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The Noether symmetry and the conserved quantity of a fractional Birkhoffian system are studied within the Riemann—
Liouville fractional derivatives. Firstly, the fractional Birkhoff’s equations and the corresponding transversality conditions
are given. Secondly, from special to general forms, Noether’s theorems of a standard Birkhoffian system are given, which
provide an approach and theoretical basis for the further research on the Noether symmetry of the fractional Birkhoffian
system. Thirdly, the invariances of the fractional Pfaffian action under a special one-parameter group of infinitesimal
transformations without transforming the time and a general one-parameter group of infinitesimal transformations with
transforming the time are studied, respectively, and the corresponding Noether’s theorems are established. Finally, an

example is given to illustrate the application of the results.
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1. Introduction

The German mathematician Emmy Noether discussed the
invariance problem under the Lie continuous group in her in-
augural thesis of University of Gottingen in 1918.!'1 Noether’s
theorem which links the symmetry, the invariance, and the
conservation law in physics was given in her thesis. Noether’s
theorem is an important integration theory, and it reveals the
relationship between the conserved quantities of a mechani-
cal system and its symmetries. The study of Noether’s the-
orem has been a hot subject in the circles of the mathemati-
cians, physicists, and dynamics experts, and it has gained a
series of results. Djuki¢ and Vujanovié!?! extended Noether’s
theorem to the case where the infinitesimal transformations
contain generalized velocities, and established Noether’s the-
orem of holonomic nonconservative system. Lil3! further ex-
tended Noether’s theorem to linear nonholonomic systems,
which came into being six years earlier than Bahar’s similar
results.[*) Liul®! established Noether’s theorem and its con-
verse of nonholonomic nonconservative dynamical systems.
Mei!®7] further established Noether’s theorem of the Birkhof-
fian system by applying the invariance of Pfaffian action under
the infinitesimal transformations.

The fractional calculus first appeared in the letter that
L’Hopital wrote to Leibniz in 1695, and then the fractional
calculus came into use. The first book about fractional cal-
culus was published in 1974.181 In recent decades, some pro-

gresses have been made in the study of fractional calculus.
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In 1996, Riewe!>!%! applied the fractional calculus to the
nonconservative mechanical system, and preliminarily stud-
ied the fractional variational problems. Later, Agrawal,[!!-14]
Baleanu, '>-18] Atanackovié, 9211 El-Nabulsi, 222! and oth-
ers did a series of researches on the fractional variational prob-

lems. The studies of fractional symmetries and conserved

26-28]
[26]

quantities were carried out first by Frederico and Torres,|
and they did the researches under the Riemann-Liouville,
Caputo,?”! and Riesz—Caputo?®! derivatives respectively, and
the corresponding fractional Noether’s theorems were estab-
lished under the infinitesimal transformations without and
with transforming the time respectively. Frederico and Torres
further studied the fractional Noether’s theorem of a Hamilto-
nian system.*’! In addition, based on the EI-Nabulsi’s model,

30-32] studied the invariances of the frac-

Frederico and Torres!
tional action-like variational problems. Zhang and Zhou ex-
tended the approach to the fractional action-like Pfaffian vari-
ational problems!®3 and the fractional variational problem
from extended exponentially fractional integral.’*3! In re-
cent years, fractional symmetries and conserved quantities
have become hot research subjects of mathematics, physics,
and mechanics, and a series of important results has been
achieved.[2026-43] While, most of the studies were related to
the fractional Lagrangian systems and the Hamiltionian sys-
tems, rather than the fractional Birkhoffian systems.

In the present paper, we study the Noether symmetry
and the conserved quantity for the fractional Birkhoffian sys-
tem within Riemann—Liouville fractional derivatives. Ac-
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cording to the invariance of the Pfaffian action under the in-
finitesimal transformations, the extremum problem of the frac-
tional Pfaff-Birkhoff integral functional is studied under a
one-parameter group of infinitesimal transformations without
and with transforming the time respectively, then the corre-
sponding invariance and the fractional conserved quantities are
obtained.

2. Preliminaries

In this section we briefly review some basic definitions
and properties of fractional derivatives used in the following
sections, and present the fractional Birkhoff’s equations within
Riemann—Liouville derivatives.

