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Dynamic evolutionary community detection algorithms
based on the modularity matrix∗
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Motivated by the relationship of the dynamic behaviors and network structure, in this paper, we present two efficient
dynamic community detection algorithms. The phases of the nodes in the network can evolve according to our proposed
differential equations. In each iteration, the phases of the nodes are controlled by several parameters. It is found that the
phases of the nodes are ultimately clustered into several communities after a short period of evolution. They can be adopted
to detect the communities successfully. The second differential equation can dynamically adjust several parameters, so it
can obtain satisfactory detection results. Simulations on some test networks have verified the efficiency of the presented
algorithms.
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1. Introduction
Complex networks are a useful tool to model many real

systems, such as social networks, food webs, the world-wide-
web, and biological organizations.[1] Dynamic behaviors[2–4]

and topological structure analysis[5–9] are more active among
the research of complex networks. Modular structures con-
stitute one of the most important properties of real-world net-
worked systems. A network can be represented as a graph
composed by a large number of edges connecting vertices
within individual groups, with only a low concentration of
edges between these groups.[10] A single community may rep-
resent different functional units of the system, and it plays a
very important role for understanding the entire network and
analyzing network characteristics.

Recently, many community detection algorithms are pre-
sented based on various approaches such as edge clustering
coefficients,[11] dissimilarity and similarity measures,[12,13]

spectral analysis methods,[14,15] physical models,[16,17] and
optimization.[18,19] Moreover, many dynamic clustering al-
gorithms based on synchronization are proposed to discover
the community in the networks.[20–23] They have shown that
the dynamical synchronization process in complex networks
is a suitable method to reveal the different topological struc-
ture. Most of these dynamic algorithms are based on the Ku-
ramoto model[24] or on its variants such as the opinion chang-
ing rate model.[25] In Ref. [26], they utilized a proper weight-
ing scheme and an algorithm based on the partial synchro-
nization phenomenon as pre-processing and post-processing
steps to improve the Newman–Fast algorithm. A parameter-
less mechanism adapts the characteristic frequencies of cou-
pled oscillators according to a dynamic connectivity matrix

deduced from correlated data.[27] In Ref. [28], a generalized
Kuramoto model is considered, the phases of the nodes are
naturally separated into several clusters after a period of evo-
lution, and each cluster corresponds to a community in the
network.

Based on the above work, in this paper, we adopt synchro-
nization dynamic evolutionary behaviors to reveal the com-
munities in the networks. Firstly, we would improve the Ku-
ramoto model for the purpose of community detection based
on the modularity matrix. Secondly, we further generalize the
model to enhance the synchronization in the community. The
phases of the nodes will dynamically evolve according to the
two algorithms. The phases of the nodes in the same commu-
nity would cluster closely and the phases of the nodes in the
different communities would move far away. The community
structures can be quickly detected.

The rest of this paper is organized as follows. The dy-
namic community detection models and two algorithms DE M
and DC Mα are presented in Section 2. The simulation results
are given in Section 3 and Section 4 concludes the paper.

2. Network models and community detection al-
gorithms

2.1. Dynamic evolutionary algorithm based on modularity
matrix

The following generalized Kuramato model has been
proposed:[28]

θ̇i = ωi +
Kp

N

N

∑
j=1

ai j sin(θ j−θi)
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+
Kn

N

N

∑
j=1

(1−ai j)sin(θ j−θi). (1)

If the j-th node is connected with the i-th node, ai j = 1, other-
wise, ai j = 0.

Furthermore, it can be rewritten as

θ̇i = ωi +
Kp

N ∑
j∈Ni

sin(θ j−θi)+
Kn

N ∑
j 6∈Ni

sin(θ j−θi), (2)

where Ni is the set of neighbors of the i-th node. We set Kp > 0
to make the phases of two connected oscillators in the net-
work evolve together, and Kn ≤ 0 to make the phases of two
unconnected oscillators in the network evolve far away. They
have realized community detection successfully. Generally,
different neighbors of the node have different close relation-
ships. The probability with close relationship nodes in the
same community is larger. For example, in social networks,
the probability of good friends being together in a community
is larger than the ordinary friends. In this paper, the similar-
ity of the nodes is adopted to describe the close relationship
between them. Equation (2) would be improved to obtain bet-
ter community detection performance based on this similarity.
Newman introduced modularity to evaluate the goodness of a
particular division of a network into communities.[29]

