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We explore the theoretical possibility of extending the usual squeezed state to those produced by nonlinear single-
mode squeezing operators. We derive the wave functions of exp[—(ig/2)(v/ 1 —X2P + Pv'1—X?2)]|0) in the coordinate
representation. A new operator’s disentangling formula is derived as a by-product.
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1. Introduction

Squeezed state theory has been an important topic not
only in quantum optics but also in quantum communication
because it can describe a light field that has less quantum fluc-
tuation in one quadrature than the coherent state.!!! Theoreti-
cally, the single-mode squeezed state is produced by operating
the squeezing operator

S = exp B (az—a”)}, (1)

on the vacuum state |0), where |0) is annihilated by the pho-
"] = 1. In Ref. [4]
we have shown that the squeezing operator possesses a natural

ton annihilation operator, a|0) =0, [a,a

representation in the coordinate representation

ew| 5 (@ -a?)| = [l =t @
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where |x) is the coordinate eigenstate which in Fock space is
expressed as

a?

lx) =7~ /4 exp [ —x> +V2xd" |0),
X |x) =x|x), (3)

the integration in Eq. (2) can be performed by using the tech-
nique of integration within normally ordered product (IWOP)
of operators and |0) (0| =: e~ @157

/°°7| /1) (3

[t 50

DOI: 10.1088/1674-1056/23/12/120302

il 12 2
+V2x <a +a> et a'l'a] :
u 2
24 2

= sech'/? A : exp {

at? . 1
exp <—2tanhl> exp {(a‘a—«— 2> lnsechl}
2
X exp (C;tanhl)

%tanhl +a'a(sechA — 1)] :

= exp {2 (a2 —aw)] . @
Using
X = i(wa ), P= i(a a’), X,Pl=1i, (5
V2 V2i ’
we see

exp B (a* —a”)} =exp [il (PX + ;)} . (6)

In this work we let X — v/1 — X2 (a nonlinear factor) to see if
exp[—i ng}, whose exponential part includes the non-
linear term Pv/1 — X2, plays the role of squeezing. Our mo-
tivation arises from the observation that a squeezed state is
experimentally produced in some nonlinear media. We hope
to know the wave function of exp[—igPv/1 — X?]|0). For this
aim we shall first deduce a new operator identity and then ex-
amine the wave function of exp[igv/1 — X2P]|0). The sharp
difference between these two wavefunctions warns us that we
should be very cautious to treat nonlinear operators in quan-

tum mechanics.
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2. Wave function of exp[igv/T—X2P]|0) in the

coordinate representation

From
d
exp g | f(0)=F(x+g), ©)
and setting
oo 4 _dyd_ o, d
" dx  dxdy dy’

we have

exp {gx;x] f(x) = exp [g;y} f(e")
— £ (e
= f(e%x). (®)
On the other hand, in Eq. (7) by letting

. d dyd 1 d 1 d
x=siny, —=-——=———=—"——
Y ax T dx dy cosydy 1—x2dy’

WE S€€

1—x2d] £

exp {g P

d
exp {gdy} f(siny)
= f[sin(y +g)]
= f[sinycosg+cosysing]

= f [XCOSng \/@Sing} . (9)

Due to

id
Ph) = 1),

so equation (9) implies
exp {—igP\/ 1 —Xz} |x)
d
= 1— 2_—
exp [ oV 1= | o
’xcosg+ \/l—xzsing>. (10)

Taking its Hermite conjugate we obtain

<x|exp{ig l—XZP}:<xcosg+\/1—x2sing, (11)

which exhibits nonlinearity. Through the form of Eq. (11) we
can see the squeezing factor explicitly. Using Eq. (11) we ob-
tain the wave function of the state exp[igv/1 — X2P]|0)

(x| exp [ig l—XzP} |0)

= <xcosg+ MSing‘O>, (12)

using Eq. (3) and a |0) = 0, we have
<xcosg+ V1 —xzsing’ 0)
1 2
= 14 (0]exp {— 3 (xcosg—f— VAl —xzsing)
2
+ \ﬁ(xcosg+ V1 fxzsing)af (12] |0)
1 2
= /4 (0] exp {—2 (xcosg+ V1—x2 sing) } |0)
-1
= g1/ exp [7 (x2 cos2g

+x\/1—xzsin2g+sin2g)}, 13)

then we obtain

(x|exp [ig 17X2P} |0)
-1
= n*'/“exp [2 ()CZCOSZg

+xv/1—x%sin2g + sinzg)} ) (14)

3. A new disentangling formula

In Egs. (9) and (10) we have discussed the expres-
sion exp[—igPv/'1 —X?2||x), it is natural to ask the action of
exp[—igV/1 — X2P] on |x), in fact, using formula

af (X
0.7 =i %200 ),
we have
|: I—XZ,P:| :—1\/%,
then

exp _—ig 1—X2P} |x)

