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We systematically explore near equilibrium, flow-driven, and flow-activity coupled dynamics of polar active liquid
crystals using a continuum model. Firstly, we re-derive the hydrodynamic model to ensure the thermodynamic laws are
obeyed and elastic stresses and forces are consistently accounted. We then carry out a linear stability analysis about constant
steady states to study near equilibrium dynamics around the steady states, revealing long-wave instability inherent in this
model system and how active parameters in the model affect the instability. We then study model predictions for one-
dimensional (1D) spatial-temporal structures of active liquid crystals in a channel subject to physical boundary conditions.
We discuss the model prediction in two selected regimes, one is the viscous stress dominated regime, also known as
the flow-driven regime, while the other is the full regime, in which all active mechanisms are included. In the viscous
stress dominated regime, the polarity vector is driven by the prescribed flow field. Dynamics depend sensitively on the
physical boundary condition and the type of the driven flow field. Bulk-dominated temporal periodic states and spatially
homogeneous states are possible under weak anchoring conditions while spatially inhomogeneous states exist under strong
anchoring conditions. In the full model, flow-orientation interaction generates a host of planar as well as out-of-plane
spatial-temporal structures related to the spontaneous flows due to the molecular self-propelled motion. These results
provide contact with the recent literature on active nematic suspensions. In addition, symmetry breaking patterns emerge
as the additional active viscous stress due to the polarity vector is included in the force balance. The inertia effect is found
to limit the long-time survival of spatial structures to those with small wave numbers, i.e., an asymptotic coarsening to long
wave structures. A rich set of mechanisms for generating and limiting the flow structures as well as the spatial-temporal

structures predicted by the model are displayed.
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1. Introduction

Active materials are driven out of equilibrium by an en-
ergy input at the microscopic scale via biological or cat-
alytic activities. In the non-equilibrium state, some emergent
spatial-temporal structures may result, such as long-range or-
der, anomalous fluctuations, spontaneous flows, and dynami-
cal spatial-temporal structures and patterns.!!~!'l When cou-
pled with regulatory signaling pathways, active materials can
serve as models for living systems, such as cortical layers in
the cytoskeleton of cells and bacterial colonies in bacterial
biofilms. 12-16]

Active particles are generally anisotropic in their configu-
ration and motion and can form self-assembled ordered states
with respect to orientation and motion.!!'”-!® The nature of
the ordered state depends on both the configuration of the in-
dividual particles and interactions among the particles. Ac-
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tive liquid crystals are a class of active materials with these
features, which may form liquid crystalline phases at suffi-
ciently high particle concentrations or under strong particle—
particle interactions.!!>?") When the particles possess a dis-
tinctive head and tail, the particle-fluid system is called a polar
active liquid crystal, including: bacterial suspensions, asym-
metric vibrated granular rods, polarized migrating cells, and
catalytic charged nano-particles. Polar active particles are of-
ten modeled as self-propelled particles, where the activity is
incorporated via a self-propelled velocity of individual parti-
cles. The self-propelled particle and host fluid matrix inter-
action is characterized by an active bulk stress. Additional
particle—particle interaction can also contribute to hydrody-
namics via an additional active viscous stress. In addition,
when the active particle demonstrates a head-tail symmetry
in its configuration, the active liquid crystal system is called
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an apolar liquid crystal. This system is also refereed to as the
shaker in some literature, where nematic steric interaction may
be more important. [>!??] The nature of the particle—particle in-
teraction is crucial in determining the properties of the ordered
state. Polar particles may experience either polar interactions
(i.e., the ones that tend to orient particles head to head and
tail to tail) or interactions that are apolar (i.e., those that orient
particles regardless of their polarity), or both.[?324]

The polar active liquid crystal can order in polar states, as
described by a nonzero vector order parameter and the mean
motion. The vector order parameter is often referred to as
the polarity vector or polar order parameter, whose magnitude
measures the strength of the polarity. Apolar active particles
generally experience apolar interactions and the resulting or-
dered state has the symmetry of nematic liquid crystals, where
a vector order parameter that is invariant under head-tail re-
flection, or a second-order tensor order parameter, can be em-

19.24] There is a class

ployed to describe the broken symmetry. !
of active liquid crystals with nematic symmetry at large scales
that consists of self-propelled particles (hence, it is polar at
the micro scale) with apolar steric interactions or hydrody-
namic coupling. Such a system includes swimmers in a bulk
suspension. 22261 These interactions lead to large-scale nemat-
ics with weak or no polar order.!?”-?81 For this class of active
liquid crystals, a vector order parameter along with a tensor or-
der parameter form the minimal set of order parameters to de-
scribe the broken symmetry of the active material system.[!8]
This class of active liquid crystals includes gliding myxobac-
teria, suspensions of auto-catalytic Janus colloids, and motile
epithelial cells.[?>3%! It therefore represents an important class
of active systems of direct physical relevance.

A useful theoretical framework for describing the collec-
tive behavior of the active systems is the continuum model,
which generalizes liquid crystal hydrodynamics to include
new activities or nonequilibrium mechanisms due to the mi-

[19

croscopic energy input.l'’! For polar active liquid crystals,

continuum models use a single vector to describe the broken

17.1831] For apolar active liquid crystals, either a

symmetry.[
single vector with reflection symmetries enforced or a second
order tensor with the built-in reflection symmetry can be em-
ployed to describe the broken symmetry. For more general
active liquid crystals whose active particles are primarily po-
lar while the interactions may be dominated by apolar inter-
actions, both a single vector and a second order tensor order
parameter are required to describe the broken symmetry. >4l
In these continuum models, sources of activities are imple-
mented as low order perturbations to the corresponding pas-
sive liquid crystal systems, on which the new models are

13,16,18,19.321 A more detailed theoretical description

extended. !
of the active liquid crystals is the phase space or configura-
tional space kinetic theory pioneered by Marchetti and Liver-

pool and Shelley e al., and extended by Forest et al.[!8-3340]

In this formulation of models for active liquid crystals, mi-
croscopic scale symmetry is tacitly incorporated through the
interaction potential, self-propelled velocity, as well as phe-
nomenological active forces.[*!l This formulation can unify
all of the three types of continuum models through careful
attention to closure procedures. For detailed reviews on the
mathematical models of active materials, please refer to recent
excellent review papers.!!718]

The emergent spatial-temporal structures in active liquid
crystals are predominantly driven by instabilities, leading to
an apparent departure from equilibrium states. 334243 These
instabilities can sustain macroscopic global structures in time
and space, as well as transient defective structures, 1344451
providing an excellent model system. In reality, many ac-
tive materials are exposed in a fixed domain where the
boundary that confines the active material system may af-
fect the internal dynamics. Several groups have studied ac-
tive liquid crystal systems in confined geometries, reveal-
ing some interesting mechanisms for generating spontaneous
flows.[*491 Numerical simulations for spatial-temporal pat-
terns in two-dimensional or three-dimensional (2D or 3D, re-
spectively) have been largely done with a periodic boundary
condition, [23-33-3640.501 A of these works considered only the
bulk active stress, some of which included the self-propelled
velocity. In this paper, we extend these studies to include the
active viscous stress.

We adopt and generalize a minimal polar active liquid
crystal model that was developed by Marchetti e al.['84] We
study the linear stability of the constant steady states of the
model with the following three active mechanisms included:
bulk active stress, active viscous stress, and the self-propelled
velocity. We conclude this study by providing a complete
phase diagram in the parameter space of the active parame-
ters together with a geometric parameter of the liquid crys-
tal molecule. This study reveals the inherent instability in the
model for ALC systems subject to periodic boundary condi-
tions, which suppresses the effects of physical boundaries, and
yet still reveals the lengthscales and timescales involved in the
instabilities. We then explore the one-dimensional (1D) struc-
ture in a limiting regime of the model where the viscous stress
dominates. In this study, we focus on two special flow fields:
a linear plane shear and a nonlinear Poiseulle flow. We ex-
plore the driven dynamics of the ALC system with respect
to various anchoring boundary conditions and the impact of
the active mechanisms in the model. Finally, we demonstrate
various 1D spatial-temporal structures in a long channel sub-
ject to various boundary conditions and show how a molecular
configuration coupled with the activity mechanisms can im-
pact the long-time behavior of these spontaneously generated
flow structures. These studies reveal some new phenomena
described by this model which are worthy of further detailed
investigation.
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This paper is organized as follows. Firstly, we will
present the minimal polar liquid crystal model, following a
systematic derivation which identifies the Ericksen stress and
energy dissipation explicitly. Secondly, we carry out a linear
stability analysis of constant steady states to study the near
(hydrodynamic) equilibrium dynamics and to demonstrate the
long-wave instability inherent in this model system and to find
how this depends on the model parameters. Thirdly, we study
model predictions in the viscous dominated regime for the ac-
tive liquid crystal in 1D spatial direction while homogeneous
in the other 2D subject to physical boundary conditions. Fi-
nally, we explore the model prediction for 1D spatial-temporal
structures in the full model.

2. A mathematical model for polar active liquid
crystals

We derive systematically a model for solutions of po-
lar active liquid crystals (PALC), extending that proposed by
Kruse et al.!'3'* and Marchetti et al.!*’! The hydrodynamic
equations for passive liquid crystal systems were systemati-
cally derived by Martin, Parodi, and Pershan, Ericksen and
Leslie based on a generalized hydrodynamic approach close to
equilibrium, where a unit vector is used to describe the average
molecular orientation at a material point.[?*31-33] The model
we extend here allows the vector that describes the molecular
orientation to vary in its length, so that it can be used to de-
scribe the defect phase, where the length is zero at the defect
core, in addition to the liquid crystal phase. It clearly identi-
fies the Ericksen stress and other elastic stresses, such that the
resulting hydrodynamic model is dissipative and obeys an en-
ergy law in the absence of microscopic energy-generating ac-
tivities. The mechanisms of energy-generating activities high-
light the departure of the model from energy dissipation.

We assume that the active liquid crystal in the solution is
polar, as described by the polarity vector p. This is common
in many active liquid crystal systems. For instance, the actin
filament exhibits macroscopic polarity described by the front
and the barbed end, swimming rodlike viruses have a polarity
defined by their self-propelled velocity, flocks of birds show
polarity by each individual bird’s flying velocity, and bacterial
movement in biofilms demonstrates a directed motion, which
defines the polarity. In a coarse-grained or macroscopic de-
scription of the active liquid crystal system, we adopt the po-
larity vector as a macroscopic measure to describe an aver-
age polar order or self-propelled velocity field. The way that
we derive the continuum model for the ALC system follows
the work of Jiilicher et al.,!'>! in which we derive the passive
components of the model separately from those of the active
components.