We consider such a network, in which there are N nodes
and m edges, represented by an adjacent matrix 𝐴, whose el-
ement ai j = 1 if there is a link between nodes i and j, and
ai j = 0 otherwise. Modularity is defined as

Q =
1

2m ∑
i, j∈V

(
ai j−

kik j

2m

)
δ (ci,c j), (3)

where ki and k j are the degrees of vertices i and j, respectively;
δ (ci,c j) is the Kronecker symbol equal to 1 if the communi-
ties ci and c j, to which i and j belong, are the same, and to 0
otherwise. A new real symmetric matrix 𝐵 with elements

Bi j = ai j−
kik j

2m
(4)

are called the modularity matrix.[30]

Here, it can be rewritten as follows:

Bi j =


1−

kik j

2m
, ai j = 1,

−
kik j

2m
, ai j = 0.

(5)

Generally, if the j-th node is the neighbor of the i-th node,
Bi j > 0; otherwise, Bi j < 0. However, we discover Bi j may be
less than zero when the j-th node is the neighbor of the i-th
node, i.e., ki/k j2m > 1. For example, in Zachary’s karate club
network, k1 = 16, k3 = 10, m = 78, and thus B13 =−0.0256 <

0. To guarantee the symbol of the neighbors of the same node

is higher than zero, we define the similarity of the two nodes
as follows:

Si j =


Bi j > 0, ai j = 1 and Bi j > 0,

2(ai j +∑
N
k=1 aika jk)

ki + k j
> 0, ai j = 1 and Bi j ≤ 0,

Bi j < 0, ai j = 0.

(6)

The term 2(ai j +∑
N
k=1 aika jk)/(ki + k j) is motivated by

Ref. [26].
N

∑
k=1

aika jk contains the information of their com-

mon neighbors (aika jk = 1 if and only if aik = 1 and a jk = 1,
while aika jk = 0 in other cases). The quantity kik j/2m is the
expected number of edges between vertices i and j in a null
model where edges are placed at random, while the distribu-
tion of degrees remains the same.

Thus, our dynamic evolutionary algorithm based on mod-
ularity matrix (denoted as DE M) is executed by the following
differential equation:

θ̇i = ωi +
K1

N ∑
j∈Ni

Si j sin(θ j−θi)

+
K2

N ∑
j 6∈Ni

Si j sin(θ j−θi), (7)

where K1,K2 > 0 in this model. Si j > 0 (i.e., the j-th node is
the neighbor of the i-th node) would make the connected nodes
cluster into the same community. Si j < 0 (i.e., the j-th node is
not the neighbor of the i-th node) would make the unconnected
nodes evolve far away.

The algorithm flow (i.e., DE M) is given as follows.
Step 1 Initializing. The initial phases (i.e., θi) are gener-

ated randomly from [0,2π] and initial frequencies (i.e., ωi) are
generated randomly from [−0.01,0.01]. Give two values for
the parameters K1 and K2.

Step 2 Dynamic evolving. The phases of the nodes
evolve according to Eq. (7).

Step 3 Detecting. Let phases mod 2π obtain better re-
sults. Then, plot the phases of the nodes evolving with time
and find the different communities.

Parameter selection. K1 is the coefficient of the posi-
tive coupling, and K2 is the coefficient of negative coupling.
Fix the value of K2, regulate the value of K1 according to the
phase–time figure to obtain satisfactory results in the follow-
ing simulations. Note that the gap of the K1 and K2 cannot be
too big, or the phases of the nodes would realize synchroniza-
tion when the value of K1 is too large.

2.2. Improved dynamic evolutionary algorithm based on
modularity matrix

We still require DE M to find suitable parameters K1 and
K2 for efficient community detection. Thus, we improve it fur-
ther in this subsection.
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In Ref. [31], they have shown that further enhancement in
synchronization can be achieved by exploiting the information
contained in the overall topology, i.e., by scaling the coupling
strength to the load of each link. Now, we can obtain the fol-
lowing network equation:

θ̇i = ωi +
σ

∑
j∈Ni

lα
i j

∑
j∈Ni

lα
i j sin(θ j−θi), (8)

where li j is the load of the link connecting nodes i and j in the
chosen network, and α is a tunable parameter. It has been
shown that the ability of a dynamical network, like that in
Eq. (8), to maintain a synchronization state crucially depends
on the value of the parameter α . However, the complexity of
li j is O(mN).