First, we introduce the definitions of Riemann-Liouville
fractional derivatives. 4]

Let f be a continuous and integrable function in the in-
terval [t1,#,], and then the left Riemann-Liouville fractional
derivative will be defined as

ﬁ <<(11f)m/t: (¢ e

nDYf(t) = Wdfa (1)

and the right Riemann-Liouville fractional derivative is de-

e (‘iy/fz <f>() v @

where I'(x) is the Euler Gamma function, @ is the order of

fined as

th (t)=

the fractional derivative satisfyingm —1 < @ <m, and m is a
positive integer.
If  is an integer, then we have

oir0=(5) s G
oir=(-3) 0. @

Next,
Liouville fractional calculus. 4443

we introduce some properties of Riemann—

Let f and g be continuous functions in the interval [t;,,],
a and b are arbitrary constants, and o > 0, then V¢ € [r],1,], we
will have

D (af (1) +bg(t)) = ay D} f (1) + b, Di'g (1) (5)

If the function f is continuous in the interval [t;,#,], and
o >0, B >0, then Vr € [r,1], we have

llDta (llDt_ﬁf([))
WDFPr (1), 6)
nD, (leﬁf(t))

DF (- Y [ 0F )]

Jj=1

t=n

0<p-1<B<p). @)

If function f is continuous in the interval [t;,#,], and
0<m—-1<a<m 0<p—1<p <p, then V¢t € [1],12],
and we have

o1 o0hr0)
4 t—1)" %
=P X [0 0] ey ©
Df (,Df (1))
= ‘”Bf IZ[II 0] =) ©)
j=1 i=n T'(1=B—j)
Finally, we introduce the fractional Pfaffian varia-

tional problem and the fractional Birkhoff’s equations within
Riemann—Liouville derivatives. 46!

We study the extremum problem of the fractional integral
functional

s@o) = [

Al

2n
{ Z Ry (t,a"),Dfa"
u=1

2n
+ Y RE(1,0"),DEa* —B(1,a") }dt (10)
u=1
with the commutative relations

1 Dg&a# = SIID;XQIJ,

DPsa = §,DPak, (u=1,2,...,2n) (11)

and the boundary conditions

Sat|,_, =8a",_, =0, (n=12,...2n), (12

where B(t,a") is the Birkhoffian, R(f,a") and Rﬁ(t,a"),
(u,v=1,2,...,2n) are the Birkhoff’s functions, a* is the
Birkhoff variable, and the functions Rﬁ‘ (t,a%), Rﬁ (t,a"), and
B are C? functions with respect to all its arguments, §(-) is
the isochronous variation, andm—1 < a<m,p—1< B <p
(m and p are the positive integers). The fractional calculus
functional (10) can also be called fractional Pfaffian action,

and then the fractional Birkhoff’s equations can be written as
follows: [46]

IRY ORP OB
Z(a JanPra o u’DB )‘aaqu’DgRﬁ
+,DPRE =0, (u=1,2,...,2n) (13)

with the transversality condition

2n m—1 dk5av
a—k—1 a
T |oor e ()|
Pl ke d*8a”
0o (6 (o)
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In particular, when 0 < o < 1, and 0 < f < 1, then we
have m = p = 1, and the transversality condition (14) gives

tlDa lRa (6a )”t=1‘2

] M=

=0. (15)

=1

[ttty

From the boundary conditions (12), we know that the transver-

sality condition (15) is always satisfied. So under the situation
that 0 < o and 8 < 1, the fractional Birkhoff’s equation (13)
is free. At the same time, the standard Birkhoff’s equations!“°!
are the special case of the fractional Birkhoff’s equations (13).

3. Noether’s theorems of a standard Birkhoffian
system

For a Birkhoffian system, the Noether symmetry is the in-
variance of the Pfaffian action under the group of infinitesimal
transformations. Unlike in Ref. [47], in this section we will
study the invariance of a Pfaffian action under a special one-
parameter group of infinitesimal transformations without and
with transforming the time respectively, and give Noether’s
theorems of a standard Birkhoffian system, which provide an
approach and the theoretical basis for the following study of
Noether’s theorems for a fractional Birkhoffian system.

