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Recent research results indicate that individual awareness can play an important influence on epidemic spreading in
networks. By local stability analysis, a significant conclusion is that the embedded awareness in an epidemic network can
increase its epidemic threshold. In this paper, by using limit theory and dynamical system theory, we further give global
stability analysis of a susceptible-infected-susceptible (SIS) epidemic model on networks with awareness. Results show
that the obtained epidemic threshold is also a global stability condition for its endemic equilibrium, which implies the
embedded awareness can enhance the epidemic threshold globally. Some numerical examples are presented to verify the

theoretical results.
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1. Introduction

Complex networks exist almost everywhere in our daily
life. Examples of networks include the Internet,!!! bio-
logical networks, [231 electricity networks, ™ social relation
networks, ! epidemic networks, [®7! traffic networks, ! and
so on. A typical network comprises nodes and links, where
the nodes represent different individuals of a real system and
each link denotes a certain relation between two nodes. In
the past few decades, the epidemic spreading on complex net-
works has been studied widely and deeply.!'-1%! It has been
verified that the spreading behavior in heterogeneous networks
behaves very differently from those traditional homogeneous

121 {5 the absence

ones. Among this research, a striking result
of an epidemic threshold in a scale-free network with a power-
law degree distribution in the infinite size limit.

To predict the behavior of general epidemics on com-
plex networks, global analysis of their equilibrium points must
be made to guide the real applications. Lajmainovitch and
Yorke!!”! have presented an effective method to investigate
the global stability properties of a deterministic model for
gonorrhea in a nonhomogeneous population. In recent years,
this method has been generalized to solve more general epi-

18,191 By using

demic spreading models on complex networks. !
limit theory and dynamical system theory, a strict mathemat-
ical proof was given in Ref. [15] to show the global stability
of the well-known susceptible-infected-susceptible (SIS) epi-
demic model established by Pastor—Satorras and Vespignani.

Recently, the method of global Lyapunov functions based on
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graph-theoretic approach was proposed in Refs. [20]-[22] to
study the global stability of multi-group epidemic models.

The interplay between awareness and epidemic dynamics
in networks has recently received much attention.>>-81 The
human responses from self-protection awareness (e.g., avoid-
ing assemblage and washing hands) to disease outbreak can
result in reduction of susceptibility to infection, which in turn,
affect epidemic dynamics. By local stability analysis, the au-
thors in Ref. [29] have studied an SIS model and found that
the contact awareness and the local awareness can enhance
the epidemic threshold, while the global awareness can only
decrease the epidemic prevalence. It is natural to raise the
following problem: under certain conditions for this SIS epi-
demic model, can the global stability of its equilibrium point
be guaranteed? Therefore, the aim of this paper is to investi-
gate the global stability of this model to see if the awareness
can enhance its epidemic threshold globally.

In this paper, we will give a positive answer to the above
question. By using limit theory and dynamical system theory
to address the global stability of its endemic equilibrium, we
find that the embedded awareness can enhance the epidemic
threshold globally. Some numerical examples are presented to
illustrate the theoretical result.

This paper is organized as follows. In Section 2, some
preliminaries about the considered model are presented. In
Section 3, we study the global stability of the endemic equi-
librium of the model. In Section 4, some numerical examples
are given. In Section 5, we conclude this paper.
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2. Preliminaries

In the SIS model, each node can be in one of two distinct
states at each time: susceptible (S) or infected (I). Each in-
fected node can recover to be susceptible with probability J.
Each susceptible node has a probability v of contagion with
each infected neighbor. So we can define an effective spread-
ingrate A =v/§.

In Ref. [29], the authors have explored the impact of
awareness on epidemic spreading in networks. Considering
the complexity of individual awareness, they have defined
three forms of awareness: local awareness, global awareness,
and contact awareness. The authors have established the fol-

lowing mean-field rate equation:

P — (1) + Ay ()1~ pile)O (1) (1 - ()
x (1=Bp(1)) — Aoy (k) (1 —pi(t))
x (1=Bp(1)01)(1-0(1)), ()
where k = 1,2,...,n, parameters «, 3 € [0, 1], w(k) is a de-

creasing function of k. In model (1), v denotes the recovery
rate of an infected node, and A is the spreading rate. y(k),a
and B represent the strength of contact awareness, local aware-
ness, and global awareness, respectively. pi(7) denotes the
relative density of infected nodes with degree k, n denotes
— X0 pul)P(R) s
the global infection density, where P(k) denotes the degree
distribution of the network. @(¢) = (k)~' Y, iP(i)p;(t) rep-
resents the probability of a randomly chosen link pointing to
= Y7 |iP(i) is the average de-
P(i) denotes the second-order moment of

the maximum degree of all nodes. p(r)

an infected node, where (k)
gree, (k%) = X1, i
the degree distribution.
Obviously, the equilibrium points of model (1) satisfy the
following algebraic equation:
—Vpr + Aky (k) (1 — pi)(

- ka

< (1-atn) kak)pk) (1 B zpkmk))

=1 =1
~ hay((1-po)(1- Y. (o))
k=1
)l ZkP(k)pk(l — (k) ! ZkP(k)pk)
k=1 k=1

= 0. 2)

By linear stability analysis,?"]
(k) /[y (k) —
of model (1) is locally stable. Here, A. denotes the epidemic
threshold: if A/v is below A, the infection will gradually

die out, while if A /v is above A, the infection spreads and

if /v < A =
a{ky(k))], then the disease-free equilibrium

becomes endemic. In the next Section, we will prove that
A/v > A is a global stability condition for the endemic equi-

librium of model (1).

3. Global stability of epidemic spreading

First, we introduce four lemmas about model (1) which
will be utilized in the proof of the main theorem in this paper.

Lemma 1030 If 0 < p(0) <1
Y 1 kP(k)pr(0) > 0, then as ¢ > 0, the solution pi(r) of
model (1) satisfies 0 < O(r) < 1, and 0 < pi(r) < 1.

Lemma 2B  Suppose 0 < pi(0) < 1
¥, kP(k)pi(0) > 0 and

satisfies

satisfies

(k)
(R (k) — olky (k)
then the solution py(7) of model (1) satisfies inf;>0 @ (7) > 0;
for any 7 > 0, inf,zrpk(t) > 0.
Let two vectors = (P(1),P(2),...,P(n))T €
R, o = (P(1),2P(2),.. nP( NT € R", matrix A =
diag(P(1),2P(2),...,nP(n)). Define

<1—ﬁixip<z>> x

X [k—o+ (o —ak)(

A/v>A =

n

Y iP(i)x;
i=1
-1 Z iP(i)x;].

Lemma 3 Suppose 0 < x; < y; < 1, for each i €
{1,2,---,n}. If

g(x1,x0,...,xn) =

O<a§w O<ﬁ§1+l(k) 3)
or
(k—a) min {ip(i)} + (o — k) (k ) 'n+PBla—k)
X i{an(n) >0, %)
for every k € {1,2,...,n}, then we have
glxr,xa, .. xn) < gi,y2s---59n)- 5)

From these two inequalities, we can see that both the lo-
cal and global awareness strengths should not be too large, and
they should maintain certain relation with network structure to
meet inequality (3) or (4).

Let " =1,
i i) " &

Lemma 4
a+ (a — ak)k )*'
(o — ak)(k)y='y"
(o0 — ak){k)~!
ak) (k)1
quences

i >z,-< Lonka) =
PP, 1 <k<n, m=1,2,.
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Ay (k) (1 Y uf’”’P(i)) )1 % PO E (k)
(m+1) i=1 i=

My

v+ Ay(k) (1 -B é uf’”)P(i)) (k)~!

b

iP(i)u™ & (k, o)

1

™= |~

wv@(1-8 £17P0)) 00! £ 010 (k)

l]Em-H) _

and e = limy, oo 1™, I = limy oo 1"
where t; > 0, Iy > 0, then

v (1-p

v+Ay(k) (1 -B il li(’”)P(i)) (k)—1 f iP(i)li('")n(’”) (k, o)

Tr=

1

i=1

. Suppose the solution pi(r) satisfies limsup,_, .. px < Uk, and liminf;_, o pi(r) > I,

uiP(i)> 01 £ ipus ()

limsup p;(¢) <

t—r+too

liminfpy (1) >

v+lu/(k)(1B

It

)

()} ()°1 £ i) 0 0

@ (18 £ 1p0) 00 £ ipinta)

—
=

t—oo

For the sake of clarity, the proofs of Lemma 3 and 4 are
presented in Appendix A. Now we present the main theorem
of the paper.