In this paper, we further improve the formulation as fol-
lows (denoted as DE Mα ):

θ̇i = ωi +
K1

D ∑
j∈Ni

Sα1(t)
i j sin(θ j−θi)

+
K2

D ∑
j 6∈Ni

|Si j|α2(t) sin(θ j−θi). (9)

Here, D = ∑
j∈Ni

Sα1(t)
i j + ∑

j 6∈Ni

|Si j|α2(t). The complexity of Si j is

only O(m + N). Besides, the symbols of the Si j divide the
nodes into two parts. One part is a neighbor set and con-
trolled by the coefficients K1 and α1(t), and the other part is
the non-neighbor set and controlled by K2 and α2(t). Differ-
ent parameters can obtain rich dynamic behaviors. α1(t) and
α2(t) are time-dependent exponents, such that α1(0) = 0 and
α2(0) = 0. α1(t) and α2(t) are stepwise increasing functions
of time, which are defined as

α1(t) = b
t
T
cδ1, (10)

α2(t) = b
t
T
cδ2. (11)

Here, δ1 and δ2 are the step size, and T is a time step. At t = 0,
we obtain α1(0) = 0 and α2(0) = 0, which means that Sα1(t)

i j

and |Si j|α2(t) are equal to 1. Thus, D = N. Equation (9) would
be reduced to the following form:

θ̇i = ωi +
K1

N ∑
j∈Ni

sin(θ j−θi)+
K2

N ∑
j 6∈Ni

sin(θ j−θi). (12)

It is the same as the model in Ref. [28], which means equa-
tion (9) is the generalization of the model in Ref. [28] and
equation (9) can gain rich dynamic behaviors.

The algorithm flow (i.e., DE Mα ) is given as follows.
Step 1 Initializing. The initial phases (i.e., θi) are gen-

erated randomly from [0,2π] and initial frequencies (i.e., ωi)
are random from [−0.01,0.01]. Give values for the parameters
K1, K2, T , δ1, and δ2.

Step 2 Dynamic evolving. The phases of the nodes

evolve according to Eqs. (9)–(11).

Step 3 Detecting. Let phases mod 2π to obtain better

results. Then, plot the phases of the nodes evolving with time

and find the different communities.

Parameter selection. Equation (12) can be further rewrit-

ten as

θ̇i = ωi +
N

∑
j=1

Ki j sin(θ j−θi), (13)

where

Ki j =


K1

N
, j ∈ Ni,

K2

N
, j 6∈ Ni.

(14)

In Ref. [32], they have proved that the model (Eq. (12)) can re-

alize synchronization as K1 and K2 are large enough. Thus, in

the simulations, we set K1 and K2 to be large enough to ensure

that equation (9) can realize synchronization when α(0) = 0.

Here, δ1 is the coefficient of the neighbor set and δ2 is the co-

efficient of the non-neighbor set, and δ1 is larger than δ2 in the

simulations to obtain satisfactory results. In the simulations,

we select δ1 from interval [0.05, 10] and δ2 from [0.01, 30] for

different networks.

3. Performance evaluations

Test on Zachary’s karate club network The Karate

club network is a typical network literature example used as

a benchmark for community detection.[33] This is a network

with 34 karate club members and 78 connections between

members. The network is separated into two parts because

a dispute arose between the club’s administrator and its karate

teacher. From Fig. 1(a), we can see that the phases of different

nodes are clustered into two parts according to DE M. The

corresponding communities are detected with different colors

in Fig. 1(b).

Figures 1(c)–1(f) show that 34 nodes will split into two

communities according to DE Mα . We can see that the phase

will synchronize firstly and be stable in two communities

evolving with time and different α1 and α2. Synchronization

in the same community (Fig. 1(c)) is enhanced and different

communities are more obvious than DE M in Fig. 1(a).