We study the extremum problem of the integral functional

1) 2n
S(av(~))=/l1 {ZRp(t,av)d”—B(t,av)}dt (16)

u=l1

with the boundary conditions

5a“|t:t1 = 5a“|t:,2 =0, (u=12,...,2n), a7

where R, (u=1,2,...,2n) are Birkhoff’s functions, and B
is the Birkhoffian. Integral functional (16) is also called the
Pfaffian action.

Definition 1 (invariance without transforming the time)
For a standard Birkhoffian system, functional (16) is said to be
invariant under a one-parameter group of infinitesimal trans-
formations

at (t) =a" (t)+ €&y (t,a")+o(€),

where € is an infinitesimal parameter, &, is an infinitesimal

(W=12,...,2n), (18)

generator or generating function of the infinitesimal transfor-
mation, if and only if

/Tz { % Ry (t,a")a"—B(t,a") } dr

JTq u=1

T 2n
= {ZR,l (t,aV)aﬂ—B(mV)}dt (19)
u=l1

T

for any subinterval [T, T3] C (11,1).

Theorem 1 (necessary condition of invariance) For a
standard Birkhoffian system, if functional (16) is invariant un-
der transformations (18), then the following condition:

2n
a4+ Y Ry(t,a") &,

2n 2n aRu (t aV)
7’§
ugl [\Zﬁ da¥ ' p=1
2 9B (t,a"
-y e, o (20)

v=1
holds.
Proof Because of the arbitrariness of the interval [T}, T3],
equation (19) is equal to

2n

Z Ry (t,a")a" —B(t,a")
u=1

2n
- Z RIJ (t,a_v)au
u=1

Taking the derivatives of both sides of Eq. (21) with respect to

—B(1,a"). @21)

€, and making € = 0, we can obtain Eq. (20).
Definition 2
Birkhoffian system, the quantity Iz,

(conserved quantity) For a standard
a") is said to be con-
served if and only if

d
1 (ta") =0 (22)

along all the solutions of standard Birkhoff’s equations

IR, 8RH> N

2n
v; (861’1 ~ da¥

0B ORy
a (8a#+at) =0, (u=12,....2n). (23)

Theorem 2 (Noether’s theorem without transforming
time) For a standard Birkhoffian system, if functional (16)
is invariant under a one-parameter group (18) of infinitesimal
transformations, then

2n
a") =Y Ru(1,a") &y (t,a") (24)
u=1
is a conserved quantity of the system.
Proof
ety = LS Ry 08 (a")
dt ’a_dt:“’a“’a
2n aR aR 2n
:Z<Z Hv “)5#"‘2&@#
(21 9R OR
:Z<Z va'+ “)@HrZR#gu
=1 v=1
2n 2n BR 2n 2n (9R
ﬂ V -v
PEE o L
2n 2n aRu 2n

=YY

/lel

LEvat + Z Ruéu
u=1
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2n 2n 8RV aRu v
B #Z’l\;l (8aﬂ - ‘9av>a &
2n

OR
+ Y - —, S (25)

u=lI

From Birkhoff’s equation (23), we can obtain

oB & (JR, ORy IRy
— = —. 26
Jar vzl<aau aav>“ ot (26)
Substituting Eq. (26) into Eq. (25), we have
d 2n 2n aR
d ZzavgvahfZRugu
u=1v=1
2n
— 27
Z 3a“ (27
From Eq. (20), we verify that equation (27) is equal to zero,
i.e.,
ey =Y R e g ey L =0, @8
dr ' de | = T R '

Using the definition of conserved quantity, we verify that
equation (24) is a conserved quantity of the standard Birkhof-
fian system (23).

Definition 3 (invariance) For a standard Birkhoffian
system, functional (16) is said to be invariant under a one-
parameter group of infinitesimal transformations

f=t+el(t,a")+ol(e),
at (t) =a" (t)+ €&y (t,a")+o(€),
(L=1,2,...,2n), (29)

where € is an infinitesimal parameter, { and &, are the in-
finitesimal generators or generating functions of the infinitesi-
mal transformation, if, and only if

T 2n
/ { Y Ry (t,a")a”—B(t,aV)}dt

T] IJ=1
T 2n )

= [ ZRH (f,a")a"* — B(f,a") pdf (30)
T] “:1
for any subinterval [T1, T3] C (11,1).