Theorem 1 Suppose that parameters a and 3 satisfy

v+ Ay(k) (1 > l,-P(i)) k) 3P

()i (k)

=

Proof In order to prove this theorem, we first prove that

lim, ;.. P (¢) exists. For this purpose, we turn to prove that

11m1nfpk( ) = limsup pi(¢).

Eq. (3) or Eq. (4) to guarantee the global stability for the en- —rtoeo f—s o0
demic equilibrium of model (1). If Y7, kP(k)px(0) > O with
0 < pr(0) <1 and A/v > A, then the fraction of infected Lettlnguk =1, E(k, @) =k— o+ (o —ak) (k)1 X0 iP(i) s
nodes of model (1) satisfies for every k € {1,2,...,n}, and £ 07 (k o) = k— +(a—ak)(k>_1):f’:1iP(i)/.Li( ),deﬁne
lim Pi(t) = pi > 0. the sequence
|
w128 £ 1) 001 £ ipou g k.a)
umt = cL L L 1<k<nm=1.2,... (©6)
v 2w (1B £ up0) 0071 £ i g0 ko
= 1=
According to Lemma 1, for 1 <k < n, limsup,_, .. pr(t) < | y Zn:ip(i)uf(k @) =0
1 ) - 9
1= u,il). Applying Lemma 4 repeatedly, we obtain i=1
limsup p(t) < g, 1 <k <n. (8)
limsuppi(r) < ™, 1<k<n, m=1,2,... 7) fro
t——o0

Now, we consider the convergence of sequence (6). By

Eq. (6), u? < 1= p!" for all k. If for all k, u" ") < u™,

k k
then by Lemma 3, it follows that Vk, ,u,EmH) < ,u,EmH).

(m)

By induction, the sequence ;" is decreasing for each k,
so its limit exists and is denoted by y; = lim;; o ulgm). Let-
ting m — oo on both sides of Eqgs. (6) and (7), we deduce that
W, k=1,2,...,n, satisfies the following relations:

—V‘Ll,k—|—2,l,l/ (l—ﬁz,uvt ) 1_.u'k)<k>7l

On the other hand, we consider a function

fx)
W s f ]| w ‘,3:31“‘2” )
v+ 7Lx
x [(I—Z))H- <a—a> } )
Here, f(0) = 0. Moreover, under the condition
V> R e )
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we have

lkZP(k)w(k)(l—%)v o o
—1>0.

FO) =%y
k=1

that Vk, 0 < 1" < liminf, .. p¢() and

f("’<k)(1 -B Zn:lf]>P(i)> (k)" li;iP(i)li“)

V2 i=1
By the definition of derivatives, if x > 0 is sufficiently small, X {k— o+ (o — otk) (k) ! Z iP(i)llm}) >0. (1D
then f(x) > £(0) =0. =
According to Lemma 2 and Eq. (10), we can take l,E” such Then, we define the following sequence:
|
w18 £ 120 ) 0! £ i1 k)
l]Em+l) _ t=1n l=1” ’ (12)
v 2wl (16 £ 1P ) 0" £ P10 o
i=1 i=1
g (m | n
where (") (k, &) = k— e+ (e — k) (k) "' Xy iP(i) 1™, 1 < y [k_ ot (a—ak) k)Y kp(k)ll<2>]
k<n,m=1,2,... According to Eq. (11) and applying Lemma k=1
4 1 h n n
repeatedly, we have > (k) (1 -BY. ll.(l)P(i)) )Y (i)Y
liminf py 1) > 1<k<n,m=12,... (3) i=1 i=1
Now we consider the convergence of the sequence (12). x [k —o+(a— ock)(k>7l Z lP(l)ll(l)} (14)
According to Egs. (9), (11), and (12), we have =1
v (1-8Y 1PP(0) (0~ Y k(01
= ! = ! According to Egs. (12) and (14), we obtain Vk,
|
w18 £ 1720 ) 0 £ P01 )
3) i=1 i=1
I =
v aw (128 £ 1720 )01 £ i ko
i=1 i=1
w18 £ 1020 ) 0 £ i 0o
i=1 i=1
>
v+ Ap(k) <1 —BY 1}”1)(1)) &1y i)k, )
i=1 i=1
)
=17 (15)

