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Superwide-angle acoustic propagations above the critical
angles of the Snell law in liquid solid superlattice∗
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In this paper, superwide-angle acoustic propagations above the critical angles of the Snell law in liquid–solid super-
lattice are investigated. Incident waves above the critical angles of the Snell law usually inevitably induce total reflection.
However, incident waves with big oblique angles through the liquid–solid superlattice will produce a superwide angle
transmission in a certain frequency range so that total reflection does not occur. Together with the simulation by finite
element analysis, theoretical analysis by using transfer matrix method suggests the Bragg scattering of the Lamb waves as
the physical mechanism of acoustic wave super-propagation far beyond the critical angle. Incident angle, filling fraction,
and material thickness have significant influences on propagation. Superwide-angle propagation phenomenon may have
potential applications in nondestructive evaluation of layered structures and controlling of energy flux.
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1. Introduction
Incident waves impinging on the interface of another

medium with an angle large enough will lead to total reflection
in optics and acoustics.[1–4] Such a principle has been success-
fully applied to the design and fabrication of optical fiber and
related fields.[1,3] Usually, the Snell law causes waves to be un-
able to transmit through the material with incident angle above
the maximal critical angle. Nevertheless, in some cases, it is
expected that the limitation of Snell law can allow the prop-
agation with incident angle above the second critical angles.
Considering the significant practice application to lens design,
nondestructive evaluation of layered structures, and relative
fields,[5,6] it is highly desired to overcome the above limita-
tion for a wide angle propagation. For example, transmitted
waves with wide angles will be helpful for designing distor-
tionless optical or acoustic lenses. In acoustics, non-specular
reflection of leaky Lamb waves may obtain wide-angle trans-
mission far beyond the critical angle.[7]

In recent years, phononic crystals and acoustic metama-
terials have received widespread attention.[8–24] New acous-
tic phenomena and transmission disciplines based on special
artificial structures and materials have been discovered, such
as one way transmission,[19–21] acoustic cloaking,[23,24] su-
perlensing effect.[25] Superlattice, as the most easily realiz-
able sonic crystal with dependable filter property, has been
widely studied both theoretically and experimentally.[12–18]

For instance, liquid–solid superlattice has been successfully

used to fabricate an acoustic diode,[19,20] which has received
widespread attention. However, the overwhelming majority of
the studies focused on the solid-solid composite superlattice or
propagation characteristics of vertical incidence.[8,20,21,25,26]

In addition, omnidirectional incident propagation characteris-
tics of liquid–solid superlattice and its band structure have not
been thoroughly analyzed. Given the fact that incident acous-
tic waves can transmit through a plate with a wide angle in the
form of Lamb waves according to Snell–Descartes law,[7,27,28]

and liquid–solid structure has many advantages in practice,
such as its tunable and easy-to-fabricate properties, we may re-
alize super-wide angle propagation by utilizing the scattering
properties of leaky Lamb waves in liquid–solid superlattice.
Motivated by this, we investigate the omnidirectional propa-
gation of acoustics waves through liquid–solid superlattice and
explore the superwide-angle propagation phenomenon in this
specific system.

In this paper, we present numerical evidence of the
superwide-angle acoustic wave propagations in a liquid–solid
superlattice at an arbitrary incident angle based on the trans-
fer matrix method.[29,30] The existence of the superwide-angle
acoustic propagation in the superlattice is demonstrated in a
certain frequency range and at different ratios of the solid
thickness to the lattice spacing. The angles of superwide
propagation calculated by transfer matrix method are in good
agreement with the results by the finite element method. The
influence of the filling fraction on the formation of superwide-
angle propagation is discussed in the transmission spectrum.
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The rest of this paper is organized as follows. In Sec-
tion 2, the phenomenon of the superwide-angle acoustic prop-
agation in liquid–solid superlattice is presented by employing
finite element method. In Section 3, the transfer matrix of the
liquid–solid superlattice for plane waves with arbitrary oblique
incident angles is derived and compared with finite element
simulation. In Section 4, numerical results and discussion are
given. Finally, in Section 5 some conclusions are drawn from
the present study