2.1. Governing system of equations

For the polar active liquid crystal system, we introduce
the system free energy, as follows:

F= [ 1tp.Vp)da, (1)
\%4

where f is the free energy density per unit volume and V is
the material volume. We consider the material system con-
sisting of active liquid crystals that are self-propelled in the
host fluid matrix, known as the solvent. The motion of the
material system is described by the average velocity field v.
With respect to this velocity field, the strain rate tensor is
denoted by D = (Vv + VoT)/2 and the vorticity tensor by
Q = (Vv —Vo")/2. (Here, we denote (Vv)qp = davp.)
The active liquid crystal solution is assumed to be driven out
of equilibrium by a constant chemical potential difference Ay
between ATP and its hydrolysis products.

The transport equation for the polarity vector is postu-
lated as follows, extending the Ericksen—Leslie theory for lig-
uid crystals!!8]

d 1
ait)+(v+a)p)~Vp+Q-p: ;/h+7LA,up+vD~p, )

where @ together with p describes the self-propelled velocity
for the active liquid crystal molecule, 7 is a relaxation parame-
ter, A characterizes how much ATP production impacts on the
particle’s self-propelled motion, Vv is the geometrical or tum-
bling parameter for the liquid crystal molecule (i.e., the liquid
crystal is rodlike if v > 0 and disklike if v < 0), and h is the
molecular field given by the variation h = —8F /dp. These
parameters could depend on the density of the active liquid
crystals but they are assumed to be constant in this simplified
model.
The variation of the free energy is given by

5F  9f of
hgy=—==—"——dg=———. 3
* dpa Ipa b a(aﬁpa) )

Taking the variation of the free energy, we have

6F:/ (~h)-Spdz. @)
1%
The variation of p is calculated by
Jp
6p:Eét:[—v-Vp—.Q-p—&-vD-p]ét7 5)

which is the virtual variation of p. A virtual deformation is
assumed to take place in a very short period of time, so that
the other quantities in the transport equation for p are higher
order effects relative to the virtual deformation. We substitute
Op in the above variation and obtain

S5F — /(—h)-[—v~Vp—Q-p+vD-p]5td:B
JV
|
= ‘/‘/[havlgaﬁpa%-iaﬁva(pahﬁ—hap[;)

\%
~ 3 9va(paly Jrhapﬁ)}étdm. 6)
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The change in free energy is due to the work done to the sys-
tem internally

_ ©
SF — /V [9pvaos —vp ] dast, )

where o is the reactive stress and F(©) is the elastic force,
which are identified as follows:
\% 1
0" = —5 (ph+hp) + 5 (ph —hp), Fﬁ(e) = ~hadppa- (8)
Notice that

Fy) = —hadppa

B
_[9f of
= [3pe Yot |
_ I/

Hence, we identify the Ericksen stress tensor as

¢ _ of

This is the stress yielded by the elastic external force due
to the molecular convection. Denote (Vp)yg = dopp and
Tap = 0f/[0(dgpa)l, then 6¢ = fI —(Vp)- 1. We remark
that in the active liquid crystal model presented in Refs. [46]
and [47], the Ericksen stress was not considered. Therefore,
we emphasize the importance of a systematic derivation of the
transport equations for the complex fluid system to ensure the
accuracy, consistency and completeness of the hydrodynamic
quantities.

In this model, we specify the free energy for the active
liquid crystal system as follows:

K K h h
F= [ ar[ZHV P2+ 2 (T xpP =2 P+ Il
Vv

where K 3 are the splay and bend elastic constants. >34 The
last two terms on the right hand side determine the homoge-
neous steady state of the system in the absence of the molecu-
lar activity, which is also termed the bulk energy. We retain the
bulk energy in this model to allow the model to be valid in the
liquid crystal defect state where the polarity vector vanishes at
the defect core. If we insist on a fixed length in p, then the
energy may have a singularity at the defect core where the ori-
entation of the polarity vector is undefined. Modeling singu-
larity using a vector for liquid crystals has undergone several
decades of evolution. A consensus seems to have emerged in
that a “variable length” internal variable can better handle the
singular situation in dynamical states of the system than one
with a “fixed length”. We therefore adopt this formulation by
not imposing a constraint on the length of the vector. In addi-
tion, we could have inserted another Frank elastic mode into
the distortional energy corresponding to K>. Since the addition
will not alter the important outcomes significantly, we choose
to ignore it. The current assumption implies that the bend and
twist energy are comparable.

The active stress 02, reaction stress o7, and viscous stress

od

are given identically as those derived in Refs. [14], [15],
and [54]. The hydrodynamic equations for an incompressible

polar active liquid crystal solution are then summarized as fol-

lows:
dp 1
E+(v+wp)-Vp+.Q~p: }h+/lA,up+vD-p,
9(5;}) +V-(pvv)=V-0, V- v=0,

oc=0"40%+0+0°—III,
v 1
o' =~ (ph+hp)+ 5 (ph—hp), o' =21D,

o =B(Vp+Vp")+{Aupp,
oc°=fI—(Vp)-1

= fI—(Vp)-(Ki(V-p)I—K3(Vp—Vp")),
V.0 =—(Vp)-h,
h=hip—hy||p|*p+ (Ki — K3)V(V -p) + K3 V2p, (12)

where IT is the hydrostatic pressure, 1 is the viscosity of the
host matrix, 3 is the generalized active viscosity, whose role
will be explored in detail in this paper. The active contribu-
tions to the mechanical stress is proportional to A and is char-
acterized by the coefficient {, Ay > 0 corresponds to a con-
tractile force couple generated by the active molecule/particle
in swimmers, the ALC system is known as the puller; {Au <0
corresponds to an extensile force couple on the active particle,
which is known as the pusher case. Taking into account the
transport equation of p, we rewrite the reactive stress in an
alternative form

r 1—v .
9 :T}’pp—

\%
5 vypp- D

+v
3 ¥Ypp

1+v 1—-v
+——vyD-pp+——yopp-Vp

1+v
——5 Y0P - Vpp+YyAVAupp. (13)

As a result, in the reactive stress, an active term YAVAUpp
is identified. The total activity parameter can be effectively
identified as { + yAv. Analogously, another anisotropic, ac-
tive component in the reactive stress can be identified as

1—v I+v

—5 Y@pp-Vp— ——y0p-Vpp,
which yields an asymmetric tensor due to self-propulsion.
2.2. Energy dissipation

Fto] —
(p|lv]|?/2 + f)da of the material system in a fixed mate-
v

The time derivative of the total energy

rial volume V is given by

ds‘ttol :/Vdm{az(%pq;z) +atf(p,Vp)}_ (14)

Using the conservation law of mass and momentum as well

as the free energy variation of p and following the divergence
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theorem, we obtain

dgtwl = /Vdm{v'(V'(o'fUrfae))

—h- [—a)p~Vp+%+lAup”

h2
- /Vd:c{—ZnD.D—7
—D: [CAupp—&—ﬁ(Vp—kVpT)}
—h-[—wp-vamup]}. (15)

The first and second terms are dissipative. The third, fourth,
and fifth terms are active terms, they can increase or decrease
the time rate of change of the total energy so that the material
system is no longer conservative or dissipative. The appear-
ance of the term h - wp- Vp is due to the neglect of the mo-
mentum of active particles because the mass of the particles is
very small and their contribution to the total momentum can be
neglected. The third term represents the rate of energy change
due to the active stress. The last term measures the rate of
energy change due to the self-propelled molecular convection
and “active acceleration”.

2.3. Nondimensionalization

The polarity vector p is dimensionless and is used in this
model to measure the strength and direction of polarity and
defects. We use a characteristic time scale #, length scale [y,
mass density scale pg = p, and dimensionless scale p; to non-
dimensionalize or scale the physical variables

vty = It ﬁ:mgpL _
o’ pol}’

s_ P

f:

, D .
Pol(% Pr

As a result, the following dimensionless parameters are ob-

tained:
__top o toPL. % N - 2p}
O=——0, V= —2Y, A=tAAU, V=v, hy = =hy,
fo polg pol}
2 .4 2.2 L)
~ 1, ~ 1 N t
ho =0y, Ry =L, Ry = OPLg,
pol() Polo polo
1 pold 5 RBpL, »  13pIAU
fZRe:—O,ﬁ:Lléﬁ’ C:()Lz 4
nio poly pol?

where Re is the Reynolds number for the fluid matrix, and
K; are proportional to the reciprocal of the Ericksen num-
ber. Depending on parameter A, there can exist two states:
the isotropic and liquid crystal states. If YAAU +h; <0, we
choose the dimensionless scaling parameter p; = 1, the sys-
tem has a stable isotropic solution p = 0, ©® = 0. However, if
YAAW +hy > 0, then we can choose an appropriate p; such
that p? = (YAAW +hy)/hy to ensure YA + hy = hy in the di-
mensionless form. Then, there is a constant liquid crystal state
P = Po,d = 0 with ||fo|| = 1. For simplicity, we drop the ~on
the dimensionless variables and the parameters. The system
of governing equations for the active liquid crystal model in

these dimensionless variables are then given by

0 1
§+(U+wp)-Vp+Q-p:?h—i—lp-i-vD-p,
d

—;;+V~(m;):V~G, V.v=0,

—OI+o°+2nD+B(Vp+Vp')+{pp

\% 1
- E(ph+hp)+§(phfhp),

o

V'Ue = _(Vp)h’7
h=hp—h|p|*p+ (Ki — K3)V(V -p) + K3 V2p. (16)

When h; + YA > 0, we denote h; = hy + YA = hy and h =
h+7YAp = hip — ha||p|*p + (K1 — K3)V(V - p) + K3 V?p,
then

ph—hp=ph—hp, ph+hp=ph+hp-—2yApp,
_ 1
V~Ge=—(VP)~h=—(Vp)~h+577tV-(HPHZI)~ a7

This is equivalent to absorbing the active term Ay||p||?/2 into
the equilibrium free energy F to create an effective free energy
density f + A7]|p||>/2. We note that the activity parameter A
gives two contributions to the stress, one is the active stress
part YAvpp, which can be absorbed into the term {pp, the
other is the pressure term YAV - (||p||>T) /2, which can be ab-
sorbed into the pressure term —ITI. Let { = { + yAv,IT =
IT—yA|p||? /2, then we can effectively eliminate parameter A
if we use A1, h,C,IT instead of Ay, h,{,I1. So we can further
assume A = 0 and iy = hy whenever i1 +7yA > 0 in the model.
However, when we study the isotropic state we use p; = 1 and
do not enforce h; = hy. We will make this subtle point clear
wherever necessary throughout the paper.

We will next study linear stability of the hydrodynamic
equilibria and then explore dynamics in a couple of limiting
regimes of the hydrodynamical theory. In the context of hy-
drodynamics, we term this near (hydrodynamic) equilibrium
dynamics of the governing system of equations. At the micro-
scopic scale, the ALC system never reaches microscopic equi-
librium. At the macroscopic level, however, a hydrodynamic
equilibrium is possible under certain conditions. The follow-
ing section is dedicated to studying the macroscopic dynamics
in the neighborhood of these equilibria, with an emphasis on
mechanisms for instabilities.