If for all &, l,gmﬂ) > l,gm), by Lemma 3, it follows from Eq. (11)
that vk, 1" > 1",
(m)

By induction, for each k, the sequence [, m > 2, is in-

creasing, so its limit exists and is denoted by [; = lim,,_yc0 l,Em).
Letting m — oo on both sides of Egs. (12) and (13), we de-
duce that the limit [y, k = 1,2,...,n, satisfies the following

relations:
ity ®) (1B L 120 ) 1 - )0
i=1

x Y iP(i)lin (k,a) =0,
i=1

lkglllgigfpk(t), 1<k<n, (16)
where 1 (k, ) =k — o+ (o — k) (k)1 Y2 iP(i)1;.
According to Egs. (8) and (16), both t; = lim,;—e /.L,Em)

and [; = limy,_ye0 l,£m> are positive stationary points of the rate
equation; thus by the uniqueness of the positive stationary
point of the rate equation, we have L = [; = py and

Pr < liminfpy(¢) < limsupp(t) < p, 1 <k <n.
1—>o0 t—>o0

That is, lim,_ 0 Pi(f) = Pi-

Theorem 1 indicates that if 1 /v > A and the network has
infected nodes initially, then the infected process becomes sta-
ble and py(r) approach globally the unique positive stationary
point of rate equation (1). Therefore, from

(k)
(R (k) — alky (k)

in this Theorem we can see that both the contact awareness

Ao =

and the local awareness can enhance the epidemic threshold,
which is indeed a global result.
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4. Simulations

In this section, we will perform some simulations to ver-
ify the global result in Theorem 1. Without loss of generality,
we use WS small-world network!>! and BA network!!3! as
the topological structures of model (1). The network size N
is set as 200. The WS network is generated with probability
p = 0.1 for rewiring links, where each node is symmetrically
connected with its 2m nearest neighbors in its initial nearest-
neighbor network. The BA network is produced with initial
nodes mg and adding a new node with m edges in each time
step.

Based on model (1), figure 1 gives some realizations on
a WS small-world network where m = 3 and the minimum
degree, maximum degree and average degree are 3, 8, and 6,
respectively. The two groups of parameter setting (& = 0.15,
B=0.1, y(k) =k %% and & = 0.08, B = 0.12, w(k) = k%)
in Fig. 1 all satisfy condition (3). From Theorem 1, we get
the theoretical epidemic thresholds A, = 0.35, 0.23 with re-
spect to two groups of parameter settings. In order to verify
the global stability, two kinds of initial conditions are cho-
sen as p3(0) = 0.01, px(0) =0, k =4,5,...,8 and p3(0) =
0.1, pr(0) =0, k=4,5,...,8, respectively. In Fig. 1(a), with-
out loss of generality, we set A = 0.01 and v = 0.15 to satisfy
A/V < Ac. As the growth of time ¢, corresponding to the two
kinds of initial conditions and awareness strengths, all the to-

1 30
—  =0.15,8=0.1
S My< AT 0018 =01
Sl 4 =008 8=0.12
<  a=008 8=0.12
> 2.0
=
G
£ 15
el
T 1.0
2
8
< 05
g 0
= a
o (a)

50 100 150 200
t

tal infected densities p(¢) tend to zero, i.e., the disease will
die out. In Fig. 1(b), we set A = 0.1 and v = 0.15 to meet
A/v > A.. In this case, the infection spreads and becomes
endemic. By performing plentiful simulations with other dif-
ferent parameter settings and initial conditions, we can get the
same convergence property.

Next we test this model on the BA network. Based on
model (1), figure 2 gives some realizations where the mini-
mum degree, maximum degree, and average degree of the BA
network are 3, 40, and 5.94, respectively. The two groups of
parameter settings in Fig. 2 all satisfy condition (3). From
Theorem 1, we get the theoretical epidemic thresholds A, =
0.26, 0.15 with respect to the two groups of parameter set-
tings. When A/v =0.01/0.15 < A, from the Fig. 2(a), we
can see that the total infected densities p (¢) tend to zero. When
A/v=0.1/0.15 > A, in Fig. 2(b), the total infected densities
p () converge to the endemic equilibrium. In conclusion, these
simulations verify the correctness of Theorem 1 very well.

