l S↪l

S↪l S↪l

J1

J1

J2

J3

J3

Fig. 1. Schematic diagram of a molecular alternating double-chain spin
system. The empty circle represents spin-1/2. Ji (i = 1, 2, 3) are the
intra-cluster and inter-cluster interactions, respectively.
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Fig. 2. (color online) The temperature dependences of specific heat for different J3 couplings with J2 = 0.5 (a) and for different J2
couplings with J3 = 0.1 (b). The inset in panel (a) shows the logarithm of specific heat versus 1/T . The temperature dependences of
susceptibility in panels (c) and (d) for the parameters corresponding to those in panels (a) and (b), respectively. The left inset in panel
(d) is the temperature multiplied by susceptibility and χ−1 as a function of temperature, compared with the experimental measurement
cited from Ref. [29] (see the right inset).

As a magnetic field is turned on, the striking features are
found. Figure 3(a) presents the (J2, h) phase diagram with
J3 = 0.1. One can find M = 0 plateau, 1/2 plateau, and po-
larized FM phases separated by two critical lines (hc and hs)

denoting the first order QPTs, which are explicitly evident by
the field dependence of magnetization in Figs. 3(b)–3(d). It

is also shown that there is a tricritical point J2c = 0.25. For
weak J2 coupling (J2 < J2c) as plotted in Fig. 3(b), the M–
h curve presents an M = 0 plateau, of which the occurrence
implies that half the spins connected by J1-form spin-singlet
pairs with a dimer gap. It is confirmed by the zero value
of the magnetic moment of each sublattice (see the left in-
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set). Thus, the M = 0 plateau results from the J1-singlet. It
is also clearly demonstrated by the two-site entanglement en-
tropy defined as Ei, j = −Tr [ρi, j ln(ρi, j)],[48] where the two-
site reduced density matrix ρi, j consists of correlation func-
tions as shown in the right inset. Herein, we define EJ1 and
EJ2 as the entanglements for the subsystem (dimer connected
by J1 and J2) with the rest of the system, respectively. It is
shown that the entanglement plateau corresponds to the field
region where the magnetization plateau occurs. In the zero
plateau region, EJ1 < EJ2, suggesting that the J1-singlet pairs
predominate over the system. As h ascends, M jumps into
its saturation value, as a result of the field-induced splitting
from singlet state to quintet state. Figure 3(c) shows that for
intermediate J2 coupling (J2 = J1), the M = 0 plateau is still
maintained, in which the J1-singlet predominates over the sys-
tem somewhat, which is confirmed by zero magnetic moments
of each sublattice (see the upper inset). By further increasing
h, M suddenly enters into a 1/2-plateau, which is attributed
to the combination of J1- and J2-singlets along the chain. It
can be explained qualitatively as follows. In a strong field,
the J1-singlets are destroyed with equal probability, resulting
in the spin-singlet recombination because of the comparative

J1 and J2 values. It is clearly testified in the upper inset of
Fig. 3(c), where both the magnetic moments of each sublattice
contribute to the 1/2-plateau, yet 〈S1,4〉 wins over 〈S2,3〉. The
lower inset of Fig. 3(c) also presents the entanglement entropy
versus h, in which EJ1 and EJ2 show almost the same response
to the field, implying that the coexistence of J1- and J2-singlets
are responsible for the intermediate 1/2-plateau. For large J2

value (J2 > J1), figure 3(d) shows that the M = 0 plateau nar-
rows, which is ascribed to the coexistence of J1-singlet and
an effectively weak inter-chain singlet connected by sublattice
S1 and S4 with J2-singlet imbedded therein. It is illustrated
by EJ1 = EJ2 in the low field (see the lower inset).[49] Fur-
ther increasing h, the J1-singlets and effective spin singlets are
destroyed, bringing to the J2-singlets responsible for the 1/2-
plateau. It is confirmed by the dominant contribution of the
magnetic moment of 〈S1,4〉 to the 1/2-plateau (see the upper
inset). From the lower inset of Fig. 3(d), one can see EJ2 <EJ1

in the same field region, implying that the J2-singlet predom-
inates. In this case, the QPT is attributed to the field-induced
splitting of states, which yields a level crossing of the singlet
ground state with the triplet state and a second level crossing
of the triplet state with the quintet state sequentially.
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Fig. 3. (color online) (a) J2–h phase diagram for J3 = 0.1, showing the zero plateau, 1/2-plateau, and polarized FM phases. Panels (b),
(c), and (d) show magnetization curves for different J2 values to manifest the phase diagram. The insets show the field dependences
of sublattice magnetization and two-site entanglement entropy, respectively.

