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In this paper, we derive a new method for a nonlinear Schrodinger system by using the square of the first-order
Fourier spectral differentiation matrix D instead of the traditional second-order Fourier spectral differentiation matrix D,
to approximate the second derivative. We prove that the proposed method preserves the charge and energy conservation
laws exactly. A deduction argument is used to prove that the numerical solution is second-order convergent to the exact
solutions in || - ||, norm. Some numerical results are reported to illustrate the efficiency of the new scheme in preserving the

charge and energy conservation laws.

Keywords: Fourier pseudospectral method, Schrodinger equation, conservation law, convergence

PACS: 02.60.Cb, 02.70.Bf, 02.70.Jn, 02.70.Hm

1. Introduction

The nonlinear Schrddinger equation (NLSE) describes
a wide range of physical phenomena, such as hydrodynam-
ics, plasma physics, nonlinear optics, self-focusing in laser
pulses, propagation of heat pulses in crystals, description of
the dynamics of Bose—Einstein condensate at extremely low
temperatures.!-?) It plays an essential role in mathematical
and physical context, and more and more focus is concentrated
upon its numerical solvers in recent years.>* Fruitful results
about the structure in the algorithm and theoretical analysis
have been achieved for the Schrodinger system. 2121

The general form of the nonlinear Schrodinger equation
with the initial value and the periodic boundary condition is

i+ Yt alyPy =0
y(xL,t) = Y(xr,1), €))

where a is a real parameter. Now using ¥ = p + ig, we can
rewrite Eq. (1) as a pair of real-valued equations as follows:

Pt auta(p’+4*)g=0,

4 —pu—a(p’+¢*)p=0. )
Equation (2) can be expressed in the Hamilton form
dz  S6H(z)
—=J 3
dt oz ' ©)

where z= (p,q) € R2, and the Hamiltonian function, which is
the system energy, is

1 o

H(z) = /5(p§+%2(—*

5 (P +4%))dx, (4)
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The NLS system admits charge conservation law

and

o) = [ "y ax=0(0) 5)

L

and the energy conservation law

Rla, 4 1 2
o= [" |5t = Jwk e -e0. ©

The idea of space—time separation can transform the
infinite-dimensional system into the finite-dimensional sys-
tem, then by using the numerical scheme in the finite-
dimensional Hamilton system, the fully discrete scheme can
be obtained. The fascinating merit of spectral methods is the
high accuracy, the so-called convergence of “infinite order”.
Even though the spectral methods have many advantages, they
were not used widely for a long time. The main reason is the
expensive cost of computational time. However, the discov-
ery of the Fast Fourier Transformation (FFT), see Cooley and
Turey,ml removed this obstacle. With spatial discretization,
spectral or pseudo-spectral methods not only improve the ac-
curacy, but also preserve the geometric structure of the orig-
inal partial differential equations (PDEs); besides this, they
perform quite well in long-time integrations. In this paper,

we derive a new method for a nonlinear Schrédinger system
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by using the square of first-order Fourier spectral differentia-
tion matrix D; instead of the traditional second-order Fourier
spectral differentiation matrix D, to approximate the second
derivative for spatial discretization. %)

The paper is organized as follows. In Section 2, a new
scheme is proposed for the NLS system. We prove that the
method conserves the charge and energy conservation laws si-
multaneously. In Section 3, a deduction argument is used to
prove that the numerical solution is convergent to the exact so-
lutions in || - || norm. Numerical experiments are reported in
Section 4. Some conclusions are given in Section 5.

2. Construction of conservative algorithm for
the Schrodinger equation

Let inner product and norm of I = (0,27x), L*(I) respec-
tively be (-,-) and || - ||, for any real r > 0 and 1 < g < o0, we
use H(I) : = W"2(I) to represent commonly defined Sobolev

space, whose norm and semi-norm are respectively denoted
by ||+ ||, and |- |,, H}(I) is a subspace composed by functions
whose period is 27 on H'(I). Let equivalent norm and semi-
norm respectively be

" 1/2
||u||r={ y <1+|z|2>’|a,|2} ,

|=—oo

o 1/2
|u|r—{ y |12r|aﬂ} |

|=—o0
where

1 .
a = E/Iu(x)e”l"dx.

