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A higher-order finite-difference time-domain (HO-FDTD) in the spherical coordinate is presented in this paper. The
stability and dispersion properties of the proposed scheme are investigated and an air-filled spherical resonator is modeled
in order to demonstrate the advantage of this scheme over the finite-difference time-domain (FDTD) and the multiresolution
time-domain (MRTD) schemes with respect to memory requirements and CPU time. Moreover, the Berenger’s perfectly
matched layer (PML) is derived for the spherical HO-FDTD grids, and the numerical results validate the efficiency of the

PML.
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1. Introduction

The higher-order finite-difference time-domain (HO-
FDTD) technique!'~!3! has been widely used for analyz-
ing the electromagnetic problems such as solving guided
wave systems, designing various electrical and electronic de-
vices that involve electromagnetic waves, and characterizing
kinds of electromagnetic wave phenomena. Compared with
the long established finite difference time-domain (FDTD)
algorithm,'¥ the HO-FDTD method can greatly reduce the
numerical dispersion, which indicates that the HO-FDTD ap-
proach is able to use much less memory and CPU time than
the FDTD scheme in the electromagnetic computation. Manry
et al.!! investigated the use of a second-order in time, sixth-
order in space FDTD (2, 6) algorithm. Roberts and Joubert!3!
described the implementation and verification of the perfectly
matched layer (PML) absorbing boundary condition for the
HO-FDTD (2, 4) technique. Lan et al.l’! discussed a higher
order (2, 4) scheme for the solution of Maxwell’s equations
(ME’s) in time domain, which is employed in modeling wide-
band electromagnetic phenomena on a coarse grid. Shao et
al.’® proposed an HO-FDTD (2M, 4) method, in which the
time differential is of the fourth order and the spatial differ-
ential using the discrete singular convolution is of order 2M.
Chen et al.!'®! developed an HO-FDTD with a cylindrical grid
for time-domain ME’s, and two absorbing boundary condi-
tions were derived for the cylindrical HO-FDTD grids.

In the present paper we extend the HO-FDTD concept to
spherical coordinates, and present an HO-FDTD algorithm for
solving ME’s in spherical grids. For simplicity and generality,
the HO-FDTD (2, 6) approach is employed in this work. The

DOI: 10.1088/1674-1056/23/12/124102

stability and dispersion errors of the HO-FDTD scheme are
analyzed and compared with those from the FDTD and MRTD
schemes based on compactly supported wavelet-Daubechies’
scaling functions with two vanishing moments.>~171 More-
over, the Berenger’s PML is derived for the spherical HO-
FDTD scheme, of which the absorbing ability is investigated
through validation of convergence, symmetry, and an electric
dipole near a conductive sphere.

2. HO-FDTD for spherical grid

In this work, a homogeneous medium is considered.
Maxwell’s vector equations are given by

JH JoE
VxE:—uW—GmH, VxH=£§+GE. €))]

Discretizing Eq. (1) in spherical coordinates as
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It is seen that equations (2)—(7) involve only the first order
derivative both in time and in space. However, by applying the
Taylor series expansion to a function f (x), after some simple
manipulations, we can obtain (2L)-th-order approximation for
the first-order derivation of f (x)

Figure 1 shows the unit cell of the HO-FDTD scheme. By
replacing the first-order time derivatives in Egs. (2)—(7) with
the 2nd-order central difference approximation and the first-
order spatial derivatives in Egs. (2)—(7) with the 6th-order cen-
tral difference approximation, the (2,6)-th-order FDTD for-

" 1 L=l 0 N 1 g mulas can be obtained. Taking the field E, for example, its
flay= Ax :z_: al)f\» 2) ®) discretized form is described as
|
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The (2,6)-th-order FDTD formulas of the other fields can be written as
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K, n K, n
where E and H'

field expansions. The indices i, j, k, and n represent the dis-

with Kk =r, 0, @, are the corresponding

crete space and time indices related to the space and time co-
ordinates via r = iAr, 0 = jAO, ¢ = kA@, and t = nAt, where
Ar, AB, A@, and At are the space and time discretization in-

tervals in r, 8, @, and ¢ directions. The coefficients a (/) are
defined as follows:

(-1 [eL—1)1]
(1+1/2)7 2L—2—2)11(2L+ 2]

al) = (16)
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Fig. 1. A nonuniform spherical unit cell for the HO-FDTD scheme.