In order to further verify the theoretical epidemic thresh-
old in Theorem 1, figures 3 and 4 show the relationship be-
tween A/v and stable density p on some different WS net-
works and BA networks, respectively. One can see that the
numerical epidemic threshold is consistent with theoretical re-

sults very well.
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Fig. 1. (color online) The total infected density p(z) on a WS small-world network. In each panel, the blue and red curves correspond to the initial condition
p3(0) =0.01, px(0) =0, k=4,5,...,8, the other two curves correspond to p3(0) =0.1, px(0) =0, k=4,5,...,8, respectively. (a) A /v <A, (B) A /v > Ac.
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Fig. 2. (color online) The total infected density p(¢) on a BA network. In each panel, the blue and red curves correspond to the initial condition p3(0) = 0.01,
pr(0) =0, k=3,4,...,40 and the other two curves correspond to p3(0) = 0.1, pr(0) =0, k = 3,4,...,40, respectively. (a) A /V < A¢, (B) A /V > Ac.
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Fig. 3. (color online) The stable infected density p with respect to ef-
fective spreading rate A /v. The topological structure of model (1) is
WS small-world network with different structure parameters m, A, de-
notes the theoretical epidemic threshold. This figure is obtained by 20
independent realizations.
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Fig. 4. (color online) The stable infected density p with respect to ef-
fective spreading rate A/v. The topological structure of model (1) is
the BA network with different structure parameters m and myg, A, de-
notes the theoretical epidemic threshold. This figure is obtained by 20
independent realizations.

5. Conclusion

The interplay between individual awareness and epidemic
dynamics in networks has recently received much attention.
The individual awareness can have an important influence on
epidemic spreading on networks. By the local stability anal-
ysis method, a significant conclusion is that the embedded
awareness in an epidemic network can increase its epidemic
threshold. In particular, both the contact awareness and the
local awareness can raise the epidemic threshold, while the
global awareness can only decrease the epidemic prevalence.

In this paper, we give global stability analysis of an SIS
epidemic model on networks with individual awareness. Be-
cause of the powerful nonlinear terms, the considered model
is more complicated than the general SV rate equation (i.e.,
the well-known SIS epidemic model established by Pastor-
Satorras and Vespignani). Based on limit theory and dynamic
system theory, we obtain a sufficient condition of global sta-
bility of the endemic equilibrium. As we know, to seize the
behavior of epidemics on complex networks, global analysis
of their equilibrium points must be made. Hence, this work
will provide certain theoretical support for real applications in
epidemic control on complex networks.

From the simulation part, we can see that the strength of
awareness and network structure play an important role in sta-
ble infected density of the spreading process. Hence, it is pos-
sible and valuable to further discuss theoretically the relation-
ship between them in the future.

Appendix A

Now we give the proofs of Lemma 3 and Lemma 4 in
Section 3.
Proof of Lemma 3 On one hand, expanding function

g(x1,x2,...,x,), we obtain

g(x1,x0,...,x,)

n n 2
= (k—a) Y iP(i)x;+ (o — ak) (k) ™! <Z iP(i)xi>

i=1

Bk—a) Zx, ]
x (k) ! iix,»P(i)(n iP(i)x,-)z.

i=1

(AD)

For each j € {1,2,...,
g with respect to x; gives
g
ox; ;

n}, computing the partial derivative of

M:

= (k—a)jP(j) +2(ac— ak) (k)" jP(j) ) iP(i)xi

1

—Bk—a)jP(j)

()

(agE

— Bk—a)P(j) ) iP(i)xi

1

X Zx, (o0 — ak)(

— 2B (a—ak) k)~ jP(j)
x Y xiP(i) Y iP(i)x;
i=1 i=1
> (k—a)jP(j)+2(o— ak) jP(j)
—B(k—a)jP(j)
= (2(a—ak) + (k—a)[1 — B{k) — B])jP(j)-

If 2(o — ok) + (k— a)[1 — B (k) — B] > 0, then we obtain
dg/dxj > 0, which means function g(x1,x2,...,X,

— Bk—a)jP(j) (k)

) is mono-
tonically increasing with respect to all variables. Furthermore,

let h(k) =2(a—ak)+(k—o)[1 —B(k)—B], ke {1,2,...,n}.
If

O<a§71_ﬁ(;+<k>>7 0<ﬁ§71+1(k>’
we obtain A(1) = (1 —a)[1—Bk)—B] >0, (k) =1—-2a—

B — B (k) >0, which leads to h(k) > O for all k. So the inequal-
ity (5) is valid.