Theorem 3 (Noether’s theorem) For a standard Birkhof-
fian system, if functional (16) is invariant in the sense of Defi-
nition 3, then

2n
a') =Y Ru&u—B¢ (31)
u=1
is a conserved quantity of the system.

Proof If we consider ¢ as a dependent variable, then each
non-autonomous problem (16) is equivalent to an autonomous

one. For this case we consider a Lipschitzian one-to-one trans-
formation

t€t1,1) > 0 €l01,0,], (32)

;2 2n
S(a' () :/tl {ZRH(I,aV)d“B(I,aV)}dt

u=1

o 2n a
- [F{Eme@weon Mgl

_B(t(5),a" (t(c))) } dtd(;’) do

a¥ (1 ()], (33)

where t(01) = 11, and f(0y) = 1. If functional S(a”(+))
is invariant in the sense of Definition 3, then functional
S[t(-),a¥ ()] is invariant in the sense of Definition 1. By use of

Theorem 2, we can obtain

2n
a")=Y Ru& —BL. (34)
u=1

4. Noether’s theorems of a fractional Birkhof-
fian system

In this section, we generalize Noether’s theorems of a
standard Birkhoffian system for problems having fractional
derivatives. The Noether symmetry and the conserved quan-
tity of a fractional Birkhoffian system are studied under a one-
parameter group of infinitesimal transformations without and
with transforming the time respectively.

The extremum problem of the fractional integral func-
tional (10) under 0 < o, B < 1 will be studied. From Ref. [46],
we can know that the extremum problem of fractional integral
functional (10) can lead to fractional Birkhoff’s equation (13).

Definition 4 (invariance without transforming the time)
For a fractional Birkhoffian system, functional (10) is said to
be invariant under a one-parameter group (18) of infinitesimal
transformations, if and only if

o) 2n
/ {ZRata
+ZR (t,a"
Tz{%

R(X —V

) Dfa*
a“ B(t,a") }dt
n D¥a!

+ Z R (1,a"),DPa" — B (1,a") }dt, (35)
u=l1
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C (t1,12).
Theorem 4 (necessary condition of invariance) For a

for any subinterval [T}, T3]

fractional Birkhoffian system, if functional (10) is invariant
under a one-parameter group (18) of infinitesimal transforma-
tions, then the following condition:

2n

)y

u=l1

2 IR% (1,a")
Yo

v=1

5\’ (t’a“)

a
tlDT a“

2n

+ )

u=1

2n
+ Y RS (1,a"), DY, (1,a")
u=1

2n 8Rﬁ (t,GV)
Z %T@ (t,a")

v=l1

,Dga“

2n

+ Y RD (1,a%)DEE, (1.a")
u=1

2n aB
— Z (t,a")=0 (36)
holds.

Proof Because of the arbitrariness of the interval [T}, T3],

from Eq. (35), we can obtain

a’) DYa"

2n
+ Z REL (tvav)thaH _B(t7av)
u=l1
2n
=) R (1,a"); Dya"
u=1

2n
+ Y R (r,a"),DEa* —B(1,a"). 37)
u=l1
Taking the derivatives of both sides of Eq. (37) with respect to
€, and making € = 0, we have

2n

0= ¥

u=l1

2 JR% (t,a")
Z %75\/ (t,a")

v=1

a
nDy at

2n

+ )

p=1
<L gl (5)
x /t: R O (i)

x / Ne—ymete, (T,av)d’c]so

*Z]Rﬁt“)d{ v B)<_c(11t)m

h
x /f’2 (r— )" P 1ok (g)dT+ 7F(m£_ o) (—i) "
x /tlz(ft)m_ﬁ_léu(r,av)dr]

2n 8Rﬁ (t,QV)
Z %Tév (t,a")

v=l1

,Dg at

e=0

2n 8Bta

_ Z a#)