The coefficients for 0 <[ <2 are shown in Table 1. The values

of coefficient a () for I < 0 are given by the symmetry relation
a(—1=10)=—a(l).

Table 1. Values of coefficient a(l) for 0 <1 < 2.

l a(l)

0 1.171875000
1 —0.065104167
2 0.004687500

As can be seen in Fig. 2, where we assume that the total
meshes are N, X (Ng + 1) X (Ny + 1), because of the charac-
teristic of the field components in the HO-FDTD algorithm,
at the points i = 0,1,2 or j =0,1,2,Ng —2,Ng — 1,Ng or
k=0,1,2,Nyp —2,Nyp — 1,Np, some of the E and H fields
need to be disposed particularly.

Firstly, observing Eq. (10), it is noted that when j = 0 or
Ny, the E, value is singular, and this problem can be solved by
using the Ampere’s law!!®!

a7

where the contour L is the circle defined by j = 1/2 or
Ny — 1/2. Taking the integral of expression (17), we can ob-
tain the formula for updating E, at j =0

Er,n+1 _ 2e — oAt nn
i+1/2,0k — 2€ + oAr i+1/2,0,k

sin (A8 /2) ApAr
T 2et oA (i+1/2)Arl —cos (AB/2)] 7

18

Q.n+1/2
x ZHi+1/2,1/2,k‘
j

At j = Ny, the formula is
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Fig. 2. Areas need to be particularly treated (dark parts). (a) The r—6 plane. (b) The r—¢ plane.
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Moreover, when j =1,2, Ng —2,Ng — 1, Ng or k=0,1, 2, Ny — 2, Ny — 1, Ny and E; should be treated particularly. Taking
the spatial point ((i+ 1/2) Ar,A8,0) for example, the updated equation of E, is
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Next, observing Eq. (11), it can also be seen that the value of Eg is singular at i = 0. A simple method to treat this problem
is to let Eg = 0, which is feasible if the origin of the coordinate system is occupied by a perfect conductor. Another possible way
is to transform the Eg fields at i = 0 into Cartesian coordinates, and then transform back to spherical coordinates.

Furthermore, when i = 1,2 or k = 0,1,2, Ny — 2, Ny — 1, the Ny and Eg should be treated particularly. Taking the spatial
point (Ar, (j+ 1/2)A6,0) for example, the updated equation of Eg is
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Referring to Eq. (12), the treatment of E at i = 0 or j = 0, Np is the same as that of Eg, and when i =1,2 or j =1,
2, N9 — 2, Ng — 1, the Eg should also be treated particularly. Taking the spatial point (Ar,A8, (k+1/2) A@) for example, the

updated equation of Ey is
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The treatment of the H fields at the proposed special points is | + kolArsin (JAO) KAQ)]. (30)

similar to that of the F fields, and can be obtained by duality.

3. Stability and dispersion analysis
3.1. Stability analysis

Using the normalized value of the vector of the magnetic
fields (\/u/e H — H), equation (1) can be rewritten as

1dH 1 dE
E=—— H=-— 24
VX c dt’ VX cot’ @4
_
=
Defining that V' = H +jE, then we can obtain
10V
VXV =——. 25
JV - (25)
Considering the following eigenvalue problem:
A%
=V 26
5 ; (26)
jeVxV =AV. 27)

The finite-difference approximations of the time derivatives on
the left-hand side of Eq. (26) can be written as

Vn+l/2 _
At

(28)

To maintain the stability during normal time stepping, the
imaginary part of A, Im(2), must satisfy

Im(A)] < =

At 29)

Assuming that the calculating space medium is homogeneous,
lossless, and non-magnetic, any monochromatic plane wave
can be indicated by

Visk = Voexp|—j(k-dAr+koArJAO

Substituting Eq. (30) into Eq. (28) and applying Euler’s iden-
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In Eq. (31), r/ is the radial location, A is a pure imaginary that
(kra ko, k(p)

2
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4 1/2
)"
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tity, then we can obtain

(€29

is bounded for any wave vector k =

(32)

where ¢ = 1/,/11€ is the velocity of light.