To gain further insight into the study of field-induced

QPTs, we investigate the thermal entropy S values for J2 = 1.0

and J3 = 0.1. We are aware that there has been calculation of

the thermal entropy and accordingly the isoentropes for a one-

dimensional spin system in a magnetic field to demonstrate the

quantum criticality.[12–17] Figure 4(a) shows the isoentropes in

the h–T plane. The QPTs at hc and hs are demonstrated by the

deeps of the isoentropes as a function of h, or equivalently the

sharp maxima of the thermal entropy at ultra-low temperature

(see Fig. 4(b)). The accumulation of thermal entropy close to
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QCPs indicates that what is maximally undetermined in the
system is which ground state should be chosen. Besides, the
field dependence of Grüneisen ratio Γh for T = 0.005 is plot-
ted in Fig. 4(c), which presents the very sharp and pronounced
positive peaks and negative valleys at the critical fields. The ar-
gumentation of Garst and Rosch[10] shows that the Grüneisen
ratio Γh, which is proportional to the magnetic cooling rate,
displays a characteristic divergent behavior close to the QCP
and changes sign as the field crosses it. Here, the large posi-

tive Γh values indicate that a pronounced cooling effect is ob-
tained via adiabatic demagnetization in a corresponding h–T
range. Besides, the Grüneisen parameter Γ h is also a good
quantity to testify various quantum phases explicitly as shown
in Fig. 4(d). One can find that as the temperature ascends,
Γ h increases monotonically with its sign changing for h < hc.
In contrast, Γ h is positive and decreases monotonically in the
FM phase with temperature ascending. Unlike the above two
phases, Γ h shows an upturn in the 1/2-plateau state.
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Fig. 4. (color online) For J2 = 1.0 and J3 = 0.1, (a) the isoentropes (upper panel) and S(T , h) (lower panel); (b) the field dependence of
thermal entropy with T = 0.05; (c) the field dependences of Grüneisen ratio; and (d) the Grüneisen ratio as a function of temperature
for different fields.

3.2. Antiferromagnetically coupled FM alternating
double-chain

Quite recently, according to the experimental report by
Iwase et al.,[38] we know that the system consists of anti-
ferromagnetically coupled FM alternating chains, namely, J2

is as an AFM coupling, while J1 and J3 are FM couplings.
In order to compare our results with the experimental re-
sults and quantum Monte Carlo (QMC) simulation, we set
J1/kB = −28 K, J2 = −1.5J1, and J3 = 0.25J1.[38] We plot
the field dependence of magnetization under different temper-
atures in Fig. 5(a). It clearly demonstrates that we obtain a 1/2-
magnetization plateau with two critical fields hc (=0.216, i.e.
Bc = hc|J1|/gµB = 4.5 T, marking the continuous QPT) and hs

(=1.205, i.e. Bs = hs|J1|/gµB = 25.1 T, denoting the first order
QPT, namely, a steplike behavior predicted by Iwase et al.),
which coincide with the experimental results 5 T and 23.5 T,

respectively. As the temperature ascends, the magnetization
plateau is smeared out due to the strong thermal fluctuations.
Furthermore, the differential curve (dM/dh) shows a peak at
about h= hs and a shoulder in a low field region as indicated in
Fig. 5(b). Especially, upon cooling, a noticeable spin-flop-like
behavior appears at hSF = 0.034 (BSF = hSF|J1|/gµB = 0.7 T,
which is bigger than the experimental data 0.1 T to some ex-
tent, however, its small value is responsible for the too small
energy gap to be detected), where the field derivative of mag-
netization displays a distinct peak as shown in the lower inset
of Fig. 5(a). On the whole, all these behaviors are consistent
with the experimental observations, which are illustrated in
the upper inset of Fig. 5(a). As is well known, the spin–orbital
coupling is rather weak in organic molecular magnets so that
one can ignore the magnetic anisotropy. Therefore, we are apt
to believe that the Haldane-like state[50,51] is responsible for
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the spin-flop-like behavior. In a low field, the J1-triplet pre-
dominates over the system rather, forming an effective weak
AFM spin-1 dimer, which should present a very small Hal-
dane gap that can be washed out easily by thermal fluctua-
tions even at an ultra-low temperature. It is evidenced by the
field dependence of entanglement entropy (see the left inset
of Fig. 5(b)), where EJ1 shows a round maximum at about
hSF, indicating that the J1-triplet predominates for h < hSF,
beyond which the J2-singlet predominates. In this case, the
J1-triplets are delocalized by increasing h gradually, accompa-
nied by J2-singlet recombination, leading to a transition from
a Haldan-like state to Luttinger-like liquid. Correspondingly,
the field dependence of EJ1 for stronger J2 coupling is plotted