In Figs. 1(a) and 1(c), the phases of the nodes can clus-

ter more closely when they are stable compared to Refs. [23]

and [28]. DE M and DE Mα do not need to delete the leaf

nodes and calculate the membership degree of several nodes

in Ref. [28].
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Fig. 1. (color online) Zachary’s karate club network. (a) Phases of the nodes evolving with time based on DE M. K1 = 45 and K2 = 65.
(b) The colors correspond to the partitions given by DE M. The individuals are partitioned into two parts denoted by a circle and a
square, respectively. (c) Phases of the nodes evolving with time based on DE Mα . K1 = 80, K2 = 1, T = 3, δ1 = 10, and δ2 = 1. (d)
Phases of the nodes will split into two stages based on DE Mα . (e) and (f) Corresponding phases of the nodes evolving with different
α1 and α2 based on DE Mα , respectively.

Test on dolphins network Here, we turn to the commu-
nity network of dolphins, which was constructed from obser-
vations of a community of 62 bottlenose dolphins over a period
of seven years (from 1994 to 2001).[34] The phases of nodes
in the dolphin network are clustered into two communities and
the detection results are shown in Fig. 2.

Similar to Ref. [28], we obtain the histogram plot. The
phases of the nodes can be divided into h (e.g., h = 63) subin-
tervals with length 2π/h. The number of nodes in each subin-
terval can be obtained (Fig. 2(d)). The two peaks in the figure
depict the two communities.

Test on Journal network The journal index network is
constructed by 40 journals from four different fields: physics,
chemistry, biology, and ecology. 189 edges connect nodes if at
least one article from a journal cites an article in the other jour-

nal during 2004.[35] The journal index network is ultimately
clustered into four communities and the results are shown in
Fig. 3.

Test on GN benchmark The famous benchmark of com-
munity detection is a class of networks introduced by Girvan
and Newman (GN).[10] The network has 128 nodes, which are
divided into four groups, each with 32 nodes. The detection
results based on DE M and DE Mα with different parameters
are shown in Fig. 4. The four communities are detected clearly
by our proposed algorithms when µ = 0.4 (µ is the mixing pa-
rameter, which expresses the ratio between the external degree
of a node with respect to its community and the total degree of
the node). Each node has a probability pin of being connected
to nodes of its group and a probability pout of being connected
to nodes of different groups.[36]
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Fig. 2. (color online) Dolphin network. (a) Phases of the nodes evolving with time based on DE M. K1 = 140 and K2 = 10. (b) The
colors correspond to the partitions given by DE M. The individuals are partitioned into two parts denoted by a circle and a square,
respectively. (c) Phases of the nodes evolving with time based on DE Mα , here K1 = 60, K2 = 0.1, T = 3, δ1 = 10, δ2 = 0.01. (d)
Distribution of the phases of nodes in [0, 2π) based on DE Mα by histogram plot.
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Fig. 3. (color online) Journal network. (a) Phases of the nodes evolving
with time based on DE Mα . K1 = 65, K2 = 1, T = 3, δ1 = 10, and
δ2 = 0.05. (b) Colors correspond to the partitions given by DE Mα .
The individuals are partitioned into four parts denoted by a diamond,
square, downtriangle, and circle, respectively.
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Fig. 4. (color online) GN benchmark with µ = 0.4, pin = 0.3099, and
pout = 0.0665. (a) Phases of the nodes evolving with time based on
DE M. K1 = 45 and K2 = 65. (b) Phases of the nodes evolving with
time based on DE Mα . K1 = 70, K2 = 15, T = 3, δ1 = 30, and δ2 = 0.1.
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4. Conclusions
The synchronization of the Kuramoto oscillators is usu-

ally adopted to reveal the community structure. Different from
the previous work about the relationship between the com-
munity detection and the network dynamic clustering algo-
rithms, in this paper, the coupled Kuramoto model is general-
ized based on the modularity matrix and the community of the
network can realize synchronization or semi-synchronization.
The main contributions are: (i) they do not need to delete the
leaf nodes and further decide which community the special
nodes belong to after phase dynamic synchronization; (ii) the
time complexity of DE Mα (O(m+N)) is much lower com-
pared to the edge betweenness (O(mN)); (iii) the phases of the
nodes can split into different communities according to the im-
proved Kuramoto model; and (iv) the parameters can be easily
controlled due to the adjustable α . In the future, we hope to
find more efficient algorithms which can cluster the nodes that
are more concentrated in the same community and more sparse
between different communities.
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