3. Near equilibrium dynamics — linear stability
analysis

In this section, we set p; = 1, so that we can study both
the isotropic steady state and the liquid crystal state within
the same dimensionless system. We note that the governing
system of equations admits a constant solution py = 0,v =
vg, Il = Iy, where vy is a constant vector, Iy is a constant
pressure (scalar). In addition, if 7, > 0, h; — hy||p||> = 0 leads
to another family of constant solutions: p = pg,v = v, Il =
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Iy, where vy and py are constant vectors, ||po||> = iy /hy. The
first family is identified as the isotropic state and the second is
a liquid crystal state. In this section, we study linearized sta-
bility of these two families of solutions to describe near equi-
librium dynamics in the active material system. We note that
po = VI /hy defines a local minimum of the effective bulk
free energy

5 Ipll™+ 7 llpll,

whereas po = 0 corresponds to the local maximum of the bulk
free energy potential if #; > 0 and a local minimum when
h; < 0. In the limit of zero active stress, the isotropic state
is deemed to be thermodynamically unstable when i; > 0 and
stable when h; < 0 in the model. For active liquid crystals of
our interest here, we will see how the activity of the active lig-
uid crystal coupled to hydrodynamics may affect the stability
of both steady states.

3.1. Stability of liquid crystal states

We consider the liquid crystal state given by ||po||> =
h /hy firstly when h; > 0. We seek the solution of the gov-
erning system of equations as follows:

v=vo+€&v|, p=po+Epi, II=TIh+ell;, (18)

where € < 1 and the perturbations are defined by

ik- 0 ik- 0
v = eat+1k :c,ui )7 p1 = eaH—lk wp(l )7 Hl —

eat+ik-wnl(0)7
where o is a scalar growth rate, k = (ki,k»,k3) is the wave

vector, HI(O) is a constant scalar, vio) = (vgo),vgo)ygo)), and

pgo) =( p(lo), pgo), pgo)) are constant unknown vectors. Trun-
cating at the linear order of €, we write the governing system

of equations for the perturbations into a matrix form

0
00 0 0 0k "
Oal 0 |+| 0 AB p<10> =0, (19)
00 of ikT ¢ D NGO
1

where the coefficient matrix is 7 x 7, the specific compo-
nents of the matrix are given in the Appendix A. For zero
wave vector k = 0, the matrix components B=C =D =0,
A =2hypopo/ Y, the problem reduces to (a1 +A)p(10) =0. The
growth rates (eigenvalues of A) are all non-positive. However,
for the nonzero wave number vector k # 0, this linear system
can be reduced to a 5 x 5 system. For example, if k| # 0,

0 k2 0 k3 (o
o=l ks

(0)

is obtained from k- v~ = 0. The linearized momentum equa-

tion yields

Hl(O) _ {a(gv(m—&-kjvgo))—cup(o)

T ki %k J
k k
+Dq (/ﬁvém + Fjvgo)) —Dlzvgo) —D13v<30)} .

We substitute Hl(o) into the second and third components in

the momentum equation to arrive at a 5 X 5 system for p<10>

and V2,V3
(0)
@ 0000\ (Andedn By BiR\\ (Pl
0a000| [AuAxAx By Byl |12
00 o 0O0]|+]A3 Az Asz B/32 B/33 pg()) =0,
000a0| (¢} cychy by Dy || |0
0000«
Cyy Cyy Gy Dy Dy vgo)

(20)
where B’, C’, and D’ can easily be obtained from B, C, and
D

k:

k.
Cz{,j:Cij_écljv (i=2,3; j=1,2,3),
kik; K

D;.’j :Di,j-i-((X—I—D]l)ki% — kilDljy (i: 2,3; Jj= 2,3)
This shows that there are five independent eigen-modes. Since
a closed-form expression of the growth rate « is not available
in general, we seek special solutions of the eigenvalue problem
with respect to selected wave vectors. Without loss of gener-
ality, we set vgp = 0 and py = (p,0,0), where p = \/hy /h;.
We remark that when we choose the wave vector with k; = 0,
but ky #£ 0 or k3 # 0, we can derive an analogous 5 X 5 system
for p and two velocity components, which can then be used to
study linearized stability for those wave vectors.

3.1.1. Perturbations with Fourier modes varying in
k= (klao, 0)
In this special case, the eigenvalues (or growth rates) are
obtained as follows:
K 2h
o = ——k —iopk; — = p?,
Y Y

| .
03 = _Z’{(IQ +ny)ki +ioypk

+lay/((Ks =)k + iyp) +41 |,

1 ,
Oys5 = —Z/{(IQ +nyki +ioypk

—k /(G -k Hopr A @y

where = ¢ + vAyis the total activity and
Al =—K3(v+1)2 P p?id2iB(v+ 1) P p—2L (v+1)yp*.(22)
Clearly, Re(a;) < 0. If A = 0, the eigenvalues are
K .
052’3 = —73](% — 1(1)])](17 OC475 = —nk%. (23)

The five modes are all stable if A = 0, which can only occur
for a passive liquid crystal system with K3 = 0. For A # 0,
there may be unstable modes. Let us first examine the sim-
plified case where @ = 8 = 0. If {(v+1) <0, then A; >0
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for

2¢
B<——2
! K3<V+1)

Thus, we have oy 5 > 0 for

—2f(v+1)

0<k < )
! K3(V+ 1)2+4K3T]’}/

and 03 > 0 for
28(v+1)
K3(V+ 1)2 +4K3ny

leading to two unstable modes. The range of unstable wave

<k <0,

numbers depends on the active parameters, the shape of the
active molecules/particles, and the distortional elasticity. The
distortional elasticity can reduce the range of unstable wave
numbers while the active parameter ¢ can enlarge it. However,
the modes are stable if E(v +1) > 0; that is, A} < 0. Hence,
the instability condition (26) with respect to the parameters in
the limiting case is

Z(v+1)<o. 24)

For the general case, the eigenvalues o 3 and 0y 5 can be
rewritten into

3= —a(bx2—|— iex+x\/ex? +ifx+d),
Oys = —a(bx2 +iex—xy/ex? +ifx+d),

where x = k;, a,b,c,d, e, f are real numbers

1
a:Z/ b:K3+n’}/a e = Oyp,

c=(K3—ny)’ — (v+1)’Ks7’p’,

d==20(v+1)7’p’ - 0’V'p’,

f=-2B(v+1)Pp+20(Ks—ny)yp.  (25)
We note that a > 0, and b > 0. The real part of the eigenvalues
is positive if

<ﬁ7(V+ 1)-o(K;—n

2
7’)> > @ +28(v41). (26)

K3 +ny
Thus, the real part of ¢ 3 is positive when
f2
d+ -
B2 fl; <k <0,
while the real part of 0y 5 is positive when
f2
d+ 27—
: 4b? >k >0
b2 —c b

This analysis indicates that there exist a pair of unstable modes
for long to intermediate waves with small to medium |k, |, al-
though the system is stable for short waves (|k;| > 1).

We note that v is a geometric parameter of the active lig-
uid crystal particle. v > 0 indicates the LC molecule is of a rod

shape and v < 0 represents a discotic shaped particle. More-
over, if the system consists of passive rods, then the rod tum-
bles when 0 < v < 1 and aligns when v > 1 in shear flows.
Analogously, the disk tumbles when —1 < v < 0 and aligns
when v < —1 in simple shear flows.

If the active liquid crystal molecule is a rod (v > 0) or
discotic with —1 < v <0, so v+ 1 > 0, then the steady state is
stable if ¢ > 0 and unstable if £ < 0.2 Hence, the puller sys-
tem is stable, whereas the pusher system is unstable. On the
other hand, if the liquid crystal molecule is a discotic aligner,
that is, v+ 1 < 0, then the puller is unstable while the pusher is
stable. This shows that the geometric feature of the liquid crys-
tal molecule coupled with a self-propelled motion can impact
on linear stability of the steady state, which is a new feature of
the active liquid crystal system. This instability is the genesis
for the active liquid crystal system to have a spontaneous flow,
even without a driven flow field. In this sense, equation (26)
actually gives a criterion for the formation of spontaneous flow
due to molecular activities in the bulk without boundaries or
with a periodic boundary condition.

Next, we look closely at a limiting case where § = 0
while @ may be nonzero to provide some analytical insights.
The instability condition (26) for the steady state in the limit
reduces to

M+E(v+1)<o. 27
(K3+17)
If v41 > 0O for the rod and the discotic tumbler, then the steady
state is unstable only if

: _ 20°Ksny
(v+1) (K3 +1y)°

and completely stable otherwise, indicating that the unstable

ALC must be a pusher with a sufficiently small activity. If
v+ 1 <0, the instability may occur, provided
. 20°K3nYy
C > = 2
(v+1)(Ks+1m7)
indicating that the unstable ALC must be a puller with a suffi-

ciently large activity
z 20%K3ny
(v+1) (K3 +n7)°

defines the critical active parameter for the onset of instability,

where { (v + 1) scales with @?. The stable versus the unsta-
ble region in parameter space (V, 4 ) is shown in Fig. 1, where
the curves are separating the stable from the unstable regions
(separatrices) are hyperbolas. The size of the unstable regions
in the parameter space is in general reduced by the presence of

nonzero .

Then, we examine another limiting case where ® =
0,B # 0. The instability condition (26) for this case is given
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by
Brv+1\? _ 7
——= ) >2¢(v+1). 28
(CGyay ) =280+ (28)
If (v+1) > 0, then the steady state is unstable when
s_7 _ (v+D(BY?
<Ce=
ST Gy

where . > 0, indicating that the active matter system is unsta-
ble for pushers and for pullers with a sufficiently small activity.
On the other hand, if (v + 1) < 0, then the steady state is un-
stable when é_’ > Q_'C where Q_’C < 0, showing that the system is
unstable for pullers and pushers with a sufficiently large ac-
tivity. Figure 1 depicts the stable versus the unstable regions
in the parameter space (V, ¢ ), where the separatrix is a line
separating the stable from the unstable region in the parameter
space. In both limiting cases, the stability condition depends
only on |®| and |B]. The size of the unstable regions is in
general enlarged by the presence of a nonzero active viscosity.
Finally, we consider the general case (8 # 0, @ # 0). We
define K3/ny = € < 1. The instability condition (26) can be
rewritten as
(Br(v+ 1)+1—8)2_1 _ (Be(v+1)—2¢)(B:(v+1)+2)
1+¢ (1+€)?
> 28(v+1), 29)

where . = B/on, { = & /w?. Because the ratio B/ is the
additional viscosity due to the self-motion of the active par-
ticles, the new parameter 3; can be considered as the active
viscosity relative to the viscosity of the surrounding fluid. The
new parameter {; can be considered as the strength of activity
relative to self-motion of the active particles.