In order to maintain that the numerical stability remains
for any spatial mode, the upper bound of expression (32) must
be smaller than or equal to Eq. (29), that is

S
At < ,

(33)

- 1 4 4
cyl—+ +
\/Ar2 (ArAB)*  (ArA@sinAB)?

where

S= ~0.8727. (34)
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It is known that

1
AtppTp < . (35)

1 4 4
7T 7T - 2
(Ar)°  (ArA0)=  (ArA@sinAB)

Equations (33)—(35) show that for the same discretization
size, the upper bounds of the time steps of HO-FDTD and
FDTD are comparable and related through the factor S.

3.2. Dispersion analysis

The numerical dispersion errors of the standard HO-
FDTD, standard FDTD, and MRTD are investigated in this
section. By substituting a time-harmonic trial solution into the
update equations and numerically solving the resulting nonlin-
ear equation, the dispersion relation can be obtained as!!*!

L (@)
cAt 2

}2
+ _ i a(k')sin | kor' A k’Jrl
" A@sinAQ ¢ 2

k'=0

2
X sinAG)]} , (36)

i_ a(j')sin (ker’ <j’ + ;) AG)

Jj'=0

where @ is the wave angular frequency, p’ is the radial lo-
cation, and kg ¢ is the p, 6, ¢ components of the numerical
wave vector respectively. It is obvious that it is difficult to treat
the three-dimensional (3D) dispersion problem, so for simplic-
ity, a two-dimensional (2D) problem in the 6—¢ plane is an-
alyzed. Defining that the Courant-Friedrichs—Lewy number
(CFLN) cAz /8 = p and ¥AB = ¥ A@sinAB = §, equation (36)
can be rewritten as

WAt

Ll (k(pﬁ (H;))r

kgoa(k’) sin (kZS <k’ n % >) 2

= 2arcsin{ p

+

(37

To permit the determination of k for any wave-propagation di-
rection, we define that

k= (k(p,kz) = ko (cosat,sina),

where o represents the azimuth angle in polar coordinates.
Since ko = ®/v, = 2w /Ay, where v, represents the numeri-
cal phase velocity and Ay denotes the free-space wavelength,
equation (37) can be rewritten as

2

vy N1 .
-~ = ——arcsin| p
c T p 2

+

where N = Ay/0 is the grid-sampling density. To satisfy
the stability requirements, p must be smaller than 0.6362
(= 0.8997/v/2,A@ = 2Az/Ap) for the 2D simulations.

Figures 3(a) and 3(b) show the dispersion errors versus N
with CFLN = 0.125 and o = 0°, 45°, figures 3(c) and 3(d)
show the dispersion errors versus N with CFLN = 0.3 and
a = 0°, 45°. From these figures, it is obvious that the dis-
persion errors for both HO-FDTD and MRTD are far lower
than for FDTD. The dispersion error for HO-FDTD is gener-
ally lower than for MRTD. When the grid-sampling density is
very low (N = 2 to 3), the dispersion error for MRTD is lower
than for HO-FDTD, but the spatial sampling rates for MRTD
are so low that it generally precludes practical use. Moreover,
it can also be concluded that the advantage of HO-FDTD be-
comes much more obvious as the CFLN decreases.