= exp :fig (P\/l -X2+ {\/1 7X2,PD} |x)

[ X
= exp |—igPV1-X2—g———||x
P gm}”
[ d x
= 1—a2— — 15
eXp|VI—X g8 1x2])€>7 (15)

thus we need to disentangle

exp [g 1—x2(d/dx) —gx/V/1 fxz} :

For this aim, we propose a new disentangling formula
p l—d +Af(y)
ex
dy Y

— exp U(ff@w) dt} exp [xfy} . (16)
or equivalently
exp[iAP+ A f (X)]
— exp [/Olf(x+t) dt] explilP]. a7
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We prove Eq. (16) as follows:
Defining

O(A) = exp[AA]exp[AB]

d d
exp [kdy —|—7Lf(y)} exp [_)Ldy] ,  (13)

where

f@ﬂ:fm, (19)

WE S€€

B]..]=f" (). (20)

It then follows that

%0(1) — AO(A)+exp[AA] Bexp (1B

= AO (L) +exp[AA]Bexp[—AA]O(A)

= (A+B)O(A)+ iZ[A,[...,[A,B]...}O(A)

n

b n

= 0O+ X T LBl Jo)

n=1

= fy+24)0(4), 2n

thus

)
A
I

exp U(ff(wt) dt} 0(0)

vl
exp [/0 fy+1) dt} . (22)

Comparing Eq. (22) with Eq. (18) we obtain Eq. (16), QED.
Now we consider the following exponential operator

X
O(g,h) =exp{ —igPV/1—X2— h} 23
(g:h) p{ g = (23)
where £ is a real parameter, since
O(g,h=1)=exp[—igV1—X?P].
Operating O (g, k) on |x) yields
05 )% =exp | gv/1 - —gh— 2| [¥). @4
7 dx 1—x2
Letting
. d dyd 1 d 1 d
X =siny, = =

Fri ¥ T e T

we have

d X d
1—x2— —gh =g— +g(—htany). (25
gVI=xtq —gh e =g g g (htany). (25)

Using Eq. (16) we see
0(g,h) [x)

d .
= exp [gdy +8 (—htany)} |siny)

exp [—h/og tan (y +1) dt} exp [g;y} siny)
0] iy

h
X
COSg — —————sin xcosg+1/1—x2sin > 26

Then we employ Eq. (10) to derive

h
O(g,h)|x) = [cosg— \/iixzsing]
xexp{—igP\/l—Xz}m, @7

thus

0(g,h) = exp{figP\/17X2}

h
X
X [cosSg — ——sin . 28
{ Uiox g] @

4. Wave function of exp [igPv/1—X2]|0) in the
coordinate representation

It then follows from Egs. (15), (23), and Eq. (28) that

exp [—ig 1—X2P]

X
exp | —igPV1—X2— }
p{ § Sixe
=0(g,h=1)

= exp{—igP\/ 1 —X2} [cosg—

X

and
exp [—ig l—XzP} |x)
— [cosg \/iixzsing} exp{figP\/ 1 7X2} |x). (30)

Its Hermite conjugate gives the wave function of

exp [igpm} 10)
(x| exp [igpm _xz} 10)

X
= |cosg — ——=sing| (x|exp< i 17X2P}0
oosg - sing] (lexo {ig 0)

=g /4 [cosg—

Viwfm4
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-1
X exp [2 <x2 cos2g +xv/ 1 —x2sin2g

+ sinzg)} (31)

Comparing Eq. (31) with Eq. (14) we see a big differ-
ence. This teaches us that one should be very cautious when
dealing with nonlinear operators in quantum mechanics; ac-
tually, treating nonlinear operators Hermitian or unitarity is a
challenge to theoreticians.

5. Wave function of exp[—ig(v1—X2%P+
PVI=X3)/2](0)
Based on the above results Eq. (23) and Eq. (28) we have
exp [—izg (\/1 —x2P+PV/1 —xz)}
g X ]

= exp|—igPV1-X2—-2 2
p|-ie A -

0(g,1/2)
= exp{—igP\/ 1 —X2} [cosg—
Then we use Eq. (10) to know

(0] exp [—izg (\/1 —X2P+PV/1 —XZ)} 1x)

X 1/2

X
= |cosg— ——
[ & V1—x2

=g/ {cosg—

1/2
sing} (] ’xcosg—|— V1—x2 sing>

1/2
sin g]

x
V1—x2

—1
X exp [2 (xz cos2g+x\'1—x2sin2g + sinzg)} . (33)

In summary, for the first time we derive the wave function

of the nonlinear squeezed state

(0]exp [—if(\/ 1-X?P+Py1 —Xz)} |x) .

A new operator’s disentangling formula has been derived as a

by-product.
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