The stable versus unstable regions are summarized in
Fig. 1 in the parameter space (v,&), (v,&), and (v, &, Br).
respectively. When f3 and @ are both zero, the stable and
unstable regions are separated by two perpendicular straight
lines. While B = 0 and @ may be nonzero, the unstable region
shrinks, making the stable region a well-connected region that
separates from the unstable regions by a pair of hyperbolas.
When © = 0 while § may be nonzero, the stable region and
the unstable region are separated by a line whose slope scales
with B2 and the unstable region is enlarged. Clearly, a nonzero
@ is stabilizing while a nonzero f is destabilizing. When both
are nonzero and 3 > 0, in general, the unstable region shifts
upward and shifts downward when § < 0. More complete re-
sults are shown in the space of rescaled parameters (v, &, B;),
where the separatrices between the stable and unstable regions
are depicted. When projected onto 2D parameter space (V, &;),
the evolution of the separatrices are shown in Fig. 1(b), where
the unstable region again shifts downward as f; decreases. We
note that the effect of B is asymmetric in that positive and
negative values of B of the same magnitude defines different
unstable regions in the parameter space (V, 4 ) (@ # 0) and its
role is in general destabilizing.

In order to examine the unstable manifold correspond-
ing to the unstable mode, we calculate the components of
the corresponding eigenvectors of the linearized system. We
find that the unstable manifold is a 2D subspace embedded in
(pgo)7 pg()),v(zo) , vgo) ) € C*. These unstable modes clearly cou-
ple the orientational dynamics to hydrodynamics in the plane
perpendicular to the direction in which the perturbations vary.
We next consider perturbations varying in x, direction to in-
vestigate what instability can occur.

(a)

unstable A

jessuesevevey)
[INIRIRININI]
=

O | 00
oo O =

—2 stable

10

-4 -10

Fig. 1. Diagrams for regions of stability with respect to perturbations varying in (k;,0,0). The parameter values are K3 = 0.01,n =2,y = 1. (a)
Stability diagram in (v, {) space. The black solid lines denote the boundaries between the stable and unstable regions for @ = 0, = 0. The red
lines with “+” denote the boundaries between the stable and unstable regions for @ # 0,8 = 0. The blue dashed and dash-dot lines denote the
boundaries between the stable and unstable regions for @ # 0, # 0. (b) Stability diagram in (v, {;) space with @ # 0. Boundaries at selected
values of B = 1,0.5,0,—0.5, —1 are depicted. These curves are shown as contour lines in the 3D boundary surfaces shown in panel (c). (c) Stability
diagram in (v, §;, B;) space with @ # 0. Two separatrices (surfaces) in the 3D parameter space are shown.

3.1.2. Perturbations with Fourier modes varying in
k= (0’k2’0)

Here, we examine the perturbation varying in the x, direc-

tion; that is, k = (0,k»,0). We rederive a new 5 x 5 reduced

linearized system for the stability analysis assuming kp # O.

The eigenvalues of the dispersion equation corresponding to

this perturbation are given by

K
o =—nk3, o= —73/%, o =——ky——p°,
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1

oy = —Z/ {(K[ +T]’}’)k%+k2\/(Kl - n7)2k§+‘42} )

s = =5 (K -+ oy (K~ mp)2K+ 42 |, G0
2y 2 g ’

where Ay = 28(1 — V)2 p? — Ki(v — 1)2¥?p%3. Tt is easy
to find that o123 < 0 for kp # 0. If A, = 0, then we have
oy = —K1k3 /v, o5 = —nk3. For A, # 0, we denote
1
a= Z/’ b= K +nY, d = (Kl - 777)2 _Kl(v - 1)29/2172’
d'=28(1-v)y’p*.

The eigenvalues a4 and o5 can be written as

o=—a(b'i3+k\/KB+d), as=—a(b'k5—ko/ck3+d').

Notice that a > 0,6’ > 0 and (b')> — ¢’ = 4Kiny+ K (v —
l)zyzp2 > (0. The eigenvalues oy and a5 can be positive for
some wave numbers k, only if &’ > 0, that is

Z(1-v) >0, 31)

where eigenvalue 0y is positive for

Thus, for any given wave number, there can exist an unique
unstable mode. Notice that
d 28(1—v)
b/2 _ C/

2, MM
K [(v P

The range of the instability is once again affected by ¢ and
inversely by the distortional elasticity K; and viscosity ratio
1/v. This mode of instability is completely independent of
the active parameters 3 and ®, unlike in the type of instability
that was discussed previously. Figure 2 shows the phase dia-
gram for this mode of instability. From the eigenvectors cor-
responding to the positive growth rate, we notice that the 1D
unstable manifold sits in the subspace (I"Il(o)7 pgo), Vgo)) €C.
Therefore, the instability is a result of the coupling between
the velocity component vy, pressure, and the polarity vector
component in the direction in which the perturbation varies.

In the case where the perturbation varies only in the x3
direction, that is, k = (0,0,k3), we find that the eigenval-
ues are identical to the case of k = (0,k2,0), except that the
eigenvector corresponding to the unstable eigenvalue sits in
the subspace (Hfo),pgo),vgo)) € C3, which generates the 1D
unstable manifold. As a matter of fact, the eigenvalue results
are identical for all k = (0,kz,k3). In the general case, the
eigenvector corresponding to the unstable eigenvalue sits in

(Hfo), péo), pgo)’vgo)) € C*. The polarity vector component in

the 1D unstable manifold is related to the direction in which
the perturbation varies in the (y,z) plane, the pressure and v;.

2.0
1.5 |
unstable ! unstable stable
1.0 i i
0.5 i M
) 0 R -2 I e
—0.50e2 | T unstable -
o, w=>5, 8=0.1
,w=5, =0 |
- ,w=5, B=-0.1
yw=0,=12
o ,w=0, =14 |
1.5 ,ﬁ:,g:o
-2.0 )

Fig. 2. Stability diagram in (v, 5) space for the liquid crystal phase. The
parameter values are K3 = 0.01,1 =2,y = 1. The red lines are the sepa-
ratrices for the regions of {(1— v) > 0 and the regions of zéra(v —1) <0,
separating the stable regions from those of the unstable ones subject to per-
turbations varying in the x; direction. The separatrices between the stable
regions and the unstable ones subject to perturbations varying in the x; di-
rection are given by the other curves. If § = 0, @ # 0, then the separatrices
are hyperbolic curves. If we fix @ = 5, then increasing || uplifts the curves
when 8 < 0 while downshifts the curves when 8 > 0, altering the bound-
aries of the unstable regions. The overall stable regions for the ALC system
subject to both types of perturbations are the overlapping stable regions of
each mode, which consist of subsets in { < 0,v < —1 and § > 0,v > 1.
The ALC systems that are stable to the two perturbations are either discotic
pushers or rod pullers. The general trend of B in the model is to reduce the
size of the overall stable region.

In summary, long-wave linear instability for the liquid
crystal state can emerge in distinct submanifolds of dimen-
sions two and one, respectively, depending on the direction in
which the perturbations vary. When the perturbation varies in
the direction parallel to the steady liquid crystal phase, there
exists a 2D unstable manifold containing the polarity vector
component perpendicular to the direction of the steady state
liquid crystal state. While the perturbation varies transverse
to the steady state, there exists a 1D unstable submanifold
containing the polarity vector components parallel to the per-
turbed wave vector. So the unstable polarity vector component
in the submanifold is always perpendicular to the direction of
the steady state polarity direction. The stability diagram for
the ALC system is depicted in Fig. 2, where the overlaying
stability region from both modes indicates the overall system
stability; otherwise, there may exist one or two modes of in-
stability leading to potential spontaneous flows. The results
show that the stability is only possible when the underlying
active liquid crystal is a flow-aligner. Even for a flow-aligner,
its stability is determined ultimately by the active parameters
{,B,0. We comment that the limiting case of this stability
diagram at 8 = @ = 0 has been obtained by Edwards and Yeo-
mans for a channel flow using a tensor based ALC model. [46]
With the additional active parameters 8 and o the stability re-
gion is reduced or enlarged depending on the relative strength
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of these two in the first mode of instability. The second mode
of instability is independent of the active parameters 8 and .

3.2. Stability of the isotropic state

For isotropic state pyp = 0, the wave vector in the
Fourier modes of the perturbations is parameterized by k =
k(sin@cos ¢,sinBsin¢,cosB) in spherical coordinates. The
linear growth rates are obtained as follows:

1 - 1 _
o = —;/(Kle —h), 3= —?(K3k2 —hy),

o5 = —nk*. (32)

It is apparent that Re(ass) < 0, oy is positive when |k| <
\Vh1/K1; 0, 03 are positive when |k| < \/hy /K3. Therefore,
there is the possibility of growth in a three-dimensional mani-
fold for long-waves provided a liquid crystal phase exists; that
is, h; > 0. Notice that i; depends on 4. So long as the active
liquid crystal system admits a liquid crystal phase as well as an
isotropic phase, the isotropic phase is deemed to be unstable
to long-wave perturbations. The range of the unstable wave
number is determined by the Frank elastic constants, as well
as by the leading coefficient in the effective bulk free energy
that determines the liquid crystal phase. From the correspond-
ing eigenvectors, we notice that the three-dimensional unsta-
ble manifold associated with the unstable modes sits in the
subspace (p(lo),vgo)) € C% When Iy < 0, the isotropic state is
the only stable steady state.

This simple analysis shows that this activity can stabi-
lize the otherwise unstable liquid crystal phase provided that
the activity generates a strong enough negative parameter A.
Otherwise, the isotropic steady state is always unstable with
respect to long-wave disturbances. However, for most active
liquid crystal systems, parameter A is perceived as positive, so
that the instability for the isotropic state persists. The param-
eter can also be perceived as a controlling parameter for the
acceleration of the deceleration of the self-moving molecules.
Physically, the stable isotropic state is a possibility, provided
that the self-moving molecules decelerate quickly enough.

4. 1D heterogeneous structures in the viscous
stress dominated regime

Having studied the stability of constant steady states in
an infinite or a periodic domain that can lead to spontaneous
flows in the active matter system, we next study solutions of
the governing system of equations that are homogeneous in
two space dimensions, say (x,z), while inhomogeneous in the
confined third direction, y direction. Specifically, we want to
find the solution of the governing equations in the following
form:

b= (p](.Yat)vpz(yvt)’p3(y7t))7 v = (v1(y,t),vz(y,t),V3(y,t)),

and VII is a function of (y,1).
pressible, V-v =0, dv,/dy =0, vo = vy (¢). If we impose the

Because the flow is incom-

no-slip boundary condition for the velocity field, v, = 0. We
focus on the viscous stress dominated regime of the model in
this section, in which the momentum equation is dominated by
the viscous stress and pressure, given approximately by

nVv2v = VII. (33)

If IT is a constant, a general solution for v is given by
v=A-x, where A is a 3 x 3 matrix with trace zero due to
V -v = 0. One special case of the solution is

0PeO

000], (34)
000

that is, v(y,t) = (Pey,0,0), IT = const, which is known as the
simple steady shear flow solution or plane Couette flow solu-

A—

tion, where Pe is a constant, known as the shear rate or the
Peclet number. There are other linear flow fields that are im-
portant and interesting in understanding the hydrodynamics of
the flowing active material system. However, we will limit our
study to the simple shear flow in linear flows.