On the other hand, calculating directly the following dif-
ference:

g(ylayZ,"'ayn) _g(-xla-xZ,---axn)

n n 2
= G- T3 + e e ) (L vt
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n

iP(i)x,-) 2} —Bk—a) [i P(i)y; Y iP(i)yi

i=1 i=1

—
=

1

P(i x,ZzP x,]
P(i)y; ( Z iP(i)y,)2 - iP(i)xi ( Z iP(i)x,~> 2] :

i=1

L

B otk — o) (k)™

|
M S

1

X
Lﬁ
-

(A2)
Define three vectors as
X1 Y1 Y1 —X1
X2 y2 Y2 — X2
X = , Y= . , €=
Xn Yn Yn —Xn

Then, the first term of the right-hand side of Eq. (A2) can be
reduced to

M:

(k=) ) iP(i)(yi—x) >

(k- ) iiP(i)(y,

= el (k— a)Ae.

1

The second term of the right-hand side of Eq. (A2) can be

transformed as
[ (B - (Bymon) |

= (a—ok) (k)™ [yTa)wTy xTwax}

(a— ak)(

= ' (o — ak)(k) oo

The third term of the right-hand side of Eq. (A2) can be
rewritten as
n n

—Bk—a {Xn:P )yi Y iP(i)yi— Y P(i) x,flp ]

i=1 i=1 i=1

—Bk—a) [yTGwTy —xTow'x
=e'Bla—k)Ow'e.

At the same time, we note that the fourth term of the right-
hand side of Eq. (A2) is non-negative. Integrating the above
analysis concludes that

gOV,Y25 -, Yn) — (X1, X2,y Xn)
T [(k— o)A+ (a—ak) (k) 0o+ B(a—k)ow]e

Y

= el |(k—a)A+ (o — ak) (k) oo’

N Bla—k) (00T +w6T)

5 (A3)
Therefore, if the matrix
(k—a)A+ (a — ak) (k) ' ww®
N B(a—k)(0aT +woT) (Ad)

2
is semi-positive, then we can obtain inequality (5).

Let Amin(-) and Amax () be the minimum and maximum
eigenvalues of a matrix, respectively. Defining the matrix (A4)
as B, it is semi-positive, if and only if Ay, (B) > 0.

From Eq. (A4), we have

Amin(B) = (k— @) Amin(A)
B(a—k)

+ (0 — k) (k) " Amax (0@T)
+ (Amax (80T + Amax (@6T))
= (k— 0‘) lmln {ip(i)} + [(a — ak) (k)"

+ B (o —k)] ;nlﬂ(n)

(AS5)

which means that if (k — o)min;<;<,{ip(i)} + [(«
ak) (k)" n+ B(a — k)] LIy nP?(n) > 0, we get Amin(B) 2 0,
then we can obtain inequality (5).

Proof of Lemma 4 Since limsup,_, ., px < L, for all
€ >0, there exists T >0ast > 7, pr(t) < U+ €. Lemma 1
shows that 1 — p;(¢) > 0. Hence, according to Eq. (1) we know
that, as ¢ > 7, the following inequality holds:

dp;{(t) = —vpr+ Ay (k) (1-Bp(1))O()
x e~ (e = ak)® Il ~py)
< —vpi+Ay(k ( ﬁZ Hit P )<k> |

X
.M:

Il
—_

iP(i) (i +€) (k— a+ (o — ok) (k)™

X
™=

iP(i)(me))(l )
o)1= L+ 00

IZZP (Wi+e€)
<k a+ (o — ok)( 1ZzP ul+e>}p
ﬁz [.L,—|—g >

i=1

Il
-

|

I
IT ~.

