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Enhancement of four-wave mixing process in a four-level double
semiconductor quantum well∗
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The time-dependent four-wave mixing (FWM) is analyzed in a four-level double semiconductor quantum well. The
results show that both the amplitude and the conversion efficiency of the FWM field are enhanced with increasing the
strength of two-photon Rabi frequency. Interestingly, when the one-photon detuning becomes stronger the control field
corresponding to the maximum efficiency increases. Such a controlled enhanced FWM may be used to generate coherent
short-wave length radiation, and it can have potential applications in quantum control and communications.
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1. Introduction

During the last decade, the electromagnetically induced
transparency (EIT) in a resonant optical medium has been a
point of attraction because of its potential applications in quan-
tum information processing and transmission.[1–3] The opti-
cal field propagation in the optical medium under EIT con-
figuration displays several striking features, including a large
suppression of optical absorption, a significant reduction of
group velocity, and a giant enhancement of Kerr nonlinear-
ity, etc.[4–12] Based on these interesting features, four-wave
mixing (FWM), as one of the striking nonlinear quantum op-
tical phenomena, has been explored recently in the EIT me-
dia because of its potential applications in frequency con-
version, quantum entanglement, and stopped light.[13–18] The
first experimental demonstration of EIT-based FWM was re-
ported by Zhang et al., and then a significant enhancement
of the FWM process by using EIT was observed in rubid-
ium atomic vapor.[13] Later on, Deng et al. proposed an FWM
scheme based on EIT and the associated slow light propaga-
tion, and their calculations showed that many orders of mag-
nitude increase in the FWM efficiency may be obtained.[14]

Quite recently, Li and Huang proposed a scheme to obtain a
highly efficient FWM in a coherent five-level tripod system
by using a double-dark resonance and multiphoton destruc-
tive interference-induced transparency.[15] However, most of
these previous investigations on the field of multi-wave mix-
ing focused on the passive optical medium and cold atomic

medium.[13–22] For low efficiency and low operating temper-
ature in cold atomic medium, the multi-wave mixing cannot
be conveniently used in devices with good scalability. It is
interesting to extend the study on multi-wave mixing to solid-
state systems, including semiconductor quantum wells (QW)
and quantum dots. Much of the recent literature has exploited
semiconductor quantum well (SQW) structure.[23,24] In this
type of system, the discrete energy levels and optical proper-
ties are closely analogous to those in atomic systems. Further-
more, it is intriguing to note that the SQW structure also has
inherent advantages such as large electric dipole moment, high
nonlinear optical coefficient, widely adjustable parameter, and
flexibility.

Motivated by those important properties, we try to study
systematically the high-efficiency FWM process in this spe-
cific system, and whether it is more promising for practical
applications.[25–30] In this paper, a detailed study of the four-
wave mixing (FWM) process is presented and the generated
FWM field is investigated from the amplitude and conversion
efficiency in a four-level coupled GaAs/AlGaAs quantum well
based on the EIT effect. We expect to present a controlled
high-efficiency FWM process in the SQW structure, and it
may be useful to generate coherent short-wave length radiation
in solid material. The rest of this paper is arranged as follows.
In Section 2, we describe the four-level coupled GaAs/AlGaAs
quantum well model and derive the nonlinear equation gov-
erning the motion of the envelope of the probe field and FWM
field. In Section 3, we present analytical solution and propaga-
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tion characteristics of FWM. The controllability of the conver-
sion efficiency of the generated FWM is also discussed by ma-
nipulating the driven field and one-photon detuning. Finally,
in Section 4, brief discussion is made and some conclusions
are drawn from the present study.