If instead VII is a particular constant vector VII =
(—2Pe,0,0), then we have a special nonlinear solution from
the momentum equation

v:(Pey(l—y),0,0) (35)

This steady flow field is called the Poiseuille flow field. In the
following, we will focus on investigating response dynamics
of the polarity vector with respect to these two types of special
flows in the viscous stress dominated regime.

4.1. Steady shear flow

For the simple shear flow: v(y,t) = (Pey,0,0), the equa-
tion for polarity vector p reduces to

L opa = (vt Dpa— (el
—Ap — Ij‘?ypzl =0,

22 w,,za;;z +3Pell=v)p1 = (i = alplP)p2
o +wp;’al’y3 - %(m —halp|)ps
_;L,B_K;‘?;’;:o. (36)

This is a coupled PDE system. The activity is reflected in the
growth term Ap only. In most active liquid crystal systems, the
distortional elasticity is weak. Therefore, it would be useful to
first examine the limiting case where this effect is weak.

4.1.1. Planar dynamics in the weak distortional elastic
limit

It is easy to show that p3(y,#) = 0 is a solution of the

third equation in Eq. (36). Then, we focus on the solution
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of p confined to the (x,y) plane. We assume that o, Kj,
and K3 are all small and neglect the relevant gradient terms
to obtain an ODE system of (p;,p2). Using the representa-
tion p; = rcos 0, po = rsin@ in a polar coordinate, the time-
dependent ODE system reduces to

ri=dr—fr’—r(b+c)sin@cos 0, 6,=bhsin>6—ccos’8,(37)

where
b= —%Pe(H—v), o= %Pe(l V), d= %M, Fe }L;

We discuss the solution of the system in two different cases
based on values of the geometric parameter V.

Case 1 |v| > 1, the flow-aligning state

In the flow-aligning region |v| > 1, bc = a*(v? — 1) /4 >
0, a steady state is possible, which is known as the flow-
aligning state or aligner in liquid crystal literature,>>! where

p aligns with an angle to the flow direction given by

c v—1
tan@ =44/ — = £/ . 38
an \/; v+1 (38)

Correspondingly, the amplitude of the steady state is given by
the following, if they are valid,

B _ |2d—Pevsin(20)
r=0, r= T 39)

Here, r = 0 corresponds to the isotropic state and the nonzero

r yields a liquid crystal state. This steady liquid crystal state
exists only when
Pevsin(20)
2

d >0,
Pevsin(26)
5 .
Notice that d depends on A linearly. We thus conclude that

d>

a steady aligning liquid crystal state exists if A > 0 and an
isotropic state may exist if A < 0 and is sufficient small. The
transient solution for the angle can be obtained as follows:

\/j (e 20T 1 1)
efzct/\/c%_ 1 ’

where 0(0) = 0. When t — oo, tanf — /c/b (¢ < 0) or
—+/¢/b (c > 0), defining the selection criterion for the unique
steady state: p tends to align to the flow direction at a positive

tan 0 =

(40)

angle if ¢ < 0 and a negative angle if ¢ > 0. The impact of A is
to attain a steady state with a longer polarity vector provided
A > 0 and shorter one or isotropic steady state with A < 0.
Case 2 |v| < 1, the tumbling state
In the tumbling regime |v| < 1, —bc = a(1 —v?)/4 > 0.
Integrating the second equation of Eq. (37)

tan 0 = \/—c/btan(b\/—c/bt), (41)
where 6(0) = 0 is used. Then, 0(¢) is an increasing function
of ¢ if b > 0, decreasing function of ¢ if b < 0. The sign of b

is completely determined by the direction of shear. The polar-
ity vector keeps tumbling in time in the active liquid crystal
system. Once the angle is determined, the problem for the
amplitude of p reduces to a one-variable ordinary differential
equation

ro=dr—fr’ —r(b+c)sin@cosB, r(0)=po. (42)

The solution of r is a function of time ¢. In particular, if

v =0, then ¢ = —b, and we can obtain an analytic solution:
H(t) = \Jd/(f +(d/p}— )e=2"), O(r) = br. This solution
asymptotically approaches a periodic solution given below
provided d > 0. Additionally, if d/ p% = f, then the solution is
periodic, where p rotates in a circle I with the center (0,0),
radius r = \/dﬁ and angular speed b. Clearly, this is the time-
periodic solution that the spiral solution converges to, even if
d/p(z) — f# 0 provided d > 0. If d <0, that is #; < 0, then
this solution yields a convergent spiral solution approaching

(0,0) as t — o, indicating that the steady state of the system is
the isotropic state. Figure 3 depicts some solutions, including
periodic, transient, and steady states. We surmise that d < 0
is a condition for the existence of the isotropic steady state in
general, which is strongly supported by numerical computa-
tions. Notice that d < 0 if A is sufficiently small as a negative
number. The solution scenario in general resembles the case
of b+ ¢ = 0 that was qualitatively discussed above.

The dynamics described above are for p3 = 0 in the weak
distortional elastic limit. When we allow perturbations in p3,
we would like to explore if the in-plane solutions can survive.

2.5

— v=0,A=0
2.0l — v=0.5,1=0

1.5¢
1.0

0.5}

P2

Or

—0.5}¢

—1.0}

—1.5

Fig. 3. Orbits of p in the tumbling region (|v| < 1). The parameter val-
ues are Y= 1,h) = hp =4, Pe =8. When A = 0,v = 0, the orbit is a
circle, shown in the red curve. The thick black curve depicts the orbit of
p with zero activity (A = 0,d = f > 0). The blue dashed curve shows that
the positive activity (A = 2,d > f > 0) can elongate the length of the po-
larity vector while the blue dash-dot curve shows that a negative activity
(A =—=2,f >d > 0) can contract the length of the polarity vector. The
blue dotted curve shows that if the activity parameter is sufficiently negative
(A = —4,d = 0), the long time behavior of the polarity vector will contract
to the point (0,0), leading to the isotropic state as the globally stable steady
state; for A < —4,d < 0, the polarity vector also contracts to the point (0,0).
Thus, A promotes time periodic attractors if A > 0 and in the meantime may
arrest the transient states to the unique isotropic state if 1 < 0.
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4.1.2. Out-of-plain dynamics in the weak distortional
limit
We now allow p3 to vary in space and time so that the po-
larity vector can vary in 3D space. We now use spherical coor-
dinate (r, 0, y) to parametrize p. Let p; = rsinycos 0, p, =
rsinysin 0, p3 = rcos Y, the governing equation system be-
comes

1
re=dr—fr’— Er(bJrc) sin® ysin(20),
6, = bsin®> @ —ccos® 0,
1
v, = _Z(b+c) sin(2y) sin(26). (43)

If |v| > 1, as discussed above, then the flow-aligning steady
state stays in plane, which shows that the solution is stable sub-
ject to out-of-plane perturbations. In addition, there exist two
more steady states given by w(¢) = yp = 0,7 with r = 0 and
r= \/CW , known as logrolling states. The steady states are
liquid crystal states if d 4 |Pev|+/1 —1/vZ > 0 and isotropic
states otherwise. A linear stability analysis reveals that the
only stable steady state is the flow-aligning state. We note
that when d < 0, the quiescent state admits only an isotropic
state. Hence, if there is a stable liquid crystal state when
d+|Pev|y/1—1/vZ >0, then it must be induced by the shear
flow. If d < 0 is small enough, then no liquid crystal phase
would be possible unless the shear is large enough such that
d+ |Pev|\/1—1/v2 > 0. This result is unique for active lig-
uid crystal systems.

If |v| < 1, then O(¢) is an increasing function with re-
spect to ¢ if b > 0, decreasing if b < 0. There is no steady
solution for 6(¢). If 0 < |v| < 1, then we have tanf =
\/—c/btan(tb/—c/b) with 6(0) = 0. We solve the equation
of y with initial condition y(0) = yp. The solution is
(1+cos(2y)g) e/ — (1 —cos(2y)o)
(14cos(2y)g) e/ + (1 —cos(2y)g)’

f(t)= /Ot(b—I-c) sin(20)dz. (44)

It is easy to note that ¥ = yy = 0, /2, & are steady solu-
tions for y, where y = 0, 7 yield the logrolling states while

cos(2y) =

v = 7/2 corresponds to the in-plane tumbling solution. A
simple linear stability analysis shows that the two logrolling
states are neutrally stable. Figure 4 depicts some solutions at
a set of selected initial values of yp. These time-dependent
solutions show the kayaking behavior. If the director p is not
on (x,y)-plane or is perpendicular to (x,y)-plane in the initial
state, then p rotates continuously around z axis and the eleva-
tion angle oscillates in a narrow range, yielding a true kayak-
ing solution. The existence of multiple solutions is the artifact
of this model in this particular limit. We will discuss the regu-
larizing mechanism shortly in subsequent sections. However,
for d < 0, the only stable state the governing system of equa-
tion can have is the isotropic state, which is strongly supported
by numerical evidence.

1.0

N N - N - o N
ays. N N N AN NN,
& Ay \ 4 kY g .

— g =n/16] 157/16 — %o=17/4, 3174
0.57 ‘‘‘‘‘ ---1[10:371'/8, 57T/8

cos(2v)

e U A S B Y B S R A S

—-1.0
2 4 6 8 10
t
(b) B A
10 ' o — y=37/8
- S — Y=Tn/16

P3

0

1

Fig. 4. Kayaking solutions. Here, Pe =5,v = 0.5. (a) Time-dependent
oscillations of cos(2y) when the initial condition y(0) # 0, 7/2, w. The
amplitude is smaller if the initial condition y(0) is near the steady states
Yo =0, /2, . (b) 3D kayaking orbits of p with different initial states.
The director rotates continuously around z axis under a shear flow. There
are infinitely many such kayaking solutions.

We remark that the result for kayaking solutions ob-
tained here is identical with that obtained from the classical
Ericksen—Leslie model. Notice that these results are obtained
while the distortional elasticity and boundary anchoring con-
dition are ignored. Therefore, these solutions may not survive
when the long-range elasticity and the boundary conditions are
present in the model.