_|_

+Ay(k (

IZZP (wi+e€)

n

ZiP(i)(ui+e>>.(A6>
i=1

Let A = 2y(k)(1— BEiL (ki +€)P(0)) (k)™
)k — o+ (o — k) (k) T2, iP(0) (y + ).
both sides of the above inequality by exp{[v + Ay(k)(1 —
BLLi (ki + &)P(i) (k)" L iP (i) (i + €)(k — & + (o0 —

X <k— o+ (o0 — ak) (k)"

i 1P() (i +
Multiplying

ak)(k)~1Y" iP(i)(1; + €))]t}, and integrating from T — t,
we obtain
Plt) < exp(vl—):(AT))(t —-7) Vv —?—A ’ (A7)
Taking the limit as # — oo, we obtain
limsup pg(¢) < A . (A8)
f—5+4oo v+A

Taking the limit as € — 40, we obtain
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Ay (k) (1 B¥ uiPa)) (01 % P mE (k. 1)
limsup pe (1) < L L . (A9)
msu VA (1 5 mP(i)) 01§ (e k@)

Since liminf,_, 4o px > I, for all € > 0, there exists 7 > 0 such that py(¢) > Iy — € as t > 7. From Eq. (1), we know that, as
t > 1, the following inequality holds:

dpx(t)

X — v 29 0) (1 - Bp(0)O(1) [k — o+ (o — k)@ (1)] (1 - pi)

—vpr+Ay(k) <1 Bi ) 1ZzP <k a+ (o — ak)( ‘IZzP ls)(lpk)

1

{l—e ) 121P (li—¢ (k—a+((x—ak 1ZzP l—£)]p

i=1 i=1

+Ay(k ( Zl—s ) *‘ZzP )l —€) (k—a—i—(oc—ock 'Zthl—s) (A10)

Let V= Ay(k)(1—BYL, (li—e)P(i) (k) X7, iP(i) (I — ) (k — o+ (0. — k) (k) =V X7, iP(i)(I; — €)). Multiplying both sides
of the above inequality by exp{[v+ Ay (k)(1 —BY", (L —&)P(i)) (k) "' X1, iP(i) (I —€)(k— o+ (o — o) (k) Yy iP(i) (L —
€))]t}, integrating from T — ¢, and taking the limit as 7 — +oo, we obtain

Y

- {v+lll/ ( B

liminf py(¢) > v (A1)
imin
t—+too Pi v+V’
Taking the limit as € — 4-c0, we obtain
n . _1 n . o
Ay(k)(1=B X LiP(i) | (k)" X iP(i)lin(k,o)
liminf py(¢) > '_ln =l :
t— oo R -~
v 2wl (1 £ 120 01 £ im0
=
|
The end of the proof. [13] Pastor-Satorras R and Vespignani A 2002 Phys. Rev. E 65 035108
[14] Li K Z, Small M, Zhang H F and Fu X C 2010 Nonlinear Anal. RWA
11 1017

References [15] Wang L and Dai G Z 2008 SIAM J. Appl. Math. 68 1495

[1] Faloutsos M, Faloutsos P and Faloutsos C 1999 Acm Sig. Comput. [16] LiY, Liu Y, Shan X M, Ren Y, Jiao J and Qiu B 2005 Chin. Phys. 14

Commun. Rev. 29 251 2153

[2] Barabasi A L and Oltval Z N 2004 Nat. Rev. Genet. 5 101 [17] Lajmanovich A and Yorke J A 1976 Math. Biosci. 28 221

[3] Vidal M, Cusick M E and Barabasi A L 2011 Cell 144 986 [18] d’Onofrio A 2008 Nonlinear Anal. RWA 9 1567

[4] Wang J W and Rong L L 2009 Safety Sci. 47 1331 [19] Zhu G H, Fu X C and Chen G R 2012 Appl. Math. Model. 36 5808

[5] Milgram S 1967 Psychology Today 5 61 [20] Guo HB,LiM Y and Shuai Z S 2006 Can. Appl. Math. Q 14 259

[6] Fu X C, Small M, Walker D M and Zhang H F 2008 Phys. Rev. E 77 [21] Li MY and Shuai Z 2010 J. Differential Equations 248 1

036113 _ [22] SunR Y 2010 Comput. Math. Appl. 60 2286
[7] Song YR, Jiang G P and Gong Y W 2013 Chin. Phys. B 22 040205 [23] Funk S, Gilad E and Jansen V A A 2010 J. Theor: Biol. 264 501

[8] ChiL P, Wang R, SuH, Xu X P, Zhao J S, Li W and Cai X 2003 Chin.
Phys. Lett. 20 1393
[9] Wang D, YuH, Jing Y W, Jiang N and Zhang S Y 2009 Acta Phys. Sin.