2. Model
We here consider the properties of FWM in an n-

doped asymmetric GaAs/AlGaAs double SQW structure,[24]

and it interacts with a weak pulsed pump field (ωp), a
strong continuous-wave (CW) control field (ωc), and a driven
field (ωd), as shown in Fig. 1. This structure consists of
an Al0.04Ga0.96As layer (shallow well) with a thickness of
11.0 nm and a 9.5-nm GaAs layer (deep well), and they are
separated by a 3.8-nm Al0.4Ga0.6As potential barrier. Both
the left side of the shallow well and the right side of the deep
well are Al0.4Ga0.6As potential barriers.[24] The probe and
the control fields couple with the transitions |1〉 ↔ |4〉 and
|2〉 ↔ |4〉 respectively, and the driven field provides a two-
photon coupling the transition |3〉 ↔ |4〉. In this structure,
|1〉 and |2〉 are the ground subbands of the left shallow and
the right deep wells respectively. Two subbands |3〉 and |4〉
are created by mixing the first excited subbands of the shal-
low and deep wells through the resonant tunneling. The probe
field and the resonant two-photon field induce an FWM pro-
cess |1〉→ |4〉→ |3〉→ |1〉, then generate a coherent radiation
field at frequency ωm with ωm = ωp− 2ωd. Here, ωp and ωd

are the central frequencies of weak pulsed pump field and the
two-photon driven field, respectively. Subbands |1〉, |2〉, and
|4〉 form the usual EIT scheme together with the weak probe
and CW control fields. The four conduction subbands of the
SQW under consideration are represented in real space as an
ensemble of four levels localized at the atomic sites of the two-
dimensional SQW. Considering a simple case in which the
electrons occupy their states as independent particles, the dy-
namic behaviors of electrons can be described by equations of
motion for probability amplitudes. By using the rotating wave
approximation,[5,15,27] the dynamic behaviors of the slowly
varying probability amplitudes A j=2,3,4 are governed by

i
∂A2

∂ t
+d2A2 +ΩcA4 = 0, (1a)

i
∂A3

∂ t
+d3A3 +ΩmA1 +Ω

(2)
d A4 = 0, (1b)

i
∂A4

∂ t
+d4A4 +ΩpA1 +Ω

(2)
d A3 +ΩcA2 = 0, (1c)

where d2 = ∆p − ∆c + iγ2, d3 = ∆m + iγ3, d4 = ∆p + iγ4.
∆p(c,m) = ωp(c,m)−ω41(42,31) are the single-photon detunings;

γ j=2,3,4 and Ω
(2)
d = p43εd/h̄ are the total electron decay rate

of subbands | j〉 and the direct two-photon Rabi frequency
from subband |3〉 to |4〉; Ωc = p42εc/2h̄, Ωp = p41εp/2h̄,

and Ωm = p31εm/2h̄ are the half Rabi frequencies of the con-
trol, pump and FWM field, respectively. Here, p43 = 𝑒d ·𝑝43,
p42 = 𝑒c ·𝑝42, p41 = 𝑒p ·𝑝41, and p31 = 𝑒m ·𝑝31 are the dipole
moments of transitions |3〉 ↔ |4〉, |2〉 ↔ |4〉, |1〉 ↔ |4〉, and
|1〉 ↔ |3〉 respectively, where 𝑒c,p,m,d is the unit vector denot-
ing the polarization of the laser field, with the envelope εc,p,m,d.

|4>

|3>

|1>

|2>

ωc

ωd

ωd

ωm

Fig. 1. Schematic energy-level diagram in a double SQW structure in-
teracting with a strong control field coupling with the transition |2〉 ↔
|4〉 (with carrier frequency ωc) and a weak probe optical field coupling
with the transition |1〉 ↔ |4〉 (with carrier frequency ωp). The subband
|3〉 couples with |4〉 by a two-photon process (with carrier frequency
2ωd).

In order to describe the propagation characteristics of
the generated FWM, the motion equations must be simulta-
neously solved with Maxwell’s equation in a self-consistent
manner.[31] Under a slowly varying envelope approximation,
we obtain

i
(

∂

∂ z
+

1
c

∂

∂ t

)
Ωp +κ14A∗1A4 = 0, (2a)

i
(

∂

∂ z
+

1
c

∂

∂ t

)
Ωm +κ13A∗1A3 = 0. (2b)

Here κ13(14) = Naωm(p)
∣∣p13(14)

∣∣2 /(2ε0h̄c) are the propagation
coefficients, with c and Na being the speed of light in vacuum
and the electron density in the valence band of the quantum
well, respectively. For simplicity, we assume that the CW con-
trol field is strong enough and stable so that Ωc can be regarded
as a constant.