in the right inset of Fig. 5(b), which shows a shoulder dropping

continuously with h increasing, implying that the dominant J2-

singlet is responsible for the gapless low-lying excitation even

for h = 0. In addition, in order to identify the QCP, we also

investigate the thermal entropy S, and the results are shown

in Fig. 5(c). The QPTs at hSF, hc, and hs are demonstrated

by the minima of the isentropes each as a function of h, or

equivalently the maxima of the thermal entropies at an ultra-

low temperature. Meanwhile, the developing divergence of

Grüneisen ratio Γh combined with a sign change gives rise to a

strong signature of the MCE at the critical fields, as illustrated

in Fig. 5(d).
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Fig. 5. (color online) (a) The field dependences of magnetization under different temperatures for J2 = 1.5 and J3 =−0.25, the lower inset shows
the low-field M–h curve and its derivation, compared with the experimental results in the upper inset cited from Ref. [38]. (b) The first derivations
of magnetization M against h (dM/dh) for T = 0.1 and 0.2. The inset shows the two-site entanglement entropy against h. (c) The isoentropes in (T ,
h) parameter space in the upper panel and the thermal entropy versus h under low temperatures in the lower panel. (d) The variation of Grüneisen
parameter Γ h with field at low temperatures.

Accordingly, in different fields, the thermodynamics be-

have differently. In Fig. 6(a) for h = 0, the temperature depen-

dence of specific heat displays a double-peak structure and al-

most T -linear relation as T → 0 because the very small energy

gap was washed out easily even at ultra-low temperatures. The

low temperature peak was also observed experimentally.[38]

As h increases, the system enters into the Luttinger liquid state

(h < hc), where the double-peak structure is still held, with a

shoulder occurring as T → 0. As h exceeds but is near to hc as

shown in Fig. 6(b), although the double-peak structure is still

held there, the specific heat decays exponentially as T goes

to zero due to an energy gap opened up by the field. Never-
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theless, the low-temperature reflects the importance of criti-
cal fluctuations. Further increasing h, the double-peak merges
into a single one, which moves towards the low temperature
region with its maximum enhanced for h < (hc + hs)/2. In
the fermion mapping, we can obtain two positive-energy exci-
tations (fermion excitations) and two negative-energy excita-
tions (hole excitations).[7] This shift is ascribed to the fermion
excitations whose gap decreases with h ascending. After h ex-
ceeds (hc +hs)/2, the single peak shifts to a high temperature
with its maximum suppressed, which is attributed to the hole
excitations whose gap increases (see Fig. 6(c)). As h = hs,
an additional low-temperature peak occurs as a result of crit-
ical fluctuations. For the field beyond hs, the specific heat is
exponentially activated as T goes to zero after a round peak
which shifts towards a high temperature due to the energy gap
augmenting with h increasing as indicated in Fig. 6(d).
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Fig. 6. (color online) Variations of specific heat with temperature under
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4. Conclusions
In this paper, based on an organic alternating double-

chain system synthesized using four-spin clusters experimen-
tally, the thermodynamics and QPTs of two typically physical
topics are investigated in detail by Green’s function theory.
For the completely AFM alternating double-chain system, our
results show that the system presents low-temperature antifer-
romagnetism with gapped low-lying excitation, which is con-
sistent with the experimental observation. When the magnetic
field is turned on, the ground state phase diagram shows the
zero plateau, 1/2-plateau, and polarized FM phases with the
occurrence of first order QPTs, which are explicitly confirmed
by the field dependence of magnetization. It is found that the
emergence of zero and 1/2 plateaus results from the compe-
tition between intra-cluster J1- and J2-singlets. For weak J2

coupling, the magnetization presents only a zero plateau at-
tributed to the dominant J1-singlet. For intermediate J2 cou-
pling (J2 ∼ J1), it presents a zero plateau attributed to the J1-

singlet, and a 1/2-plateau, in which the J1- and J2-singlets
coexist. As J2 is large, the zero and 1/2 plateaus still exist.
Nevertheless, the former is ascribed to the combination of the
J1-singlet and effective weak inter-chain singlet assembled by
sublattices S1 and S4 after the J2-singlet formation, while the
latter corresponds to the predominant J2-singlet. Besides, the
QPTs are demonstrated by the deeps of isoentropes each as a
function of h, or equivalently the sharp maxima of thermal en-
tropies at an ultra-low temperature. It is interesting to note that
the Grüneisen ratio proportional to the magnetic cooling rate
is a useful tool to identify QCPs and testify various quantum
phases.

For the antiferromagnetically coupled FM alternating
chains as the model of organic compound m-Ph-V2, it is shown
that the field dependence of magnetization presents a 1/2-
plateau attributed to the dominant J2-singlet with two critical
fields Bc = 4.5 T and Bs = 25.1 T, where the step-like QPT oc-
curs, corresponding to the analysis by Iwase et al.[38] Our re-
sults are in agreement with the experimental observation and
QMC simulation. The specific heat displays a double-peak
structure. The low temperature one was also observed in ex-
periment. Nevertheless, the M–h curve shows a spin-flop-like
behavior in an ultra-low field, which was also observed ex-
perimentally. This anomalous behavior is further detected by
the field dependence of thermal entropy and the Grüneisen ra-
tio at an ultra-low temperature, and it is ascribed, we believe,
to the effective weak Haldane-like state, demonstrated by the
two-site entanglement entropy explicitly.
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