For even N, the approximation space of two N/2 order

_ i aleilx7

A

real trigonometric polynomial is defined by
o= {u = ¥ e - <N/},
v = {u(x): Y aetia=a,l
ll|<N/2

< N/2iy ), = ﬁ—N/Z}a

where ¥ denotes that coefficient of the highest order term is
divided by 2 when performing summation.

Let Fourier collocation points be
xj=x_.+jh, j=0,1,2,...,N—1,

where i =2m/N and N is an even number.
We also need to define the inner product and p-norm
(1 < p < o) of vectors as

(u,v):/ uvdx,
J2m

HM_ EM

1/p
Jul, = ( )

We start our work with the pair of real-valued Eq. (2)
by the periodic boundary conditions p(0,¢) = p(2x,t) and
q(0,1) = g(2m,t). We discrete the solution through trigono-
metric polynomial at collocation points and approximate
p(x,1),
ample, we interpolate p(x,r) at a series of collocation points

q(x,t) by Iyp(x,1), Ing(x,t), respectively. As an ex-

Xj.
The approximation Iy p(x,t) has the form
N-1
Ivp(x,1) Z pigi(x
with p; = p(xj,1), gj(x) = 6]’?. Here g;(x) is a trigonometric

polynomial and is given explicitly by

N/2
1 L it
N, _Spa
where ¢; = 1 (|I| #N/2), c_yj2 =cnjp =2, 4 =27 /27. Sub-
stituting it into the expression of Iyp(x,t), we get

gj(x) =

Nz 1 llux —ilux;
Ivp(x,t) =) N Zp e Y
1=—N/2 ¢l Jj=
Therefore
N/2 1
pi=1Ivp(xi,t) = it L Zp e 1.
1=n/2 ¢l

The derivative dIyp(x,t)/dx at the collocation points x; in
terms of the values p; is a key step, the resulting expression
at the points x; is

N-1

d
ng’x

where D is an N X N matrix with elements given by

aINP xla

(D1p)i,

dg (x:)
D = ANKYS
(D1 dx
and p= (p(), «-+sPN-1 )T.
In the same way, we can easily conclude that
Olvg(xi,t) N dg;i(x)
Nq 1 Z q; ]x D] q)

From the above analysis, we can also obtain a Fourier
spectral differentiation matrix D, for the second-order dif-
ferential operator dy,. For the ordinary differential equation
uyy = f, we set uy =v and v, = f. Applying the first-order
Fourier pseudospectral method to the two equations leads to
Diu=v and Dyv = f. Eliminating vector v gives D%u =f.
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In this work, in order to construct a charge-preserving and
energy-preserving method for the NLS system, we use D%u to
approximate uy, instead of D,u. Using the spectral differentia-
tion matrix D%u, we obtain the standard Fourier pseudospectral
semi-discretization for the nonlinear Schrédinger equation (1)
as follows:

iy + (D) +a(ly*)wi = 0, ()

equation (7) can be rewritten as

d
PP+ a((p)’ +(@))a =0, ®
d 2 2 2
34— D1p)i—al(pi)” +(q1))pi = O, ©)
where i = 0,1,...,N-1, p = (po,p1,...,pn1)",q =
(90,41, ---,qn-1)T. Since D? is symmetric, equations (8) and
(9) construct a Hamiltonian system with the following form of
Hamiltonian
| . T2 Ao 2\2
H(p.q) = 3[P'Dip+q'Digl+ 7 Y. ((p)* +(a:))
i=0

We discretize Eq. (7) with respect to time by the midpoint rule
and obtain

18y + A, (DY) +aA ([W] A (y) =0, (10)

where ¥ = (i, v, v}, ,yn,),and i =0,1,... N—1.
Obviously, the scheme (10) can be reformed as a vector
form

18,%" +A; (DY) +aA, (|9"]2) - A, (P") =0,  (11)
where ‘-’ denotes point multiplication between vectors, that is
P'-q" = (Pigo, Pidi. P35, - Phadia) "

Equation (10) can also be rewritten as
&p! +A(D1g")i + oA ((p])* + (¢7)*)Ad(g}) =0, (12)
Sig} —A(DIP")i — aA(p})* + (@)D A(p]) =0, (13)

where i = 0,1,...,N —

(QG)q’fv B aqxl—l)T'
Theorem 1 With periodic boundary condition y(0,7) =

17 pn = (p’(%wp’ila"'apX/—l)Taq” =

y(2m,t), the scheme (11) preserves the charge conservation
law exactly, namely,

ot =0'=...=0"'=¢", (14)

where Q" = ||¥"||3. The algorithm is unitary, thus the method
is unconditionally stable with respect to the initial value.