3. Propagation characteristics of FWM
Considering the phase-matched condition, the solution of

the FWM problem is studied based on Eqs. (1) and (2). We
assume that the probe field is weak and the ground state of
the system is not depleted, i.e., A1 ≈ 1. By using the Fourier
transform

A j =
1√
2π

∫ +∞

−∞

α j exp(−iωt)dω ( j = 2−4)

and Ωp(m) =
1√
2π

∫ +∞

−∞
Λp(m) exp(−iωt)dω,[13] from Eqs. (1)

and (2), we have

f2α2 +Ω
∗
c α4 = 0, (3a)

f3α3 +Λm +Ω
(2)
d α4 = 0, (3b)

124202-2



Chin. Phys. B Vol. 23, No. 12 (2014) 124202

f4α4 +Λp +Ω
(2)
d α3 +Ωcα2 = 0, (3c)

∂Λp

∂ z
− i

ω

c
Λp = iκ13α3, (3d)

∂Λm

∂ z
− i

ω

c
Λm = iκ14α4, (3e)

where α j and Λp(m) are the Fourier transforms of A j and
Ωp(m), respectively. f j = d j + ω ( j = 2–4), and ω is the
Fourier variable. Making use of the initial condition for the
FWM-generated field (i.e. Λm(z = 0) = 0 and Λp0 = Λp(z =
0) 6= 0) and combining Eq. (3), one obtains the solutions for

the probe laser field and the FWM field as follows:

Λp =
Λp(0,ω)

U+−U−
[U+ exp(iK+z)−U− exp(iK−z)], (4a)

Λm(z,ω) =
U+U−

U+−U−
Λp(0,ω)[exp(iK+z)− exp(iK−z)], (4b)

with

U± =
κ13Dc +κ14 f2 f3±

√
G

2κ14 f2Ω
(2)
d

and G = (κ13Dc−κ14 f2 f3)
2 + 4Dκ13κ14 f2. By seeking their

approximated inverse Fourier transform, one obtains

Ωp(z, t) =
W+Ωp(t− z/vg+)e izK+(0)−W−Ωp(t− z/vg−)e izK−(0)

W+−W−
, (5a)

Ωm(z, t) =
W+W−[Ωp(t− z/vg−)e izK+(0)−Ωp(t− z/vg+)e izK−(0)]

W+−W−
, (5b)

where

W± =
κ13Dc +κ14 f2 f3±

√
G

2κ14 f2Ω
(2)
d

,

and vg± = 1/Re(∂K±/∂ω |ω=0 ) being the group velocities of
the K±.

Subsequently, the dispersion relation of the system is
given by

K± =
ω

c
+
−(κ13Dc−κ14 f2 f3)±

√
G

2D
, (6)

where D = f2|Ω (2)
d |

2 + f3 |Ωc|2 − f2 f3 f4 and Dc = |Ωc|2 −
f2 f4. Thus the system allows two branches of dispersion
curves K+ and K−. To our knowledge, the imaginary part
ImK±(ω) of Eq. (6) characterizes the linear absorption. Ac-
cording to the realistic parameters in a typical double SQW,
we may choose k13 = k14 = 6.2× 103 cm−1 ·meV, ∆c =