2. Superwide-angle propagation phenomenon
by finite element method
To expound the superwide-angle acoustic propagation

in liquid–solid superlattice, finite element method simula-
tions are performed for a linear source with the frequency
376.5 kHz, and oblique incident angle θ = 25◦, θ = 36.161◦,
and θ = 63.876◦. The initial pressure wave on one side of liq-
uid will be converted into longitudinal and transverse waves
in the solid, and finally converted into longitudinal pressure
wave in the liquid on the other side. Figures 1(a)–1(c) com-
pare the pressure distributions of the uniform solid material
with those of the liquid–solid superlattice with the same length
L = 56 mm but different incident angles, where water is set as
the background medium I with density ρI = 998 kg/m3 and
longitudinal wave velocity cIL = 1483 m/s, and the glass is
set as medium II with density ρII = 2700 kg/m3, longitudinal
wave velocity cIIL = 5570 m/s, and transverse wave velocity
cIIT = 3520 m/s. For a uniform solid material, when θ is larger
than the first and second critical angles θ1 and θ2, total reflec-
tion occurs where θ1 and θ2 satisfy θ1 = arcsin(cIL/cIIL) ≈
15.4◦ and θ2 = arcsin(cIL/cIIT)≈ 24.9◦ according to the Snell
law. The acoustic wave cannot propagate through the solid
material and thus be unable to be detected on the other side
as shown in Fig. 1(a). Total reflection restricts the detection
scope of this kind of solid material lens when the incident
angle is bigger than θ2. However, when the liquid–solid su-
perlattice is applied, a wide angle acoustic plane wave which
is much larger than the second critical angle θ2 can propa-
gate though the superlattice as shown in Fig. 1(b), where the
superlattice consists of N = 7 repetition of alternating layers
of water I with thickness dI = 4 mm and glass II with thick-
ness dII = 4 mm, lattice spacing D = dI + dII = 8 mm, and
the filling fraction fc = dII/D = 0.5. Strong pressure distribu-
tion and high transmission both indicate that the high acous-
tic energy can be easily detected on the other side of the su-
perlattice. In particular, it is found that the maximal oblique
incident angle for high transmission is 63.876◦, which is al-
most 2.56 times larger than the second critical angle as shown
in Fig. 1(c). Thus, the liquid–solid superlattice breaks down
the total reflection limitation of the solid material by signifi-
cantly increasing oblique incident angle, suggesting its appli-
cation in superwide-angle lens. The incident angles in both

Fig. 1(b) and Fig. 1(c) are larger than the second critical an-
gle, however, the difference is that the wave in Fig. 1(b) is the
leaky Lamb wave A0 mode while the wave in Fig. 1(c) is not.
The research[25,26] of acoustic bandgap formation in a periodic
structure with multilayer unit cells suggested that narrow pass
bands could be obtained when the unit cell has more than two
sublayers. Acoustic bandgaps produced by periodic structures
originate from multiple reflections at the interface due to the
impedance mismatch between the adjacent materials. Thus,
we speculate that the Bragg scattering of the superlattice may
also produce some new pass bands at oblique incidence situa-
tions as shown in Fig. 1(c) which can realize superwide-angle
propagation and we will discuss it in detail in Section 4.
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Fig. 1. (color online) Simulated acoustic pressure field distributions at
376.5 kHz. Panel (a) is for uniform solid material with oblique incident
θ = 25◦, panel (b) for superlattice with oblique incident θ = 36.161◦,
and panel (c) for superlattice with oblique incident θ = 62.876◦ respec-
tively. The rainbow and thermal bars represent pressure field distribu-
tions in the background material and superlattice respectively.
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3. Formulations
To investigate the principle of the superwide-angle propa-

gation in the liquid–solid superlattice (SL), we used the trans-
fer matrix method for plane waves. Figure 2 depicts the super-
lattice system, where the x and z axes are normal and parallel
to the interfaces, respectively, and a plane longitudinal wave
propagates from the left side through the N liquid–solid layers
and travels to the right side.