Proof By taking the inner product of Eq. (11) with
prtl L@ yields

i<5t'P",‘I’”+1+‘I’”>+<A,(D%‘P"),'P”H—|—'P”>

+alA (")) A (P, P @) =0, (15)

the first term becomes
. <lIIrH»l _ l}/n7q/n+l 4 q/n>

2
= (13 = I1e7113) — ¢

1
T
1
T T

<'~II”+1,‘I’”>7 (]6)

where ¢ stands for the imaginary part.
The second term can be reduced to

1
§< %(q,n+1+q;n)’q/n+l+|{/n>

1
— 75<D1(‘P"+1Jr'I’"),D](‘P"HJr‘P"))

1
= =5 [P (P ), (17)

this is a real function.
The last term

alA(|9"]7) - A7), P )

N-1
= 2ah;)At(|W|2)At(lVf)At(W)

N-1
= 2ah y Al )14 (wf) P, (18)
i=0

this is also a real function.
Therefore, the imaginary part of Eq. (15) implies

[Ezam ek E (19)

So equation (19) gives the charge conservation law (14).
O

Theorem 2 With periodic boundary condition y(0,7) =
y(27,t), the scheme (11) possesses the discrete global energy
conservation law exactly, namely,

gt —gn=...=¢gl = ¢, (20)
where 1
a
e" = I - S 10193
Proof Taking the inner product of Eq. (11) with ¥"+! —
YY" yields
(&P, P — ) 4 (A, (DTP"), P — )
+alA (|P")2) - A (), P -y =0, @1

the first term becomes
(@ g gy = g f(22)

and it is purely imaginary.
The second term can be reduced to

1
§<D%(‘Pn+l + lf/n)7 an+1 _ an>

1
= 5 (IDVF" 53— ID1 " [13) + i (D1, D1 ¥").(23)
2

120203-3



Chin. Phys. B Vol. 23, No. 12 (2014) 120203

The last term

alA (2" 2) - A (P, P —
a . n 2 n

= ZHI‘P”“HZ‘— 1P (13— 2ig ([Pt ey
—2ig(|" PPt ). (24)

Therefore, the real part of Eq. (21) is

1 n n
=5 (ID 5 — D" 3)
a
+ (13 = 192 =o. (25)

So equation (25) gives the energy conservation law (20).
O

3. The convergent analysis of full-discrete
Fourier pseudo-spectral scheme

In this section, we use an important inequality and a de-
duction argument to prove the convergence of the numerical
solution.

We first introduce a series of useful lemma.

Lemma 1'%l For u € V!,

lull < JJully < V2]ul.
Lemma 24 For u,v € V//,
(axxuav)N = (u;axxV)N~

Denote Py : L?>(I) — Vy orthogonal projector of L2,
whose truncate and differential can be exchanged, i.e.,

PN8XM = axPNM.
Note that
PN,laxu(xj) = axu(xj),Vu S V1<//,

this conclusion is often used in error analysis.

Denote Py : L*(I) — Vy as another orthogonal projector
of L?, the following conclusions can be proved.

Lemma 31 Letr>0,u € H(I),

| Pyvu—ul; < CN'"|ul,,0<1<r
|PYu—ull; <CN'""ul,,0<1<r
Lemma 44! For u,v € V{/,

(O, v)y = —(u, yv)y-

Denote interpolation of u(x) at node x; = 2jn/N,j =
0,1,2,...,N—1by P'u(x) € V{, ie., P’u(x;) = u(x;).
It can be denoted by Lagrange as

N—1
= Z u;Lj(x)
=0

where u; = u(x;), Lj(x) = 8}, L
ric polynomial, denoted as

Lj(x)is N /2 order trigonomet-

1 ”eil(xfx_/-).

