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We derive some new generating function formulae of the two-variable Hermite polynomials, such as Z %Hn,Zm (x),
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Z n,m, Hzn om (%,Y), and Z st Houii 2mak (x,¥). We employ the operator Hermite polynomial method and the technique
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of integration within an ordered product of operators to solve these problems, which will be useful in constructing new

optical field states.
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1. Introduction

Hermite polynomial H, (x), as a special function, is
widely used in quantum mechanics and mathematical physics.
Physically, H, (x) is an eigenfunction of harmonic oscilla-
tor. Mathematically, the single-variable Hermite polynomial
H,, (x) is an eigenfunction of fractional Fourier transformation.

H, (x) can be defined from its generating function
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it then can be obtained as
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In a preceding paper!!! by combining the operator Hermite
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polynomial method and the technique of integration within
an ordered product (IWOP) of operators, we have derived the
generating function of even- and odd-Hermite polynomials for
the single-variable case, e.g.,
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These formulae can be accumulated in mathematical hand-
books and have many applications. We have also shown in
Ref. [1] that photon-added squeezed state can be expressed by
even- and odd-Hermite polynomials. In this work we shall ex-
tend Ref. [1] to derive some generating function of even- and
odd-Hermite polynomials for the two-variable case, the two-
variable Hermite polynomial H,,_, (x)!>®! can also be defined

by its generating function
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which is a two-fold summation. We also can obtain the power

series expansion of H, , (x,y)
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The physical meaning of H,, , has been explored in Ref. [7].
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It can describe the quantum mechanical transition amplitude
of a forced oscillator from the number state |m) to |n); it can
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also denote the eigenmode in GRIN waveguide.!® The two-
variable Hermite polynomial is also suitable for describing bi-
partite entangled state representation.'”! From Eq. (5) we see
tn
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so the one-sided summation over H,, ,,(x,y) is
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An interesting question naturally arises: what is the sum-

%H,ﬂm (x), and
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mation over even-order subscript, i.e.,
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Z MHz,,,zm (x,¥)? In Sections 2 and 3 we shall employ
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the operator Hermite polynomial method and the IWOP tech-
nique to solve these problems. In Section 4 we shall perform
the summation Z %Hz,ﬁum% (x,y). In Section 5 we apply

n=0
the results to discuss some problems in quantum optics theory.

2. New formula for one-sided summation
m
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By virtue of the operator Hermite polynomial method we

consider ) %:Hn_,z,n (a’,a) . To begin with, we notice
n=0

e e™ = iexp (ta+ta’ —t):

(a".a);

oo

h

= E 7;HVLM
n!m!
nm=0 """

oo

= L

n,m=0

"t
nlm!

a™a", )

which states that the antinormally ordered form of a™a” is

a™a" =i H,,, (a',a):, (10)
so we have
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We need to convert (cfr —2sa)n into antinormally ordering,
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Since both sides of Eq. (14) are in antinormal ordering, and af
and a are permutable within : :, we can conclude the following

new summation formula about H,, 5,,
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Further, by summing over n and using Eq. (1) we obtain
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this is the generating function for H, »,, (x,y), which is quite
different from Eq. (5).

3. New formula for summation
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Next, instead of examining Z n,m,Hzn)zm (x,y), we
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consider the operator case. Using Eq. (10) we have
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In order to convert e** ~e’* into antinormal ordering, we em-

ploy the operator identity!!°!
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where | ) is a coherent state, |B) = exp {— \[3|2/2+ﬁaq |0},
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Since both sides are in antinormal ordering we can obtain the
following new generating function
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4. New formula for summation
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Now we move to consider the more general case

oo

m .
Z ;fn,Han amek (x,y) . Instead, we discuss

n,m=0
s sntm
) m,'Han ik (a',a)
T2n+l 2m+k TleS(ﬂ'2 etazak. Q@D
With the integration formula!'!! we have
LZZ n_xm 2 * 2 *2
22 exp Clel*+&z+ "+ f" +gz
a2 (i [8Y (2"
A A
min(n,m| é« k alm!
Vfg) kl(n—k)!(m—k)!
8S — 2fn—
xH, ¢ <5C”> Hu <”C§> eV, @)

2i\/gA 2i/fA
where
2 2
A= dfe W:—Cén+ié +rm

With Egs. (22) and (18) we put a™e%"” e/’ g into its antinor-
mal ordering

N

)y

n,m=0

2 2
Tl sa eta ak

2 2 2
/dB < B| Tl saT ta k|B>

x exp [|B|* +B*a—Ba’ +a'a]:

prpwl Hoiromik (a'a)

[P gy
xiexp [—|B]* —Ba’ +Bra+1p*+sp** +a'al

- (WF)
Xmgol] <¢s17>mm'<k ,;f '<Z— m)!