[24] Lu Y L, Jing G P and Song Y R 2012 Chin. Phys. B 21 100207
[25] LiKZ,MaZ]J,JiaZ, Small M and Fu X C 2012 Chaos 22 96

58 6802 (in Chinese) [26] Bagnoli F, Lid P and Sguanci L 2007 Phys. Rev. E 76 061904

[10] Barthelemy M, Barrat A, Pastor-Satorras R and Vespignani A 2005 [27] Marceau V, Noél P A, Hébert-Dufresne L, Allard A and Dubé L J 2011
Theor: Bio. 235 275 Phys. Rev. E 84 026105

[11] Barrat A, Barthelemy M, Pastor-Satorras R and Vespignani A 2004 [28] Granell C, Gémez S and Arenas A 2013 Phys. Rev. Lett. 111 128701
Proc. Nat. Acad. Sci. 101 3747 [29] Wu Q C, Fu X C, Small M and Xu X J 2012 Chaos 22 1054

[12] Pastor-Satorras R and Vespignani A 2001 Phys. Rev. Lett. 86 3200 [30] XuZ P and Li K Z 2014 J. Guilin Uni. Elec. Tech. (Accepted)

118904-8


http://dx.doi.org/10.1145/316194
http://dx.doi.org/10.1145/316194
http://dx.doi.org/10.1038/nrg1272
http://dx.doi.org/10.1016/j.cell.2011.02.016
http://dx.doi.org/10.1016/j.ssci.2009.04.001
http://dx.doi.org/10.1103/PhysRevE.77.036113
http://dx.doi.org/10.1103/PhysRevE.77.036113
http://dx.doi.org/10.1088/1674-1056/22/4/040205
http://dx.doi.org/10.1088/0256-307X/20/8/362
http://dx.doi.org/10.1088/0256-307X/20/8/362
http://dx.doi.org/10.7498/aps.58.6802
http://dx.doi.org/10.7498/aps.58.6802
http://dx.doi.org/10.1016/j.jtbi.2005.01.011
http://dx.doi.org/10.1016/j.jtbi.2005.01.011
http://dx.doi.org/10.1073/pnas.0400087101
http://dx.doi.org/10.1073/pnas.0400087101
http://dx.doi.org/10.1103/PhysRevLett.86.3200
http://dx.doi.org/10.1103/PhysRevE.65.035108
http://dx.doi.org/10.1016/j.nonrwa.2009.01.046
http://dx.doi.org/10.1016/j.nonrwa.2009.01.046
http://dx.doi.org/10.1137/070694582
http://dx.doi.org/10.1088/1009-1963/14/11/002
http://dx.doi.org/10.1088/1009-1963/14/11/002
http://dx.doi.org/10.1016/0025-5564(76)90125-5
http://dx.doi.org/10.1016/j.nonrwa.2007.04.001
http://dx.doi.org/10.1016/j.apm.2012.01.023
http://dx.doi.org/10.1016/j.jde.2009.09.003
http://dx.doi.org/10.1016/j.camwa.2010.08.020
http://dx.doi.org/10.1016/j.jtbi.2010.02.032
http://dx.doi.org/10.1088/1674-1056/21/10/100207
http://dx.doi.org/10.1063/1.4766677
http://dx.doi.org/10.1103/PhysRevE.76.061904
http://dx.doi.org/10.1103/PhysRevE.84.026105
http://dx.doi.org/10.1103/PhysRevE.84.026105
http://dx.doi.org/10.1103/PhysRevLett.111.128701
http://dx.doi.org/10.1063/1.3673573

	1. Introduction
	2. Preliminaries
	3. Global stability of epidemic spreading
	4. Simulations
	5. Conclusion
	References