I0 I1

d1 dII

I2 I3 In

xn

IN IIn-1II1 II2 II3 IIn IIN

x

θ

θ

Background BackgroundSuperlattice

Fig. 2. (color online) Superlattice consisting of alternate glass and wa-
ter, immersed in water. The symbols In , IIn (1 ≤ n ≤ N) denote the
water and glass layer; dI and dII represent their thickness. The arrows
show the directions of the incident and transmission plane waves re-
spectively. θ is the oblique incident angle with respect to the x axis.

In homogeneous linear elastic medium with no body
force, the equation of motion for displacement vector 𝑣 can
be written as

ρ
∂ 2𝑣

∂ t2 = (λ +2µ)grad(div𝑣)−µrot(rot𝑣), (1)

where the terms λ and µ are the first and second Lame con-
stants, respectively. When µ = 0, equation (1) can be re-
duced to the acoustic wave equation in liquid. The displace-
ment field 𝑣 can be separated into scalar and vector potentials:
v= gradΦ+rotΨ and divΨ = 0. For the n-th SL layer, the lon-
gitudinal wave with Φ1 passes through the liquid–solid inter-
face at xn and is converted into the longitudinal Φ2 and trans-
verse Ψ2 waves in the solid. The waves are converted back into
the longitudinal pressure wave Φ3 through the liquid–solid in-
terface at xn + dI in the liquid and then propagate into Φ4 at
xn+1 = xn + dI + dII. From the wave equations, by omitting
the time factor ejωt , these scalar and vector potentials can be
obtained as

Φ1 = Φ1i e−j(kIL cosθILx+kIL sinθILz)

+ Φ1r e−j(−kIL cosθILx+kIL sinθILz), (2a)

Φ2 = Φ2i e−j(kIIL cosθIILx+kIIL sinθIILz)

+ Φ2r e−j(−kIIL cosθIILx+kIIL sinθIILz), (2b)

Ψ2 = Ψ2i e−j(kIIT cosθIITx+kIIT sinθIITz)

+Ψ2r e−j(−kIIT cosθIITx+kIIT sinθIITz), (2c)

Φ3 = Φ3i e−j(kIL cosqθ(x−dII)+kIL sinθILz)

+ Φ3r e−j(−kIL cosθIL(x−dII)+kIL sinθIL z), (2d)

Φ4 = Φ4i +Φ4r

= Φ3i e−jkIL cosθIL dI +Φ3r ejkIL cosθILdI , (2e)

where kIL, kIIL, and kIIT denote the longitudinal wave num-
ber in the liquid, the longitudinal wave number in the solid,
and the transverse wave number in the solid, respectively, and
θIL, θIIL, and θIIT refer to the corresponding oblique incident
angles. Φ1i, Φ2i, Φ3i, and Ψ2i represent the transmitted wave
amplitudes, while Φ1r, Φ2r, Φ3r, and Ψ2r denote the reflected
wave amplitudes.

The boundary conditions of the continuous normal veloc-
ity and the balance between the stresses at the interface at xn

satisfy

∂Φ1

∂x

∣∣∣∣
x=xn

=
∂Φ2

∂x
− ∂Ψ2

∂ z

∣∣∣∣
x=xn

, (3a)

S1xx|x=xn
= S2xx|x=xn

, S1xz|x=xn
= S2xz|x=xn

, (3b)

where S1xx = jωρIΦ1 and

S2xx =
ρII

jω

[
−ω

2
Φ2−2c2

IIT

(
∂ 2Ψ2

∂x∂ z
+

∂ 2Φ2

∂ z2

)]
represent the normal stresses in the liquid and in the solid at
the interface, respectively. While S1xz = 0 and

S2xz =
c2

IIT
jω

(
∂ 2Ψ2

∂x2 −
∂ 2Ψ2

∂ z2 +2
∂ 2Φ2

∂x∂ z

)
are the corresponding shear stresses.