—2sa’ + a) <2ta —a' ) Wt
XiHy_p | ———— | H/— e Ted (23
" ( sivin )\ v @9

T 2 2
—aa' +sa'“+ta
W= I—dst @4

Thus we obtain the following new generating function formula
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Obviously, when [ = k = 0, equation (25) becomes Eq. (20).
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5. Application of Eq. (15)

As an application of the formula (15), we consider the

one- and two-mode combinatorial squeezed states!?!

[9) = Ce* ™+ 00), (26)

where b is the second-mode Bose operator, s and 7 are squeez-
ing parameters respectively for single-mode and two-mode, C
is the normalization constant. For quantum controlling pur-
pose we want to produce a non-Gaussian state by subtracting
n first-mode photons by repeatedly operating a” on |¢). Here
we ask what is the state vector of the first-mode n-photon-
subtraction of |¢), i.e., we want to know the explicit form of
a"|@) . For this aim, using
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Then we use the binomial theorem involving Hermite
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Now using (15) we have
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so the first-mode n-photon-subtraction of the one- and two-
mode combinatorial squeezed states is equivalent to the sum-
mation of the excitation on the two-mode squeezed state
eta'd’ |00) by Ham. [aﬂ—tbﬂ , which includes the second-
mode excitation, and this exhibits quantum entanglement.

Finally, we point out that using the above results we can
propose some new optical fields by calculating their normal-
ization constants.

In summary, by combining the operator Hermite polyno-
mial method and the IWOP technique, we have derived the
generating function formulas of even- and odd-Hermite poly-
nomials for a two-variable case. Such formulas can enrich the
mathematical handbook and will have potential uses in quan-
tum theory.

References

[1] Fan HY and Zhan D H 2014 Chin. Phys. B 23 060301
[2] Fan H'Y and Jiang T F 2007 Mod. Phys. Lett. B 21 475

[3] Erdelyi A 1953 Higher Transcendental Functions (The Bateman
Manuscript Project)

[4] Yuan H C, Li HM and Xu X F 2013 Chin. Phys. B 22 060301

[5] Fan HY,Zhan D H, Yu W J and Zhou J 2012 Acta Phys. Sin. 61 110302
(in Chinese)

[6] Yang Y and Fan H'Y 2013 Chin. Phys. B 22 020303

[7] Fan H'Y and Tang X B 2008 Devolopment of Basis of the Mathemati-
cal Physics of Quantum Mechanics (Hefei: University of Science and
Technology of China Press) p. 38

[8] Ozaktas HM and Mendlovic D 1993 Opt. Commun. 101 163
[91 Fan HY and Li X C 2012 Acta Phys. Sin. 61 200301 (in Chinese)

[10] Fan H'Y 2012 Representation and Transformation Theory in Quantum
Mechanics: Dirac’s Symbolic Method, 2nd edn. (Hefei: University of
Science and Technology Press) p. 269

[11] Fan HY and Wang Z 2014 Chin. Phys. B 23 080301
[12] Fan, HY, Xu X X and Hu L Y 2010 Chin. Phys. B 19 060502
[13] Fan HY, He R, Da C and Liang Z F 2013 Chin. Phys. B 22 080301

120301-4


http://dx.doi.org/10.1088/1674-1056/23/6/060301
http://dx.doi.org/10.1142/S0217984907012943
http://dx.doi.org/10.1088/1674-1056/22/6/060301
http://dx.doi.org/10.1088/1674-1056/22/2/020303
http://dx.doi.org/10.1016/0030-4018(93)90359-D
http://dx.doi.org/10.1088/1674-1056/23/8/080301
http://dx.doi.org/10.1088/1674-1056/19/6/060502
http://dx.doi.org/10.1088/1674-1056/22/8/080301

	1. Introduction
	2. New formula for one-sided summation  m=0 tmm!Hn,2m( x,y) 
	3. New formula for summation  n,m=0 sntmn!m!H2n,2m( x,y) 
	4. New formula for summation n,m=0 sntmn!m!H2n+l,2m+k( x,y) 
	5. Application of Eq. (15)
	References