∆p = ∆m = 0.0 meV, γ2 = γ3 = 1.0 meV, γ4 = 2.0 meV, and
|Ωc| = |Ω (2)

d | = 5.0 meV. So, we plot the ImK+(ω) (solid
line) and ImK−(ω) (dotted line) each as a function of fre-
quency ω as shown in Fig. 2. Notice that the absorption curves
for the K+ and K− modes and around ω = 0, are very differ-
ent, i.e., the absorption of the K− mode is much more than that
of the K+ mode for an optical thick medium. It means that the
K− mode decays very quickly and the absorption of K+ mode
is largely suppressed. The suppression of the K+ mode of the
FWM field absorption is due to the quantum destructive inter-
ference effect, which is induced by the strong control field, and
this effect makes the population in the level |4〉 vanish. Hence
the K+ mode of the FWM field becomes transparent in our
resonant system. The physics behind it is basically the same
as EIT illustrated in Ref. [14]. Therefore, we just discuss the
properties of the FWM under the consideration that K− mode
can be ignored after a very short propagation distance.
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Fig. 2. The imaginary part of the dispersion relations Im(K+) (solid
curve) and Im(K−) (dashed curve) each as a function of the frequency
ω of the SQW system. The parameters of the system can be found in
the text.

In order to explore the propagation characteristics of the
generated FWM field, we show the normalized amplitudes of
the FWM field (which is defined as

∣∣Ωm/Ωp(z = 0)
∣∣)[29] as a

function of the propagation distance z with different values of
two-photon Rabi frequency Ω

(2)
d in Fig. 3. The parameters are

chosen to be ∆c = ∆p = ∆m = 0.0 meV, γ2 = γ3 = 1.0 meV,
γ4 = 2.0 meV, and |Ωa| = 5.0 meV. Our result shows that
the amplitude of the generated FWM field increases monoton-
ically with the increase of the propagation distance z, and the
amplitude reaches a saturation value and is nearly indepen-
dent of the propagation distance. Simultaneously, the satura-
tion value increases with increasing the two-photon Rabi fre-
quency Ω

(2)
d . This result may be understood as a competition

between the creation and destruction of quantum coherences
via the coupling and back-coupling excitation channels in the
conduction electron system, and the amplitude of the FWM
field approaches to a constant due to the balance of compe-
tition. When the generated FWM field has been sufficiently
intense after a characteristic propagation distance, an efficient
back-coupling excitation channel to the FWM-generated sub-
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band |3〉 becomes important, which is π out of phase with re-
spect to the coupling excitation channel. This back-coupling
channel simultaneously gives rise to a destructive interference
pathway, thereby suppressing the amplitude of the generated
FWM subband |3〉. On the other hand, the two-photon driven
field can delay or suppress the back-coupling channel, and it
makes the amplitude of the FWM field reach a saturation value
after a longer propagation distance. With these parameters, in
addition, we can show that the group velocities of the probe
and FWM fields are matched and ultraslow (vp

g = vm
g ∼ 10−3c).

It can enhance the field-medium interaction time and also re-
sults in an increase of the FWM conversion efficiency of the
system. As discussed in Refs. [14] and [24], a phase-matched
FWM field can be produced if the reduced group velocity of
the probe field subjected to EIT is about equal to the group
velocity of the generated FWM field.
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Fig. 3. Generated FWM amplitudes versus the depth z of penetration
into the double SQW system for three different values of driven field
Ω

(2)
d . The parameters of the system can be found in the text.

As discussed in Ref. [16], the FWM conversion effi-
ciency is defined as the ratio of the energy of the output
generated-FWM field to the energy of the input probe field,
i.e., η = |E(out)

m /E(in)
p |2. Here, E(out)

m is the electric field Em

(|Em|2 = 4h̄|Ωm|2/|p13|2) of the FWM field at the exit z = L
and E(in)

p is the electric field Ep (|Ep|2 = 4h̄|Ωp|2/|p14|2) of the
probe field at the entrance z = 0. Notice that the two branches
of each dispersion curve are very different and the absorption
of the K+ mode is much less than that of the K− mode for
the SQW system around ω = 0. Thus, after propagating a
longer optical depth, the amplitude of the K− mode decays
away rapidly, hence the K− mode can be ignored. Then equa-
tion (5) is simplified into

Ωp(z, t) =
W+

W+−W−
Ωp(t− z/vg+)exp(izK+), (7a)

Ωm(z, t) =
W+W−

W+−W−
Ωp(t− z/vg+)exp(izK+). (7b)