Similarly, the boundary conditions of the normal speed
continuity and stress balance at the interface x = xn + dII sat-
isfy

∂Φ3

∂x

∣∣∣∣
x=xn+dII

=
∂Φ2

∂x
− ∂Ψ2

∂ z

∣∣∣∣
x=xn+dII

, (4a)

S3xx|x=xn+dII
= S4xx|x=xn+dII

,

S3xz|x=xn+dII
= S4xz|x=xn+dII

, (4b)

where S3xx = jωρIΦ3 and

S4xx =
ρII

jω

[
−ω

2
Φ2−2c2

IIT

(
∂ 2Ψ2

∂x∂ z
+

∂ 2Φ2

∂ z2

)]
represent the normal stresses in the liquid and in the solid at
the interface, respectively. While S3xz = 0, and

S4xz =
c2

IIT
jω

(
∂ 2Ψ2

∂x2 −
∂ 2Ψ2

∂ z2 +2
∂ 2Φ2

∂x∂ z

)
are the corresponding shear stresses.

According to Eqs. (2a)–(2d) and (3a)–(3d), the following
equations can be obtained as

Φ1ikIL cosθIL−Φ1rkIL cosθIL

= Φ2ikIIL cosθIIL−Φ2rkIIL cosθIIL−Ψ2ikIIT sinθIIT

−Ψ2rkIIT sinθIIT, (5a)

Φ1i +Φ1r

=
ρII

ρI
(Φ2i cos2θIIT +Φ2r cos2θIIT

−Ψ2i sin2θIIT +Ψ2r sin2θIIT), (5b)

Φ2ik2
IIL sin2θIIL−Φ2rk2

IIL sin2θIIL
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+Ψ2ik2
IIT cos2θIIT +Ψ2rk2

IIT cos2θIIT = 0, (5c)

Φ3ikIL cosθIL−Φ3rkIL cosθIL

= Φ2ikIIL cosθIIL e−jkIIL cosθIILdII

−Φ2rkIIL cosqIIL ejkIIL cosθIILdII

−Ψ2ikIIT sinθIIT e−jkIIT cosθIITdII

−Ψ2rkIIT sinθ2T ejkIIT cosθIITdII , (5d)

Φ3i +Φ3r

=
ρII

ρI
(Φ2i cos2θIIT e−jkIIL cosθIILdII

+ Φ2r cos2θIIT ejkIIL cosθIILdII

−Ψ2i sin2θIIT e−jkIIT cosθIITdII

+Ψ2r sin2θIIT ejkIIT cosθIITdII), (5e)

Φ2rk2
IIL sin2θIIL ejkIIL cosθIILdII

−Φ2ik2
IIL sin2θIIL e−jkIIL cosθIILdII

= Ψ2ik2
IIT cos2θIIT e−jkIIT cosθIITdII

+Ψ2rk2
IIT cos2θIIT ejkIIT cosθIITdII . (5f)

From the boundary condition of normal speed continuity,
the Snell law can be obtained as

kIL sin(θIL) = kIIL sin(θIIL) = kIIT sin(θIIT). (6)

To proceed with the derivations, we define state vectors in the
corresponding layer as

𝛷n,1 =

(
Φ1i
Φ1r

)
n
, 𝛷n,2 =

(
Φ2i
Φ2r

)
n
,

𝛷n,3 =

(
Φ3i
Φ3r

)
n
, 𝛷n,4 =

(
Φ4i
Φ4r

)
n
. (7)

From the boundary conditions of stress balance in the n-
thunit, the transfer matrix 𝑇n from 𝛷n,1 to Φn,4 can be obtained
as

𝛷n,1 = 𝑇n𝛷n,4, (8)

where

𝑇n =𝑀−1
1 𝑀2𝑀

−1
4 𝑀3𝑈

−1,

𝑀1 =

(
kIL cosθIL −kIIL cosθIIL

1 1

)
,

𝑀2 =

(
kIIL cosθIIL −kIIL cosθIIL −kIIT sinθIIT −kIIT sinθIIT
ρII

ρI
cos2θIIT

ρII

ρI
cos2θIIT −

ρII

ρI
sin2θIIT

ρII

ρI
sin2θIIT

)
,

𝑀3 =


kIL cosθIL −kIL cosθIL

1 1
0 0
0 0

 ,

𝑀4 =



kIIL cosθIIL e−jkIIL cosθIILdII −kIIL cosθIIL ejkIIL cosθIIL dII −kIIT sinθIIT e−jkIIT cosθIITdII −kIIL sinθIIT ejkIIT cosθIITdII