Lj(x) = N

ll|<N/2

The approximation result of this interpolation operator is
described as follows:
Lemma 5! Letu € H)(I) and 1/2 < r <1,

1Bul] < Clell + N u,).
Lemma 6! Let u € H)(I) and r > 1/2,
|P/u—ull; <CN'""ul,,0<I<r.
Lemma 7' Letu € C(I),v €V,
) —

Lemma 8 (Gronwall’s inequality)!'®! Suppose that the
,N;NT =T} satisfies the

v and r > 1/2,

()] < C(|lu— Py—yul| + [Ju— PXul}) [[v]].

discrete function {w"|n =0,1,2,...
inequality

w'—w' L < Atw" + Brw" ! +Cy7,

where A, B, and C, (n =0,1,2,....N
stants. Then

n < C 2(A+B)T
1< (37 L e

) are nonnegative con-

where 7 is sufficiently small,
(N—=1)/2N, (N >1).
Temporal direction employs a midpoint scheme, an

such that (A + B)t <

equivalent form of full-discrete Fourier pseudo-spectral
schemes (12) and (13) for the system of Eq. (3) is looking
for (p,¢")T € (V{7)?, so that for any @" = (&7, ®4)T € (V)%
then

n+1 n
. n 2
(P 0t) @™y
N

,(26)

= (= S D 0t )
N

n+1 n
n 1/2 n
(% o ™,
N

= (G0 2 (e (™ )
N

Let " =z — 7", where 7" = Py_»7" = (p*",q™")".
According to Eq. (2), we can get
P+ @+ Py2la(p® + 7)) = 0,
g — P — Pv2la(p® +¢%)p] = 0. (28)
Then
sz—l P? B p*n+1 7p*n ;
T T )y *] v
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+(ulgl P = ), @)y then
n+1 2 ntl an2g nt1/2 a o ont1y2 n nt1 nt1/2
= 2[(1% 2+ (P2 + (g2 + (4)°)qe lgpelly = 15 ((pe )+ (PE)* + (g™ + (a2))pe
_ b 1/202 ¢ anbl /242 snt1/2
» Pl pen a((p™ )+ (@™ ) )P I
+Py2la(p* +47)g) +p “/2—,@”) , (29) a, ., 2L w12
’ c Y = 15+ (P + (@) + ()Pt
n+1 n *«n+1 *1
c c B n *1 *1 n 2
(q A ,cp2) —a((p P ()P
N *n *Nn n+1/2
@l ), +a((pmH 4 (g ) pitY
e PN _a(( *n+1/2)2_|_( *n+1/2)2) *n+1/2||
= (G0 2 (2 (™ ’ o
— \ 5l\WPe ¢ ¢ ¢ c a n
2 §||(§((pc+l)2+(p) +(g)?+ ()
*n+1 *n
*n+1/2 q —q n *1 *1 n
~Pv-ala(p+ )l +" = "1’2> - G0 —a((p R+ () [l
N *n+1/2 *n+1/2 n+1/2 «n+1/2
+lla((p )+ (q P lellpe™ " = p (v
Let d" — <plc1+1/2_p*n+1/27q’cl+1/2_q*n+1/2)T’ then <q (||p"+1/2 *n+l/2||N+quﬁ-l/z_q*rﬂrl/ZHN)

<Gl = p " v+ Ipe =™l

1 1 1 112
(||61"+ g" G+ ettt =R + gt - *”“I|N+||q2’—q*”||zv).

—Ich—q*”I\N—Hp’Z—p*"IIN)=Gf, 31 lgplly = la((p™ 2 + (g™ 1/2)2) pre 2
—Py2(a(p® +4°)p)lln
where _ ||a((p*n+l/2)2+(q*n+l/2)2)p*n+l/2_a(p2+q2)p
+a(p®+4°)p—Py-a(a(p*+4)p)lln
Gs = n+1 + n 2+ n+1 + ny\27 . n+1/2 . . .
f (2[(pc ) (pc) (QC ) (QC) ]Pc < ||a((p n+l/2)2+(q n+1/2)2)p n+l/2_a(p2+q2)p||N
—Pyala(p® +4¢%)p) +la(p® +4*)p — Pv-2(a(p® +4°)p)In
1 * * *
g L g ) <GP = pllv+ g™ ~glx)
T
N +[|P (a(p* +4°)p) — Py—2(a(p® +¢*)p) I
(=G G+ <o
— 5P pe qe qc)7)qc <CN(Iplr+14lr)
+Pysla(p +P)a) + +I1P! (a(p® +4*)p) —a(p® +¢*)p+a(p* +4°)p
B 2, 2
e pn+1/2_p*n+l/2> Py—a(a(p”+4q7)p)llv
s C . —r
T N < G4N (|p‘r+‘CI|r)