4.2. Numerical results for spatially inhomogeneous states
in shear flow

Having studied the spatially homogeneous states, we next
compute the 1D temporal-spatial solutions by considering the
effect of distortional elasticity, as well as the boundary con-
dition, numerically. In the following numerical simulations,
we focus on the liquid crystal phase so that we set A = 0 and
hi = hy and the base parameters K| = K3 =0.04, h; = hy = 10,
Y=1, ® =0, n = 1. The shear rate is set at Pe = 4.

Planar dynamics We focus once again on the planar
mode first where p3 = 0, and consider the Dirichlet bound-
ary condition (BC) with p aligned to the wall, the Neumann
BC, and the soft anchoring BC, respectively. The theoretical
definition of the defect is ||p|| = 0. However, in the numerical
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simulations we adopt a numerical one

pl(r) <e, (45)

where p?(t) = min{||p(y,#)| : y € [0,1]} and € = 0.01.

Figure 5 depicts two representative solutions for the case
of bulk or mono-domain tumbling and flow-aligning induced
patterns, respectively. In the case of bulk-domain tumbling,
a pair of defects are created in space—time periodically in
Fig. 5(a) with the Dirichllet BC. Whereas in the flow-aligning
case with the Dirichlet BC, the polarity vector only shows a
slight tilt away from the anchored orientation due to shear in
the interior of the shear cell, where a steady state is reached.
Both of these are analogous to what one observes in the study
of the passive liquid crystal case.

For the Neumann boundary condition, the polarity vector
tumbles uniformly in time and never creates a defective spatial
temporal structure, as shown in Fig. 5(c). In the flow-aligning
case, the solution approaches a spatially homogeneous flow-
aligned state, as shown in Fig. 5(d). Therefore, the mono-
domain solution dominates in this case (see Fig. 5). The so-
lution behavior in this boundary condition is essentially the
behavior that we observe in the monodomain model that was
alluded to in the previous subsection.

In addition to the two extreme boundary anchoring con-
ditions, we explore the soft anchoring boundary condition that
interpolates between the Dirichllet and Neumann boundary
conditions

Jdp 1

=TI (46)

(pipo)a

(a) v=0.5, Dirichlet BC (b) ¥v=1.5, Dirichlet BC

where A, is a positive parameter that measures the strength
of anchoring. Here, we firstly consider the tumbling case
(v =0.5) and focus on the effect of parameter A,. The study
on soft anchoring boundary conditions at selected values of
Ay shows an evolution from the case of the Dirichlet bound-
ary condition to that of the Neumann boundary condition (see
Fig. 6.) There is no defect when anchoring is weak. De-
fects only start appearing near the boundaries if the strength
of the anchoring is strong enough. Figure 6 depicts a sequence
of polarity vector solution for tumbling LCs as the strength
of anchoring increases from weak to strong. Finally, for the
soft anchoring boundary condition, in the flow-aligning re-
gion (Jv| > 1), the director p demonstrates a slight tilt away
from the initial state under the shear flow, as we can see in
the Dirichlet and Neumann boundary condition cases. These
numerical experiments show that the planar mode is domi-
nated by the bulk flow behavior in the interior, even at the
presence of boundary anchoring and long-range elastic inter-
action. When the interior structure has an orientational conflict
with the anchoring condition at the walls, a defective struc-
ture emerges to mitigate the difference. Otherwise, a slight
variation in the orientation structure is necessary to coordi-
nate the orientation at the walls with that in the interior in the
flow aligning case. We then lift the constraint on p3 =0 to
investigate how the spatial-temporal structure can change in

three-dimensional space.

(¢) ¥v=0.5, Neumann BC (d) v=1.5, Neumann BC
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Fig. 5. Planar polarity vector structures with respect to the Drichlet and Neumann BC, respectively. (a) Tumbling p with the Dirichlet BC. The contour
lines are based on the value of ||p||. At defects, ||p|| < &. Two defects show up in the domain near y = 0.1/0.9 att = 3.5. (b) Flow-aligning p with the
Dirichlet BC, where p tends to align to the flow direction at some angle in the steady state in which there is no defect. Panels (c) and (d) show tumbling
and aligning structures with the Neumann BC, respectively, where bulk behavior dominates so that there is no defect.

(a) Ay =10 (b) Ay=1 (c) Ap=0.1 (d) A, =0.01

L0~y ; TSN 1.0—>\)\\/4/<——$\\‘ ooy ] 1.0B — o> 0.9 1.0 > )
PN | T T 2PN e 4 —>3N 2>l s P - |08
0.8y et 55w ] 08PN T 1 0.8b PR EIN B 08b <, cee 2 5107

—N\IKM—“\\/”—N\;\/ _)‘)\l/”_&\\/ﬁ_“\\/ _)\“/<_<\\ 5o 1Ho7 —>\;H/k<—‘\\ AN
0.6 e ! TG ] 0By e \ 7o ] 0.6 sjees Vs 0.6 e 751106
> _N\I/‘A_&\‘/zﬂ\\/ > _>\)\ll/k<_<\‘\\//7_>\N\/Q BNy ee S Vs 0.6 5, Bsjeee S \ 2 0.5
044—>\)\l/(/<—&\ | /7/7ﬂ\\/ 0.4—>\)\,|/k<—$\ \ //7—>ﬂ\\/ 0.4—>\/</(— ~ \ 2 -\ 0.5 0.4—>\51K(——$ ~\N ’
—)s\l/(/@&\\/’ﬁ—)s\\/ —)s\l/w&\\/ﬁﬂ\\/ %\)Ké—‘\ \ 75 %\X/k&$\ - —|H0.4
0.2 et D | 2o 1 0.2 e D oo 0205 b e 25 STl04 0205 e e\ oIl
BRI | /’/7_)%\/ s S | //7%\\/ %M SN 0.3 b < N .
O eSS 1 Ao, O™ | A5 =S " 554 : Ipo35=5—===-5-1§0.2

0 1 2 3 4 5 0 1 2 3 4 5 0 1 3 4 5 0 1 2 3 4 5

t

Fig. 6. Evolution of planar polarity vector structures as the strength of the boundary anchoring enhances from panels (a) to (d). The polarity vector
structure evolves from one that resembles the structure obtained using the Neumann BC to one that resembles the structure obtained using the Dirichlet
BC, in which defects emerge.
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Out-of-plane dynamics If we impose an in-plane
Dirichlet boundary condition and begin with an initial con-
dition with a nonzero p3 component, for tumbling liquid crys-
tals, then there could initially be defects near the boundaries,
but later the director rotates out of plane to avoid formation
of defects in the flow via a sequence of kayaking motions at
different locations across the shear cell. Eventually, the solu-
tion will converge to a spatially inhomogeneous out-of-plane
steady state. Figure 7 depicts the solution in space and time,
as well as at a few selected spatial locations, as functions of

time, respectively.

(a)

1.0 -
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0.4 1
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024 /ffﬂ;\ﬁ?ﬁ?? 1~TT ,ff’// 36.0
' tttttitl it/
N 1t gt /// 35.5

71 QX

Fig. 7. Out-of-plane solutions for a tumbling ALC. Here, v = 0.5, Dirichelt
BC. (a) The polarity vector in 3D as p3 is perturbed away from zero. (b)
Orbits of polarity vectors at y = 0.1,0.5, respectively, traced from the begin-
ning. Steady states in 3D are obtained.

When the Dirichlet boundary condition or soft anchoring
boundary condition with small Ay, is used, the solution tends to
tilt out of plane initially and it then undergoes kayaking mo-
tion in time for a while. Eventually, it may settle down to an
out-of-plane steady state solution aligned to an out-of-plane
direction. The reason for the solution to go out-of-plane is due
to the fact that the material tries to avoid a defect where energy
tends to be large. When the Dirichlet boundary condition or
soft anchoring boundary condition with small A is imposed at
the boundary, the interior tumbling motion is in conflict with
the aligned boundary condition, which can lead to defects if

confined in the (x,y) space.

When the boundary condition is the Neumann BC or the
soft anchoring boundary condition with large A,. The planar
solutions are shown to be stable to small perturbations to ps3.
That the tumbling solution stays in-plane subject to small per-
turbations is a reflection of the fact that there is no defect in
the unperturbed tumbling solution, so that the solution does
not need to go out-of-plane to avoid paying an energy penalty.
The addition of the distortional elasticity and the weak an-
choring BC fails to select one or two time-periodic solutions
among the infinitely many time-period kayaking solutions and
the logrolling steady state, which sets this model prediction in
this case, apart from that of the Ericksen—Leslie theory.

Figure 8 shows the evolution of the free energy density
with the Dirichlet boundary condition. By comparing the free
energy of the system in 2D and in 3D, we indeed notice that
the free energy is smaller in the 3D solution when defects are

absent. The time average of total energy Fr(t) is defined as

t
Fr(t) = %/ F(s)ds, where F(t) = /f(p, Vp)dex is the to-
0
tal free energy at time #, f(p, Vp) is the free energy density at
position x and at time 7.

— density at y=0.1 (a)
— density at y=0.3
---density at y=0.5

— total energy density

Energy density
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Fig. 8. Energy evolution in time with the Dirichlet BC. By going out-of-
plane, the system attains a lower energy level by avoiding defects. (a) Free
energy density with a small perturbation to p3 in 3D and (b) Time average
of the total free energy for the two cases.

In summary, the defect-free 1D spatial-temporal struc-

ture of the active liquid crystal system in steady shear subject
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to the Dirichlet boundary condition is stable with respect to
perturbations in p3; the one that contains spatial-temporal de-
fects is unstable subject to perturbations in p3. The unstable
planar solution eventually attains the minimal energy, steady
state by going to 3D to avoid defects. This scenario applies to
the case of strong anchoring and soft anchoring with a small
Ap. When the boundary conditions are the Neumann bound-
ary condition or the soft anchoring condition with a large Ay,
structures in the bulk dominate. In the latter case, solutions
depend strongly on the initial conditions so that the limiting
regime admits infinitely many long-time solutions, which is
an artifact of the limiting regime. We next study the response
dynamics in the nonlinear Poiseuille flow, where the velocity
field is given by v = (Pey(1 —y),0,0) and Pe is a constant

related to the pressure gradient.

4.2.1. Poiseuille flow
In a Poiseuille flow field, dv;/dy = Pe(1 — 2y) attains

zero at y = 0.5 and is nonzero elsewhere. Therefore, the lo-
cal shear rate is zero at y = 0.5 and nonlinear at either side of
y=0.5. In planar solutions we can observe defects in the mid-
dle of the region in the tumbling case (|v| < 1) with respect
to both the Dirichlet and Neumann boundary conditions. For
the Dirichlet boundary condition, an additional pair of defects
near the boundaries are also present periodically (see Fig. 9).
For the flow aligning case (|v| > 1), there are no defects with
respect to the two types of boundary conditions, as expected.