ρII

ρI
cos2θIIT e−jkIIL cosθIILdII

ρII

ρI
cos2θIIT ejkIIL cosθIILdII −ρII

ρI
sin2θIIT e−jkIIT cosθIITdII

ρII

ρI
sin2θIIT ejkIIT cosθIITdII

k2
IIL sin2θIIL −k2

IIL sin2θIIL k2
IIT cos2θIIT k2

IIT cos2θIIT

k2
IIL sin2θIIL e−jkIIL cosθIILdII −k2

IIL sin2θIIL ejkIIL cosθIILdII k2
IIT cos2θIIT e−jkIIT cosθIITdII k2

IIT cos2θIIT ejkIIT cosθIITdII


,

𝑈 =

(
e−jkIL cosθILdI 0

0 ejkIL cosθILdI

)
.

Therefore, any two state vectors of the liquid layers are
related by

𝛷n1−1,1 = 𝑇n1,n2𝛷n2 , (9)

where 𝑇n1,n2 = 𝑇n1𝑇n1+1 , . . . ,𝑇n2 ,1≤ n1 ≤ n2 ≤ N. The trans-
fer matrix 𝑇1,N connects the first and last units of the superlat-
tice system, leading to the relationship between total transmis-
sion and reflection rates as

𝑇1,N =

 1
t

r∗

t∗
r
t

1
t∗

 , (10)

where t and r are transmission and reflection coefficients,
tr = |t|2 and re = |r|2 define the transmission and reflection
rates, satisfying tr+ re = 1. Using the above transfer matrix
method, we can derive the transmissions at different oblique
incident angles.

4. Numerical results and discussion
Figure 3 shows the effects of the incident angle on

transmission of the monochromatic plane waves with fre-
quency 376.5 kHz, where the solid line and star correspond
to the transmission values calculated by using transfer matrix
method and finite element method, respectively. The transmis-
sions of acoustic waves in uniform solid material and the su-
perlattice with the same parameters in Section 3 are shown in
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Figs. 3(a) and 3(b), respectively. Significant transmission drop
above the oblique incident angle 24.9◦ is found in the uniform
solid [see Fig. 3(a)], indicating the total reflection. However,
for the superlattice [see Fig. 3(b)], two angles in ranges of
32.3◦–36.3◦ and 63.75◦–64.2◦ show high efficient transmis-
sion above the second critical angle, which has no limitation
to total reflection. The calculated results match well with the
results obtained using the finite element method, which indi-
cates that our derivation of transfer matrix is valid.

Color-scale representations of transmission as functions
of both frequency and incident angle are shown in Figs. 4 and

5 by using the transfer matrix method, where the frequency

ranges from 100 kHz to 1.5 MHz, and two dot dashed lines

correspond to the first [upper] and second [lower] critical an-

gles. Figure 4(a) displays the transmission of a uniform solid

material. There is shown neither band properties nor wave

propagation through the material when the incident angle is

above 24.9◦. All of corresponding incident angles with high

transmission lower than the second critical angle indicate the

existence of the limitation to the total reflection in the uniform

material.
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Fig. 3. (color online) Transmissions versus incident angle, calculated by the transfer matrix method and finite element method in (a) the uniform plate and
(b) the superlattice with fc = 0.5, N = 7, f = 376.5 kHz.
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Fig. 4. (color online) Color-scale representations of transmissions as a function of both frequency and incident angle (a) in a uniform plate, and (b)–(d) in a
superlattice N = 7 with different filling fractions from 0.05 to 0.95. The thermal bar refers to the transmission of the material. The insets show the models
of the uniform solid material and the superlattice respectively.
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However, in the cases of superlattices with different fill-
ing fractions in Figs. 4(b)–4(d), the wide-angle propagation is
produced. When the incident angle is zero, corresponding to
the vertical incidence, pass and forbidden bands are generated
because of Bragg scattering. With the increase of the incident
angle, pass bands shifts toward high frequency zones. The
Gibbs-type oscillations take place with (N− 1) peaks in each
pass band. Three filling fractions 0.1, 0.5, and 0.95 are used to
investigate the influence of the filling fraction on the transmis-
sion by changing the solid thickness of each layer. For the case
of fc = 0.1 [Fig. 4(b)], high transmission occurs with large in-
cident angles above 24.9◦ in each pass band. Besides, it is
noteworthy that another region with high transmission over-
lapping with the pass bands takes place in the region above
35◦, which makes the superwide-angle propagation in a wide
frequency range in low filling fraction. In this case, the max-
imum transmission angle can reach 90◦ at frequency ranging
from 0.1 MHz to 1.2 MHz.