+V2(| P! (a(p* + ¢*)p) — a(p* +*)plln

Let
+|Pv—2(a(p® +¢*)p) — a(p* +¢*)pv)
=~ b2 <N (Ipls +lgl-) + CsN " |a(p? + ) plr,
Gy = (ghe+ap +8angc > =" )y < GNPl *JZ']) 2 lalp™+4")p|
—~ T~ ~ 1/2 " —~ wan+1/2 4 —q
+(8Ge + 84" + 8P, pr 2 = p )y, HthllN:‘q{n 2 T
N

— ; 1/2
& = S L @)+ (gD
1/2y2 1/2y2 12 H 9mq (t,+617)|| <Cot*.

—a((p™ 2P 4 (g )RR, N
gpt = a((p*"H/Q)Z—i—(q*”H/z)z)p*”H/z So in the same way,

_ Py 24 4%)p), — +1/2

w2 (alp + g )p). ezl = |30+ G+ e+
—~ sn+1/2 -
g =g -1
T _a((p*n+1/2)2 + (q*n+1/2)2)q*n+1/2
N

§ac = =5 (P + (P2 + (g )2+ (g))a 2

+a((p™ )+ (g2 g2, i s 0
T = —a((p V) 4 (g 2Ry g2 — + 4z *n+l/2 ) ”N;;”f/];;q*nwz’
Pyl + o). lgg*llv = lla((p 3 +§q )7)a
o —Py-2(a(p™+4q7)q)lln

_ 12 pr —p™
8Pt = P B e— CsN " (Ipl, + lglr) + CoN " la(p* + 47 gy,

T

A

Cr (P = p™ iy + llpe = ™l

IA
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*n+1 *1

—-Pp
T

wnt+1/2 D
Pt

&bl = \
N

< Cyot?,

H 8mp (th+ 627)
N

then
*n+1 HN + Hpn+1

P™I%)

1 12
(Ilq”+ Py

—Ich— a5 =Pl —

< cnlllptt = p" 5 + et = p™ IR

gt =g IR+ gl —a™1IR)

+CN " (|pl7 +lql7 +a(p® + ) pl;

+la(p®+4*)ql?) +Cist.
Therefore,

n+l *n+l||N+ ||pn+1 *n+1||12v

7" %Pt —p" %

< C14T(||pn+1 *n+1 ”N + ”qn—H
+Cut(|lpt = p™ 1%+ ldt —a"I%)
+Cut(N~2 4+ 1%).

gz

- ||qc -
*n+1H12V)

Based on Lemma (8), we can obtain

e — a1+ lpk — p™II%

0 012 0 02

< (lgc —a" v+ lpe —P™lIN
+Ci5(tt + N72)) 4T (32)

For the initial error, there are

1p2 = P Iv = [P p(0) = Py—2p(0)[lx < Ci6N~"|p(0)]s,
12 —q*°lIn = [P g(0) — Py—2q(0)[lv < Ci6N " |4(0)s-

According to the initial error, we can obtain

gk — g™ |In+11pE = p™¥In <CINT"+7%).  (33)

According to the above analysis and derivation, we give
the following theorem.

Theorem 3  Suppose that p,q € H'(0,T:H}(I)) N
H3(0,T;L*(I)), r > 1/2, and 7 are small enough, then the
solution of the full-discrete Fourier pseudo-spectral schemes
(12) and (13) converges to the solution of problems Eq. (3)
with order O(N~"+ 72) in the |- | norm.

4. Numerical experiments

In this section, we conduct some tentative numerical ex-
periments for this new scheme (11) to verify the theoretical
conclusions, including the accuracy, the ability to preserve the
first integrals of the nonlinear Schrodinger equation for long-
time integration.

First we take the parameter a = 2. Then, we get the equa-
tion

1Y+ Y + 2|y Py = 0.