2 [Zn aRf; (t,a") it
17t

=) ZTév(t,a“)

u=1 [v=1

th aﬂ

+ Y| Y L s e

u=1 [v=1

& o vyl d\"
- LA g (@)

X /t (t—7)" % ¢ (1,a%)dT

e ()

2n [Zn 8Rﬁ (t aV)

ZRﬁ ta

X /tt2 (r—t)’”_ﬁ_1 &u(r,a")dr

2n
-y PP e 1.0, (38)

Formula (38) is equal to Eq. (36), so the theorem is proved.
Now we introduce the definition of the fractional con-
served quantity for the fractional Birkhoffian system.
Definition 5! (conserved quantity) For a fractional
Birkhoffian system, the quantity I(t,a",,, D¥a", tha") is said
to be fractional-conserved if and only if it can be written in the
form

I() al]D a 71Dﬁ )

Il
Ms

c! (r a",, D", D a )
1

x 2 (1", D", Dfja" ), (39)

for some values of m € N and some functions C} and C?
(=1,
satisfies

m), where each pair of C} and C? (i = 1,...,m)

D”(C’f (t.a" D" . .DEa").CF (t.a"., D*a" Dl a V))
=0, (40)

with % € {a, B}, jl =1and j? =2or j! =2 and j? =1, along
all the solutions of the fractional Birkhoff’s equation (13).
In Eq. (40), the factor D} (f, g) is defined as!°!

D! (f,g) = —&Dlf+ f,Dlg. (41)

where f and g are C' functions in the interval [t;,t,], with
t € [t1,1] and Yy € Rj. When y= 1, we have

; d
D (f,8) = —&Dpf+ fuDyg = fe+f¢= 5 (fg). (42)

In this case, D} (f,g) = D}
D} (g,f).

(g,f), but in general D} (f,g) #
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Theorem 5 (fractional Noether’s theorem without trans-
forming time) For a fractional Birkhoffian system, if func-
tional (10) is invariant in the sense of Definition 4, then

I(t ', Dta" D a )

2n
= Y |RE(a")—RE (1"

u=1

| &ueay @3

is a fractional conserved quantity of the system.
Proof From the fractional Birkhoftf’s equation (13), we

IR oRP
—Z< ND‘”+8 Y.Dfa )

+DIRS +, DY RE. (44)

have

Because functional (10) is invariant in the sense of Defini-
tion 4, then substituting Eq. (44) into Eq. (36), we have

2n 2n IR 06 2n 2n aRﬁ
Z (Z éV) nDfa" + Z (Z Ja €§v> ttha”

u=l1

+ Z R%, D&, + Z RbDPE,
s
p
v Dha )@

2n 2n <8R$‘ OR
2n 8.B
Y &un DRy =0. (45)
u=1

-YY Dfa” +

e R dak "t dat

2n
opo
- Z é:‘”thR#
u=l1

Equation (45) can be reduced to

2n
Z R/Jletaéﬂ + Z Rﬁthéu

I"':
- Z EuDYRY — Z Eu DPRE =0 (46)
n=1
ie.,
2n
El {Df‘ (R, &) —DF <§H,Rﬁ)} —0. 47)

Then, from Definition 5, formula (43) is the fractional con-
served quantity of this situation.

Definition 6
system, functional (10) is said to be invariant under a one-

(invariance) For a fractional Birkhoffian

parameter group (29) of infinitesimal transformations, if and

T 2n
/ { Z Ry (t,a"),Df'a
T [J,:l

2n
+ Z Rﬁ (t,av),D,lia“ —B(t,a") }dt
u=1

- [ {Emee

only if

)i DFat

2n

+ZRB

for any subinterval [T}, 1] C

th’a# B(7.a )}dt' (48)

(t 1 7tz).

Theorem 6 (fractional Noether’s theorem) For a frac-
tional Birkhoffian system, if functional (10) is invariant under
the Definition 6, then

I (t a",,Dia ,tDﬁa”)
2n B 2n
- X (s ) s+ { X [0-ormoore
u=1 u=1
+ (1-B)RE,DP a#] —B}C (49)
is a fractional-conserved quantity of the system.