Figure 4 describes the variations of v, in HO-FDTD
and MRTD approaches versus propagation direction ¢ with a

jgoa(j’) sin (21\7;00506 <j’+;)>] 2
kgoa (') sin (2]\7; sin ot (k’ + ;) )] 2

(38)

‘Value of p =0.125. In Fig. 4(a), two different values of grid-

sampling density Ay/8, namely, the values of N, are examined
for HO-FDTD and MRTD: N = 2 points per Ap and N = 3,
and three for HO-FDTD and MRTD in Fig. 4(b): 4/ = 4,
Ao/8 =35, and Ap/6 = 6. From this figure, it can be easily
seen that the propagation speed of v, is slower than the speed
of light for the HO-FDTD scheme, but is faster than the speed
of light for the MRTD scheme. We can also see an inter-
esting phenomenon that the curves for both HO-FDTD and
MRTD are symmetrical with respect to o@ = 45°; for the HO-
FDTD approach, the numerical phase velocity becomes faster
and faster gradually, and then becomes slower and slower
gradually; for the MRTD approach, the variation of v, is sim-
ilar to that for the HO-FDTD in Fig. 4(a), but the MRTD
can keep a higher accuracy with the same grid-sampling
density than the HO-FDTD, which validates the conclusion
above; in Fig. 4(b), the variation of v, for MRTD is opposite
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Fig. 3. Dispersion errors versus N for FDTD, HO-FDTD, and MRTD methods. (a) CFLN = 0.125 and @ = 0°; (b) CFLN = 0.125 and & = 45°; (¢c) CFLN =

0.3 and @ = 0°; (d) CFLN = 0.3 and o = 45°.

1.00

0.95

0.90

0.85

0.80}..-" (2)

0 15 30 45 60 75 90

Normalized phase velocity, V,/c

Wave angle, a/(°)

—_
o
—
ut

1.010

1.005

1.000

0.995F _.-7

Normalized phase velocity, v,/c

Wave angle, a/(°)

Fig. 4. Variations of v, /c with wave-propagation angle for 2D HO-FDTD and MRTD grids. In panel (a) solid line for N = 2, MRTD; dashed line for N = 3,
MRTD:; dotted line for N = 2, Ho-FDTD; and dash—dot line for N = 3, HO-FDTD. In panel (b) solid line for N = 4, MRTD; thicker dashed line for N =5,
MRTD; dotted line for N = 6, MRTD; dash—dot line for N = 4, HO-FDTD; dash—dot—dot—dash line for N = 5, HO-FDTD; thiner dashed line for N = 6,

HO-FDTD.

to the HO-FDTD: v, firstly becomes slower and slower grad-
ually, and then becomes faster and faster gradually, v, is slow-
est at & = 45°, and it is obvious that the HO-FDTD can keep a
higher accuracy with the same grid-sampling density than the
MRTD. Since the spatial stencil of the proposed HO-FDTD
and MRTD is larger than that of the FDTD, and the proposed
spatial sampling rate is too low for FDTD, for simplicity, the
curves for FDTD are not illustrated here.

To demonstrate the benefits of the high linear dispersion
characteristics of the HO-FDTD scheme, as Table 2 shows, the
simulations results of the resonant frequencies for an air-filled
spherical resonator are given here. The radius of the cavity

resonator is r = 1 m, and the constitutive parameters for air
can be defined as 6 = 0, 0, =0, and & = 8.85 x 1072 F/m,
U =4m x 1077 H/m.
131.01 GHz.
computation domain is discretized using the grid with Ap =
3.125 cm, A6 = ©/48, and A@ = 7/24, leading to a mesh
of 32 x 48 x 48 grid points. For the MRTD and HO-FDTD
scheme, a grid with Ap = 12.5 cm, AB = /6, Ap = /6

and with a mesh of 8 x 6 x 12 grid points, is chosen. Note

Its fundamental-mode frequency is

In the simulation using FDTD scheme, the

that the time discretization interval Afpptp = 4.421 x 10713 s,

AfMRTD = Atpo—rptp = 1.454 x 10711 s are chosen for the
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three schemes. The source is a Gaussian pulse applied to the
E, component located at the grid point (3, 3, 0) and given as

Egu,n+1

P20 = E3i1 po —expl—4n(t—10) /7, (39)

33+41/2,0

where o = 7 = 0.2 ns. Compared with the case using the
FDTD method, the total number of grid points is reduced by
a factor of 64, and the execution time for the analysis is re-
duced by a factor of 25 for MRTD and HO-FDTD methods.
Moreover, it is seen that for the MRTD method, the relative
error of the resonant frequencies is positive, and for the FDTD
and HO-FDTD methods, the relative errors of the resonant fre-
quencies are negative, which can be expected from the disper-
sion diagrams, see Fig. 4. Figure 5 depicts the normalized
magnitude of the E, in time and frequency domain calculated
by HO-FDTD at the grid point (5, 3, 4).