The space interval is [x,,xr] with the periodic boundary
condition y(—15,¢) = y(15,7) and the initial condition

y(x,0) = sech(x)exp(2xi). 34)

We take N = 200, and the time step T = 1073 for the new
scheme (11). We check the ability of this new scheme preserv-
ing the first integral which is one of the important criterion to
judge numerical schemes. The nonlinear Schrédinger equa-
tion with periodic boundary condition has two conservation

laws:

XR 5
A = [ lvPax
XL

R a 1
B = [ vl - SlwPlax

AL

If the approximate solution of w(x,t = jT) is Y/ =

(Wo,w1,...,wy)T, then the discrete conservation law F; and
F, are
h <
v) =Y lwil*h,

i=1

F(w) =Y, 5 (lwil* = ID1# ).

Mz
N[ =

Il
—

I

We define the errors of the discrete conservation law on
the j-th time level as

Err, (jT)= F]h(lllj) —Flh(‘lfo);
Errp, (jT) = B (y/) -

where y/ is the numerical solution on the j-th time level and
w0 is the discrete initial value. The waveforms at different
time levels and the changes of Errp and Errg, with time are
shown in Fig. 1.

The discrete L? norm of complex-valued function v is
defined as

N 1/2
vl = (th) -
i=1

We consider that the problem is solved in [—15,15] till
time ¢ = 1 for accuracy test. Note that in Table 1, the spatial
error (N = 100) is negligible and the error is dominated by
the time discretization error. It shows that accuracy of space is
very large. Table 1 clearly indicates that the new scheme (11)

is of the second order in time.

Table 1. Time accuracy of the new scheme (11) with the initial
condition (34) (N = 100).

T L, error Order
4x1072 1.1850 x 1074 -
2x 1072 2.9580 x 107 2.0022
1x1072 7.3583 x 10~° 2.0072
5x1073 1.8040 x 107 2.0282
2.5%1073 4.1898 x 1077 2.1062
1.25x 1073 9.2257 x 1078 2.1832
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Fig. 1. (color online) The numerical solutions at # = 1 (a), 10 (b), 14 (c), (50) (d) and the changes of Errg, (e), (g), (i), (k) and Errp, (), (h), (), (1)

with time.

In the traditional method, we use the second-order Fourier
spectral differentiation matrix D, to approximate the sec-
ond derivative for spatial discretization. Moreover, we dis-
cretize the time by the midpoint rule. So we obtain the stan-
dard Fourier pseudospectral discretization for the nonlinear
Schrodinger equation (1) as follows:

&p! +Ai(D2g™)i + a((Ar(p))? + (Ar(d})))Ar(g}) = 0,(35)
8iq} —A((D2p™)i — a((A(p})* + (Ar(g]) DA (p}) = 0,(36)

where i = 0,1,...,N—1, p™ = (pﬁ,pq’,...,p;'vil)T, q"
(QS)qulv te aq;l\/'—l)T'

We take the same parameter to Egs. (35) and (36). Com-
paring the solutions between the two methods, the errors are

shown in Fig. 2 when ¢t = 1,10,25,50. Obviously we find that
the errors are very small. Thus, we provide a new choice for
solving the nonlinear Schrodinger equation.

We also test our new scheme on the following initial con-
dition y(x,0) = 0.5+ 0.025 cos(px) with the periodic bound-
ary condition w(0,7) = y(4v/2m,t). We take L = 4v/2m,
W =2x/L. The initial condition is in the vicinity of the ho-
moclinic orbit in Ref. [3].

In this case, we also take N = 200, and the time step
7 = 1073 for the new scheme (11). The corresponding wave-
forms at different time levels and the changes of errors of dis-
crete conservation law F; and F, with time are shown in Fig. 3.
We find that the numerical results we presented in the paper
show that the new scheme is very robust and stable.
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Fig. 3. (color online) The numerical solutions at f = 1 (a), 10 (b), 14 (c), 50 (d) and the changes of Errg, and Err, (f), (h), (j), (1) with time.

5. Conclusion

In this paper, we derive a new method for the nonlin-
ear Schrodinger system. We proved that the proposed method
can preserve the charge and energy conservation laws exactly.
A deduction argument demonstrates that the numerical solu-
tion is second-order convergent to the exact solutions in || - ||2
norm. The numerical experiments with different initial con-
ditions show that the new scheme is effective. Furthermore,
the new scheme can also preserve the discrete charge and en-
ergy very well. Therefore, it will be a good choice for solving
the nonlinear Schrodinger equation in computation especially
with high spatial dimensions.
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