Therefore, the FWM conversion efficiency is given by

η =
|p13|2

|p14|2

∣∣∣∣∣ 2 f2κ13Ω
(2)
d

κ13Dc +κ14 f2 f3 +
√

G

∣∣∣∣∣
2

e−2αL. (8)

The effects of both the cross-coupling and the control
fields on conversion efficiency η are considered, and the
curves of efficiency η versus amplitude |Ωc| of the CW control
field c with the different amplitude values of the driven field
d are plotted in Fig. 4. For Ω

(2)
d = 4.0 meV, one can see that

with increasing Ωc, the conversion efficiency η first tardily in-
creases and reaches a maximum η at Ωc ≈ 5.0 meV. It is also
found that for the stronger control field (i.e., Ωc > 5.0 meV),
the conversion efficiency of the FWM field can be suppressed.
A similar variation tendency of the conversion efficiency is ob-
served with stronger driven field (e.g., Ω

(2)
d = 5.0 meV and

Ω
(2)
d = 6.0 meV). Moreover, the maximum of η becomes

larger when the driven field strength Ω
(2)
d is stronger, while

the position of the maximum nearly corresponds to that in the
same control field case. Therefore, we can conclude that the
conversion efficiency of the generated FWM field can be en-
hanced by the driven field.
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Fig. 4. Curves of conversion efficiency η of the generated FWM versus
the amplitude |Ωc| of the CW control field c for three different values
of driven field Ω

(2)
d . The parameters of the system can be found in the

text.
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Fig. 5. Curves of conversion efficiency η of the generated FWM versus
the amplitude |Ωc| of the CW control field c for three different values
of one-photon detuning ∆p. The parameters of the system can be found
in the text.

We further show in Fig. 5 the curves of conversion ef-
ficiency η versus control field Ωc with the different values
of one-photon detuning ∆p. From Fig. 5 it follows that the
conversion efficiency increases to a maximum and then de-
creases, with increasing the control field Ωc, which is similar
to the phenomenon in Fig. 4. The peak of η shifts toward the
right side with the increase of ∆p, namely, the maximum of
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η does not vary with increasing the one-photon detuning ∆p.
It illustrates that detuning ∆p may determine Ωc where the η

reaches the maximum. Such a controlled high efficiency FWM
in the SQW solid state system may have potential applications
in quantum control and communications.

4. Discussion and conclusion
Before drawing conclusions, we should notice that in the

literature several multiple-level structures in atomic gaseous
media, such as double Λ -type or tripod-type, have been
proposed to investigate the high-efficiency four-wave-mixing
(FWM) process. However, there are two crucial differences
between our work and the previous literature, with important
implications which will be mentioned here briefly. First, the
medium studied in our work is a solid, which is much more
practical than the gaseous medium case due to its flexible de-
sign and the controllable interference strength. Second, the
transition energies, dipoles, and symmetries can be controlled
at will.[33]

Now, we come to draw some conclusion from the present
study. In this paper, we demonstrate the high-efficiency FWM
process in a four-level SQW system by using the coupled
Schrödinger–Maxwell approach. Because the EIT induced by
the control field, the linear absorption of the probe, and the
FWM fields can be suppressed, and their group velocities can
be slowed down and matched with each other, the amplitude
of the generated FWM field first increases monotonically with
the increase of propagation distance z, and then reaches a sat-
uration value. Simultaneously, the saturation value increases
with increasing the two-photon Rabi frequency Ω

(2)
d . Inter-

estingly, with the increase of control field, the conversion ef-
ficiency exhibits parabolic change which presents a maximum
value. This means that the control field can improve the con-
version efficiency significantly for suitable parameter regimes.
Furthermore, the maximum efficiency also increases as two-
photon Rabi frequency Ω

(2)
d becomes stronger. Aside from

this, the maximum efficiency shifts toward the larger ampli-
tude side of the control field when the one-photon detuning ∆p

becomes stronger. The results presented in this work may be

used in some areas of optical information engineering and to
generate the coherent short-wavelength radiation efficiently in
the SQW solid state system.
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