Table 2. Simulation results.

Scheme FDTD MRTD HO-FDTD
Results /GHz 130.761 131.130 131.008
Relative error —0.190% 0.092% —0.002%

Mesh size 32x48x48 8x6x12 8§x6x12
No. of iterations 65536 65536 65536
CPU time/s 512.86 20.83 20.10
1.0

Normalized E, component

_1.0 T T T T T
0 1 2 3 4 5 6

Time steps/10*

—
o

(b)

e
oo
T
1

e
(=)
T
1

e
=
T
1

Normalized magnitude of F,
o
o

120 140 160 180
Frequency/MHz

Fig. 5. Normalized magnitude of the E, field in time and frequency
domain.

In this work, the spherical resonator is a kind of perfect
electric conductor (PEC) shielded structure. Since the HO-
FDTD scheme does not allow localized boundary conditions,
as figure 6 shows, the image technique is applied to the PEC

boundary. 1!

(a) PEC

Original fields

Image fields

(b) PEC

Original fields Image fields

Fig. 6. Original and image fields of the HO-FDTD lattice with respect
to PEC boundary.

4. Implementation of the PML

In the spherical coordinate system, the PML formulations
are posed in the stretched coordinate space,*l i.e.,

) 1 |9 (sin6Hy) JHy
L ey [ 0 o | YO
1 0B, dH,
jogoke = = Line Ere ar} ! “D
_ 1 [0Hy O0H,

joeoEy = { r986}’ (42)
: 1 |9 (sin®E,) dEg

ot = o l 6 ap | @
o 1[ 1 9E 9E,

—j0uoHe = 5 Lin@ 99 - ar] ) (44)
. ~ 1 [0Ey OE,

SrEr = Eh (46)

FEg = Ee, @7

spH, = I:Irv (49)

7Hy = Hy, (50)

where s, is the stretched-coordinate metric, which is assumed
to be

r r
=142k 14 OH (52)
jog jouo
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and 7 can be defined as
p
F= / Sy (r/) dr

_ / [1 + (j’io(;)} dr’

JO
_ /r [1+§” (rl)] ar. (53)
0 oo

Since the PML is achieved through complex stretching on

(=}

the radial variable r, only, it is not necessary to split the fields
at all in spherical coordinates. Following the procedure in Sec-
tion 2, the discrete PML equations can be easily obtained (not
shown here for space-saving purposes).

5. Numerical results
5.1. Validation of convergence

In this section, a 3D spherical problem in free space is dis-
cussed to validate the convergence of the PML. The cell dis-
cretization size is defined as being uniform in the r direction
Ar = 6 cm. Eight-cell-thick PML layers terminate the space in
the r direction, which leads to an N, X Ng X Ny = 38 x 16 x 20
cell lattice. The PML region is terminated with a PEC wall.
The source is applied to the electric field component Eg lo-
cated at the grid point (5, 12, 0) as follows:

O.n+1

E5,12+1/2,0

:Ee,n - At @ n+1/2
5.12+1/20 - 25¢,Ar3AOA@sin (12.5A0) \ dr ’

(54)

where p (1) = 10~ 0exp[— (r —3T)/T]%, with T = 1.5 ns. A
receiver is located at the grid point (7, 6, 10). Figure 7 shows
that the analytical curve and the numerical result of the PML
are in good agreement, and little reflection from the PML re-
gion can be seen. It should be noted that the source-receiver
positioning is such that the pulse passes through the 6 = 0
axis, which verifies the accuracy and stability of the spherical
HO-FDTD algorithm in our discretization scheme.

analytical 1
----HO-FDTD
Bl
<
Z
< ]
S
0 10 20 30

Time/ns

Fig. 7. Comparison between analytical and numerical results for the
PML schemes in spherical coordinates.