When the filling fraction fc increases to 0.5 as shown in
Fig. 4(c), the bandgaps become wider and more Lamb wave
modes appear. With the increase of frequency, it becomes
more difficult to induce superwide-angle propagation. The
maximum transmission angle drops down to 65◦ within a fre-
quency range of 0.1 MHz–0.42 MHz. When the filling frac-
tion increases to 0.95 [Fig. 4(d)], there are only the A0 and S0

modes Lamb waves over the upper line and the maximum an-
gle is much smaller than those of low filling fractions shown
in Figs. 4(b) and 4(c). Thus when the filling fraction suffi-

ciently approaches to 1, the superlattice will become a single
solid material so that super-propagation mode disappears as
shown in Fig. 4(a). In addition, we can see that, the number
of Lamb wave modes becomes more with the increase of the
filling fraction, while the pattern of A0mode shifts down and
disappears with fc being bigger than 0.95.

Furthermore, figure 5 shows the effects of solid plate
thickness on transmission of the superlattice, where the fill-
ing fraction 0.5 is used. Four different superlattices are fab-
ricated with plate thickness values of L/4, L/8, L/16, and
L/32 as shown in the inset in Figs. 5(a)–5(d). With the de-
crease of the plate thickness, the bandgaps become wider and
the numbers of Lamb wave modes begin to decrease corre-
spondingly, however, the maximum incident angles begin to
increase and thus superwide-angle propagation can be more
easily obtained. Clearly, the superwide-angle propagation of
the liquid–solid superlattice strongly depends on the param-
eter of the plate thickness and the ratio of the thickness to
the lattice spacing. Bragg scattering of Lamb waves, as the
physical mechanism of superwide-angle propagation in super-
lattice, represents a key factor for controlling transmission at
oblique incidence. By adjusting the proportion of solid to liq-
uid, superwide-angle propagation can be obtained to break the
limitation to the total refraction. The liquid–solid superlat-
tice plays an important role in widening the frequency range
and the incident angle of super-wide angle propagation with
respect to pure solid material.
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Fig. 5. (color online) Color-scale representations of transmission as a function of both frequency and incident angle in a superlattice with filling fractions
0.5. The thermal bar refers to the transmission of the material.
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Figure 6 shows the effects of filling fraction on maxi-
mal incident angle for superwide-angle propagation at differ-
ent frequencies. For low filling fractions, all of the shown fre-
quencies have highly superwide angles close to 90◦. However,
with the increase of filling fraction, the maximal incident angle
decreases rapidly and then becomes close to the second criti-
cal angle. It is also found that the sensitivities of the maximal
incident angle with different frequencies to the filling fraction
are different. High frequency leads to a fast decrease with re-
spect to low frequency, which indicates that at low frequency
it is much easier to obtain a high incident angle of superwide-
angle propagation.
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Fig. 6. (color online) Variations of maximal incident angle for
superwide-angle propagation with filling fraction at different frequen-
cies.

5. Conclusions
In this paper, the acoustic wave propagation in liquid–

solid superlattice with oblique incidence is numerically in-
vestigated by using the transfer matrix method and finite ele-
ment analysis method. The superwide-angle propagation phe-
nomenon above the second critical angle of the Snell law
is revealed. It is mainly due to the Bragg scattering of the
Lamb waves in the liquid–solid superlattice. Its transmis-
sion characteristics have the features of both superlattice and
Lamb waves. We also find the significant influences of the
filling fraction and thickness on the formation of the super-
propagation. The superwide-angle propagation above the sec-
ond critical angle breaks the limitation to the total refraction,
and it may have potential applications in the nondestructive

evaluation of layered structures, the controlling of energy flux,
and the wide-angle lens design, and in other relevant fields.
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