These planar solutions of defects with the Dirichlet BC

= 0.4, Neumann BC

Goa /i Neee B
3377 INcee

21211121

(b) ¥v=0.4, Dirichlet BC

are all unstable with respect to perturbations in p3, which
The stable 3D

spatial-temporal structures corresponding to the planar solu-

is analogous to the situation in shear flows.

tions with defects are spatially inhomogeneous, out-of-plane
steady states. Figure 10(d) depicts a transient solution in its
final stage approaching an out-of-plane steady state.

For nonplanar solutions with the Neumann BC in the
tumbling case (|v| < 1), the final state is a steady logrolling
state p = (0,0,£1) depending on the initial condition shown
in Fig. 10(b). Therefore, the nonlinear flow field selects two
logrolling states among the infinitely many existing kayaking
orbits in the limiting case. In the flow-aligning case (|v| > 1),
the final state is in-plane flow-aligning, as shown in Fig. 9(c),
with p3 = 0. There is no sustaining time periodic kayaking
solution for Poiseuille flow with both BCs.

As described above for the case under shear, there are
transient defects forming in time briefly, but while p points
out of (x,y)-plane, the defects will disappear and the free en-
ergy becomes smaller than when defects are present in plane.
The free energy is larger in the region near the boundary than
that in the other region due to the Dirichlet BC. The transient
defects in the centerline is a distinctive feature that the differ-
entiates this problem from the shear flow problem, where the
free energy is the largest in the centerline. The Poiseulle flow
field is in general a stronger flow than the shear flow due to
its nonlinearity. The results presented above show that it can
in fact select a pair of final steady states for tumbling ALCs,

even for weak anchoring conditions.

(c) v=1.5, Neumann BC  (d) v=1.5, Dirichlet BC
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Fig. 9. Planar polarity vector structures with the two types of BCs and tumbling and flow-aligning ALCs at Pe = 8. (a) The polarity vector structure of
tumbling ALCs with the Neumann BC. (b) The polarity vector structure of flow-aligning ALCs with the Dirichlet BC. (c) The structure of flow-aligning
ALCs with the Neumann BC. (d) The structure of flow-aligning ALCs with the Dirichlet BC. Defects emerge in tumbling ALCs for all anchoring

conditions in Poiseulle flows.
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Neumann BC
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Fig. 10. Transient kayaking as well as final steady state structures for tumbling ALCs with respect to both the Neumann and Dirichlet BC, respectively.
(a) Transient structure for 3 < < 4. (b) Steady state structure. (c) Transient structure for 3.5 <t < 4.5. (d) Steady state structure. The 3D steady state

structures are defect-free.
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5. 1D inhomogeneous structures in ALC systems

Finally, we study spatial and temporal structures that vary
in y € [0,1] while homogeneous in (x,z) plane in the full
model. From the incompressibility condition and the no-slip
boundary condition on v, we deduce v, = 0. Then, pressure

I1 is determined by the equation for v;

Yo
ﬁ +@2vmm—45§h®+m,mm

where Il is a constant pressure. The 1D equations for the
other two velocity components and the components of the po-
larity vector are given by
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We consider only two types of boundary conditions for p,
the Dirichlet BC (DBC) (p|y—0,1 = po) and the Neumann
BC (NBC) (dp/dy = 0) together with the no-slip BC for v
(v]y=0,1 = 0).

Before we proceed to solve the initial boundary value
problems, we identify the solution symmetries inherent in the
governing system of equations in the following, which enables
us to reduce our investigations to a smaller model parameter
space.

D (p1,p2,p3,v1,v3) < (p1,P2,—P3,v1,—V3), that is, if
P1,P2,P3,V1, V3 satisfy the equation, then so do p1, p2, —p3,
v1, —v3. This states a reflective symmetry in both the polarity
vector and the flow field with respect to the (x,y) plane for all

model parameters. Although, this symmetry may be limited

by the Dirichlet boundary condition on p3 and v3.

2) (p1,p2,p3,v1,v3) > (=p1,p2,p3,—v1,v3). This is an
analogous reflective symmetry for both the polarity vector and
the flow field about the (y,z) plane for all model parameters.
This symmetry is limited by the Dirichlet boundary condition
on p; and vy. For a nonzero plane shear in vy, it is broken
for sure. For channel flows, the symmetry is respected by the
Neumann BC on p.

3) (P1,p2,p3,v1,v3) ¢
reflective symmetry for both the polarity vector and the flow

(p3,p27p1,V3,v1). This is a third

field about a plane dividing the first quadrant in (x,z) plane for
all model parameters. The Dirichlet boundary conditions can
forbid the symmetry.

4) (p1,P2,p3,v1,v3,— B, —®) < (p1,—Pp2, 3, —V1,—V3,
B, ®). This shows that changing the sign of § and ® simul-
taneously can inflict a reflection of the polarity vector about
the (x,z) plane and a completely reversed velocity field. This
symmetry is broken in nonzero boundary conditions in vy; for
example, in the plane shear flow. However, this symmetry is
respected for channel flows with a Neumann BC for p.

5) (p1,p2,p3,v1,v3,—B,—®) <+ (p1,—p2,—p3,— V1,3,
B, ®). This indicates that the sign change in § and ® simulta-
neously can inflict a reflection of p about the x axis and reflec-
tion of velocity about the (y,z) plane. This symmetry is broken
in nonzero boundary conditions in v; and some Dirichlet BCs
for p.

6) (p1,p2,p3:v1,v3, =B, —®) > (—=p1,—p2,p3,v1,—V3,
B, ). This indicates that the sign change in  and ® simulta-
neously can inflict a reflection of p about the z axis and reflec-
tion of velocity about the (x,y) plane. This symmetry survives
in the simple shear flow with the Neumann BC for p, but is
broken when the BC for p is Dirichlet.

7 (p1(,1),p2(3.1), p3(3,1),vi(0:1),v3(y,1), =B, —®) >
(p1(1=y,1),p2(1 = y,0), p3(1 = y,1),=vi(1 = y,1),—v3(1 =
y,1),B,®). This shows a symmetry about the flow centerline
for the polarity vector and antisymmetry for the velocity field
while the sign of § and @ are changed simultaneously. Al-
though, the existence of the solution symmetry is limited by
the boundary conditions on p and v.

8) (p] ,pz,O,vl,O,—C,—v) L (pz,pl,o, —Vl,O,C,V) at
B =0. When the active viscous stress is absent, there is a sym-
metry between a discotic puller and a rod pusher ALC system,
in which the corresponding velocities are opposite. An anal-
ogous symmetry exists between a discotic pusher and a rod
puller ALC pair.

9) In the limit of § = @ = 0, where the system describes
an apolar ALC, a reflective symmetry between p and —p ex-

ists.
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We note that these solution symmetries are given inde-
pendent of the imposed boundary conditions. When boundary
conditions are imposed in both p and v, some of these sym-
metries may be forbidden.

For the ALC system, we are interested in the emergence
of spontaneous flows and their time evolution. The existence
of spontaneous flows in active liquid crystals was first identi-
fied by Voituriez et al. for inertialess models without active
stress (i.e., B = 0).13?] They predicted that there is a sponta-
neous flow transition from a homogeneously polarized immo-
bile state to a perturbed flowing state, in a one-dimensional ge-
ometry. The critical value of the activity . for the transition is
determined analytically by linearizing the equations of motion
around a specific initial state.[>?! In Ref. [46], Edwards et al.
gave a complete characterization of the phase space for both
contractile and extensile particles moving in a narrow channel
as a function of the parameter pair ({, v) and the initial orien-
tation. In that paper, they assumed ||p|| = 1,LA =5 =0 =0,
and for each initial orientation, identified six different para-
metric regions in (&, V)-space for six different types of flow
and orientational structures.

In this section, we study how spontaneous flows evolve
nonlinearly after its onset, in the presence of the active viscous
stress, and how external shear impact on the spatial-temporal

structure originated from the spontaneous flow in 1D space.

5.1. Planar structures formed by spontaneous flows

5.1.1. Planar structures without the active viscous
stress and the self-propelled velocity

The onset of spontaneous flows is predicted by a linear
instability analysis of the constant equilibrium state. In this
subsection, we would like to examine the time evolution of
the spontaneous flows by solving the nonlinear governing sys-
tem of equations with appropriate boundary conditions numer-
ically in space and time. We focus on a 2D confined orienta-
tion of p with the Drichlet BC for both p and v, firstly, where
we explore the spatial-temporal structure formation using two

special initial states for p specifically

(i) p(y,t=0) = (1,8sin(kmy),0),
(i) p(y,t =0) = (&sin(kmy),1,0), (49)

where k is an integer representing the wave number and
8 = 1072 is used throughout the paper, measuring the ampli-
tude of the perturbation. An analysis on an inertialess limit
of the model suggests that the spontaneous flow emerges if
C(v—1) < l(v—1) <0 forinitial state (i), and if {(v+1) <
£2(v+1) < 0 for initial state (i), with two different critical

values £} and {2 at a given molecular shape determined by

v. When the above parametric condition is met, the small ini-
tial disturbance can generate a spontaneous flow, which even-
tually evolves into a steady state structure in both p and v.
Let us take look at the structures at § = @ = O firstly. Fig-
ure 11 depicts a set of steady, spatial structures formed by the
polarity vector, as well as the flow after a long time due to
a spontaneous flow, where Dirichlet BCs consistent with the
two initial states are enforced on p, respectively, and the no-
slip boundary condition is enforced on v at the boundaries.
Figures 11(a) and 11(b) show the steady structure of the polar-
ization field p using the first initial state with k =1 and k = 2,
respectively, where figures 11(e) and 11(f) are the accompa-
nying velocity profiles of v;. In the two simulations, ALCs
are consisted of rodlike puller molecules § > 0. In Fig. 11(a),
the flow moves to the polarity vector direction in the lower
half of the channel while against it in the upper half, creating
a nonlinear shear flow field in a large part of the channel in
the middle. In Fig. 11(b), the flow moves completely against
the polarity vector direction with a minimum at the location
where the polarity vector is perfectly aligned to the wall. Be-
cause of the mismatched motion between the mean fluid flow
and the individual active molecules, a force balance is attained
to allow the existence of the flow and orientational structures
in steady states. In steady states, we simplify the governing
equation for velocity component v; as follows:

0%y

92 d
0—n ayzl Lol (p1p2)

0y? dy
(v—1)? 5,  (v+1)* 510w
1 Pty ”2} dy

This equation relates the local maximum or minimum of the

+7| (50)

velocity component v; to the rotational direction of the polar-

ity vector. At an extremum, the equation reduces to

d>vi  {d(pip2)

EI I T eb
In all our simulations, we observe only two types of polar-
ity vector orientation that yield local extrema in v;. One is
horizontal and the other vertical relative to the boundary. We
parametrize p; = rcos 0, py = rsin@ with 6 = 0, 7/2 corre-
sponding to the horizontal and vertical polarity vector orienta-
tions, respectively. We assume r does not change much during

the rotation. Then,

d(l(?jlypz) ~ rzcos(ZG)?Ti.
If d6/dy > 0 (p rotates counterclockwise), then v; is at a lo-
cal maximum at (§ > 0,6 =0) or (§{ < 0,0 = 7/2) and local
minimum at (§ < 0,0 =0) or ({ > 0,0 = w/2). On the other
hand, if d6/dy < 0 (p rotates clockwise), then v is at a lo-
cal minimum at (§ > 0,6 =0) or ({ < 0,0 = w/2) and local
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maximum at (§ < 0,0 =0) or ({ > 0,6 = 7/2). This simple
diagnostic measure will be used to assist us to interpret the re-
lationship between the polarity vector and the coupled velocity
field in the rest of the paper.