Proof Consider a Lipschitzian one-to-one transformation

about ¢
e [l‘],l‘z] — Gf()t) S [G],Gz]. (50)

Here 7 is a dependent variable. When A = 0, it satisfies

, dt(o)
lo = do

—f()=1.

Under transformation (50), functional (10) can be written as

2n
+ ZlRﬁ (6))) () D" ((0))
IJ:
B(t(0).a" (1(0)) }rgdo, 1)

where t(01) =t,1(02) =1y, and

oD ya” (t(0))

- r(ml— @) (dr?o))m

of(A) m—oa—1 a’
<y R =0 (1 ()

(téy)ia d "ore m—a—1 v
T (m )<d0> /tl/<re>2(6_s) @’ (s)ds
= (t5) " /%)zDaa (o). (52)

Similarly, we have
(oD (1(0)) = (1) P oDl
Substituting Egs. (52) and (53) into Eq. (51), we have
S(t(-),a"(-)
G % o \% r\—a o, 1
Zl R,u (t (G) a (t (G))) (tc) tl/(,/ﬁ)QDca (G)
I_L:

O]

a' (o). (53
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i ©)

o]

+ i RE (t(0),a" (1(0))) (1) "+ oD
n=1
—B(t(0),a" (¢ (G)))té.}d(i

(o) 2n _
{ LR 00 ((0).1), D80 1(0)
L

+ %Rﬂ (1(0),a" (1(0)) 1) oD
p=1 2

—B(t(0),a" (t(0)),15) }dc
= /l2 { % Ry (t,a%)Dffa" + % Rﬁ (t,av)tha“
3 u=1 u=1
— B(t,a") }dt
= S(a" (). (54)

Making use of Theorem 5, we can obtain the fractional con-
served quantity

1 (t,a”,,]Df‘a“,tha”>
2n 2n
= Y (RE-Rl) &+ { Y (R%, D + RE,Df.a"
p=1 =1
— aR%, D¥a* — BREDP ) B}C. (55)

By means of associative law, formula (55) is the fractional-
conserved quantity (49).

5. Example

Now, we come to study the extremum problem of frac-
tional Pfaffian action functional

S(a" ()
(5]
_ / [a“,lDf‘al +d%, D% — (a' — d?) aﬂ dr (56)
|
with the boundary condition
dat(,_, = d0d"|_, =0, (u=1,...,6). (57)

Problem (56) is a six-order Pfaffian fractional variational
problem, where

B= (al —az) a, (58)
Ri=d* Ry=d’, Rs=Rs=Rs=Rs=0. (59)

According to Definition 6, we can easily verify that for prob-
lem (56), condition (48) has the following solutions:

&l =—d*, & =—d’, & =0, (60)
=1, &f=—d', & =-d’ & =0,

§5=0, & =0, & =0, (61)
F=—1, §=0, & =0, & =2,

E=0, £ =0, and & =0. (62)

The generators (60), (61), and (62) all correspond to the
Noether symmetries of the fractional Pfaffian action func-
tional (56). Then making use of the Theorem 6, we have

I' = d*d' +ad?, (63)
? = (1-a)(a*, D% +a°, D*a®)t

—(a' =)t —a*d' —da?, (64)
P = —[(1 - a)(a*,D¥a" +d°;, D¥a*)

—(a' —a*)d’]. (65)

Equations (63), (64), and (65) are the fractional-conserved
quantities corresponding to generators (60), (61), and (62) re-
spectively.

6. Conclusions

The study of fractional variational problems has been a
hot spot in various fields of science and engineering, for ex-
ample, in physics, biology, chemistry, dynamics and control,
chaotic system, mechanical system, etc. In this paper, we in-
troduce the fractional calculus into the Birkhoffian system, and
we propose and study the Noether symmetries and the con-
served quantities of the fractional Birkhoffian system. Our re-
sults are very interesting, and they are the generalizations of
the fractional Noether’s theorems of Lagrangian system and
Hamiltonian system. The researches on the fractional varia-
tional problems and their symmetries and conserved quanti-
ties are still in the initial stage, and there are many problems
to be solved. For example, though fruitful research results
have been achieved in the classical Noether symmetries and
the conserved quantities, how to extend these results to frac-
tional dynamical system and others remain to be investigated.
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