5.2. Validation of symmetry

The computational space now is the same as before, but
the excitation source is defined as
0.,n+1 _ p0n
E6,0:N971/2.,0:N¢ - E6,0:N971/2,0:N¢
— exp[— (nAr —3T)/T)*,  (55)

where T = 1.5 ns. As figure 8 shows, in order to analyze
the symmetry of the PML scheme, some sampling points are
set on the circles that are vertical with j = 0, Ny, and the
field values at the sampling points are computed. In Fig. §,
r = 14 spaces, since the sampling points have the same dis-
tances from the excitation source, and are absolutely symmet-
rical, the computed field values should be identical.

Fig. 8. Distribution of the sampling points.

The computational results are listed in Table 3. The val-
ues in lines 1 and 2 in the table are the Eg values at the sam-
pling points in the upper circle, and the values in lines 3 and 4
in the table are the Eg values in the nether circle, all the values
are extracted after 7000 time steps. From Table 3, it can be eas-
ily concluded that the symmetry of the PML scheme is quite
good. Because the dispersion effects are different in different
wave-propagation directions, the values in the table are not
exactly the same. However, the error is just about 0.0003%,
which is small enough to be overlooked.

Table 3. Validations of symmetry.

—2.293535  -2.293535  -2.293535 2293535  -2.293535
—2.293535  -2.293535  -2.293535 -2.293535  -2.293535
—2.293541  -2.293541  -2.293541 -2.293541 -2.293541
—2.293541  -2.293541  -2.293541 2293541  -2.293541

5.3. Dipole and conductive sphere

In this subsection, a much stronger demand of an electric
dipole near a conductive sphere is considered.!! As shown
in Fig. 9, a sphere of radius ryp = 0.4 m is used here. The
computational domain is discretized using an N, X Ng X Ny =

124102-9
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38 x 18 x 36 cell lattice with eight-cell-thick PML terminat-
ing the grid in the r direction. The computational volume is
discretized with Ar = 0.1 m and

AB =Ap =m/18,

and the time resolution is Ar = 16.67 ps. The electric dipole is
located at the grid point (5, 9, 0), and is characterized by

P(t) =sin(t), (56)

where
w=27xf,

with f = 0.5 GHz, giving a wavelength A = 0.6 m. It is easily
demonstrated that such a dipole produces an electric field in
time domain as follows:

N P
E(r,t) = 47"{6, [r8t+ rZ] 2cos 6

2 cad . c
Tep {w_y;g-kr—z]sme}P(t—;), (57

and the electric dipole source can be employed in the HO-
FDTD as follows:

0.n+1 _ pbn
E5,9+1/2,0 - E5,9+1/2,0

At dP n+1/2
258 Ar3AB8A@sin (9.5A6) (E) ‘
(58)

Simulations are allowed to be performed using 2500 time
steps. Figures 10(a) and 10(b) show the analytical and numer-
ical results for Eg with 0 < 8 < 7, ¢ = 0. The solutions are
shown only for the 10-30 radial steps to avoid larger nearer-
field wave amplitudes swamping out further-field amplitudes.
It is seen that the analytical and numerical results accord with
each other quite well, which also validates the efficacy of the
PML.

gﬁgﬁﬁiﬁiﬁ

g§§§g

Fig. 9. The r—¢@-plane of the computational model (6 = 7/2).
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9
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—200
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Fig. 10. (color online) Ey fields for the dipole near a conducting sphere
in V/m. (a) Analytical result. (b) Numerical result.

6. Conclusion

In this paper, we proposed an HO-FDTD scheme in the
spherical coordinates. The stability and numerical dispersion
property of the algorithm are analyzed. Compared with the
FDTD method, the proposed method has a low sampling rate
which can significantly reduce the numerical phase error, and
compared with the MRTD method, the HO-FDTD method can
also gain a general advantage. Furthermore, the Berenger’s
PML absorbing boundary condition is developed for the spher-
ical HO-FDTD scheme. Three validating examples show that
the PML can provide a satisfactory absorbing performance.
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