In Fig. 11(a), near the bottom of the channel, the polarity
vector transitions from parallel to a tilted orientation relative to
the wall via a counterclockwise rotation. This leads to a local
maximum in the velocity component v; at about y = 0.1, cre-
ating a flow field that resembles a spurt phenomenon in poly-
meric liquid. Near the top of the channel, the polarity vector
transitions back to the parallel position via a clockwise rota-
tion. This leads to a local minimum in the velocity component

vy at y = 0.9, resembling a reversed spurt flow. In Fig. 11(b),
the spurt flow phenomenon is only observed in the middle of
the channel through a local minimum in v; at y = 0.5, which

flows opposite to the direction of the polarity vectors.

Figures 11(c) and 11(d), as well as figures 11(g) and
11(h), depict the polarity vector as well as the accompany-
ing velocity component v; for the second initial state at k = 1
and k = 2, respectively. Here, ALCs consist of discotic pusher
molecules. The patterns of mean fluid flows in the discotic The
ALCs are completely opposite to those in the rodlike ALCs,

consistent with symmetry #8 identified above.
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Fig. 11. Steady states of spontaneous flows for tumbling ALCs, where Dirichlet BCs are used on p,v for the two initial states, respectively. The
parameters are K} = K3 =0.01,h =hy =10,y=1,0 =0,4 =0, = 1,8 = 0. The steady states correlate with the initial orientational structures. The
velocity is the largest at the well-aligned area for the rod ((e) and (f)) and the discotic ((g) and (h)) ALC. Panels (c), (d), (g), and (h) can be obtained from
panels (a), (b), (e), and (f)) via symmetry #8 mentioned in the text. The initial states and other parameters are: (a) initial state (i), { =4,v=0.5,k=1,
(b) initial state (i), { =4,v = 0.5,k = 2, (c) initial state (ii), { = —4,v = —0.5,k = 1, (d) initial state (ii), { = —4,v = —0.5,k = 2, (e) initial state (i),
C=4,v=0.5k=1,T =50, () initial state (i), { =4,v =0.5,k =2,T = 50, (g) initial state (ii), { = —4,v = —0.5,k = 1,T = 50, (h) initial state (ii),

C=—4,v=-05,k=2,T = 50.
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Fig. 12. Steady states of spontaneous flows for tumbling ALCs, where the Neumann BC is used on p and the non-slip BC on v for the two initial
states, respectively. The parameter values are K| = K3 = 0.01,h = hp =10,y = 1,0 =0, =0, = 1, = 0. The final steady states correlate with
the initial orientational structures. The magnitude of the velocity is the largest at the well-aligned area for the rod ((e) and (f)) and the discotic ((g)
and (h)) ALC, consistent with the intuition. We note that the Neumann BC seems to prefer the boundary orientation in steady state perpendicular to
the orientation of the polarity vector in the initial state. The initial states and other parameters are: (a) initial state (iii), { =4,v = 0.5,k =1, (b)
initial state (iii), § =4,v = 0.5,k = 2, (¢) initial state (iv), { = —4,v = —0.5,k = 1, (d) initial state (iv), { = —4,v = —0.5,k = 2, (e) initial state (iii),
£ =4,v=05k=1,T =50, () initial state (iii), { =4,v = 0.5,k =2,T = 50, (g) initial state (iv), { = —4,v = —0.5,k = 1,T = 50, (h) initial state

(iv), L = —4,v=—0.5k=2,T = 50.
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If we use the Neumann BC for p at the boundaries
(dp/dyly=0,1 = 0), then we compute the solutions using two
special initial states: (iii) p(y,r = 0) = (1,0 cos(kmy),0) and
(iv) p(y,t =0) = (8 cos(kmy), 1,0), where k is an integer rep-
resenting the wave number. For the Neumann BC on p, many
symmetries identified apply; the criterion for the formation of
spontaneous flow is also given by (v —1) < {!(v—1) <0
for initial state (iii), or by {(v+1) < {2(v+1) < 0 for ini-
tial state (iv), with two different critical values Ccl’ , respec-
tively. The orientational structures and the flow structures are
different from those obtained from the simulations with the
corresponding Dirichlet BC though (see Fig. 12). From a lin-
ear stability analysis we have learned that the unstable com-
ponent of the polarity vector in the model with this bound-
ary condition is p,. Although the initial orientation of p is
parallel to the wall with the initial state (iii), the p, compo-
nent evolves to an orientation perpendicular to the boundary
in the steady state, which is shown in Figs. 12(a) and 12(b).
Likewise, in the initial state (iv), the unstable component of p
is pi, so that it evolves to a steady state parallel to the wall.
For pullers shown in Figs. 12(e) and 12(f), a negative velocity
local minimum correlates with a converging rodlike molecu-
lar orientation with respect to the x direction (clockwise rota-
tion); whereas a positive local maximum velocity component
correlates with a diverging rodlike molecular orientation rel-

ative to the x axis (counterclockwise rotation). For discotic
pushers, a positive velocity maximum correlates with a 180°-
counterclockwise rotated bending structure while a negative
velocity minimum correlates with a 180°-clockwise rotated
bending structure in the channel, as shown in Figs. 12(g) and
12(h). The local maximum or minimum velocity component
v1 represents a spurt flow (relative to the mean flow) in the
channel, which correlates with the localized, enhanced polar-
ity orientation.

When the Neumann BC is used, there could exist more
bending structures of a 180° rotation in the polarity vector de-
termined by the wave integer in the initial state at any given,
large, activity parameter |£|.15¢7 Figures 13(a)-13(d) depict a
simulation with a large |{| that can accommodate more such
bending structures. Essentially, the initially given wave inte-
ger determines the final bending structures in the steady states
in long-time simulations. However, this scenario seems not to
be upheld in the solution with the Dirichlet BC.

For the system with the Dirichlet BC and initial states:
p = (1,8sin(4my),0) and p = (Jsin(4ny), 1,0), we solve the
equations for the long-time behavior of the solutions generated
by spontaneous flows and contrast the simulations with and
without the inertia effect dv/dt. We observe that, when we
ignore the inertia term and |{| is sufficiently large, the number
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Fig. 13. Steady states of spontaneous flows for tumbling ALCs for the two initial states, respectively. The parameter values are K =

=0.01,h =

hy=10,y=1,0=0,A =0,1 =1, = 0. (a)~(d) The Neumann BC is used on p. (e)—(h) The Dirichlet BC is used on p in the inertialess limit. (i)—(1)
The Dirichlet BC is used on p. Inertia seems to have the “wave-limiting” ability to favor bending structures of long-wave features in the steady state.

The initial states and other parameters are: (a) initial state (iii), { = 10,v = 0.5,k = 4, (b) initial state (iii), { =
—0.5,k = 4, (d) initial state (iv), { = —10,v = —0.5,k = 4,T = 50, (e) initial state (i), { =
10,v = —0.5,k = 4,T = 50, (g) initial state (ii), { = —10,v = 0.5,k = 4, (h) initial state (ii), { = —10,v = 0.5,k =4,T = 50, (i) initial
10,v = —0.5,k = 4,T = 50, (k) initial state (i), { = —10,v = 0.5,k = 4, (1) initial state (ii),

state (iv), { = —10,v =
state (i), § =
state (i), § = 10,v = —0.5,k = 4, (j) initial state (i), { =
¢=-10,v=0.5,k=4,T = 50.

10,v =0.5,k =4,T = 50, (c) initial
10,v = —0.5,k = 4, (f) initial
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of bending structures in the steady state correlates with the
initial profile, as shown in Figs. 13(e)-13(h). This is consis-
tent with the linear stability analysis for an inertialess limit. 6]
But if we retain the inertia term dv/dt in our numerical sim-
ulations, the results are different (see Figs. 13(i)-13(1)). Fig-
ures 13(i)—13(1) show that simulations beginning with the ini-
tial state of four bending structures in the channel eventually
evolves into a structure with only two bending structures in the
end. In fact, the steady state results obtained are exactly the re-
sults obtained with the initial state at k = 2. Inertia seems to
have the function to disrupt the complex flow and orientational
patterns to promote the structures of low wave numbers. This
phenomenon warrants a more detailed study in the future.

We next investigate how the active viscous stress B (Vp+
Vp") affects the flow and orientational structure without an
external driven mechanism.

5.1.2. Effect of active viscous stress to spontaneous flow

In some previous studies,***"1 @ = B was assumed in
analogous models for ALCs. However, we will not impose
such a constraint in this study. Figure 14 depicts a set of
simulations with the Dirichlet BC and the first initial state at
k = 2. In these simulations, spontaneous flows evolve into
steady states at 7 = 50. One observes that the magnitude of

the velocity increases as || increases. § < 0 promotes rapid
transitions in the polarity vector orientation near the bound-
aries to create a flow field that looks like a plug flow. The
boundary layers in the velocity field at the boundaries narrow
as |B| increases. B > 0 promotes a rapid transition in the po-
larity vector orientation in the middle of the channel to create
an internal layer in the fluid flow. The internal layer narrows
as 3 increases, so that the fluid flow spurts in the middle of the
channel. There are no defects in the flow field during the time
evolution.

In simulations with the second initial state p =
(8sin(my),1,0) and the Dirichlet BC, the active viscosity 8
destroys the structure symmetry that exists at § = 0 and with
the first initial state, especially, in the velocity field. Figure 15
depicts the numerical results for § = —0.3, —0.1, respectively.
Comparing the results with those in Fig. 11, the broken sym-
metry in the structure is apparent. For this initial states, we
can obtain the results for § = 0.1,0.3, respectively, by invok-
ing symmetry #7 listed above. The polarity vector and veloc-
ity correlation in the simulations once again follow the trend
identified previously, in which a local minimum in the velocity
component vy corresponds to a rapid clockwise polarity vector
rotation while a local maximum corresponds to a rapid coun-
terclockwise rotation in the polarity vector field.
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Fig. 14. Steady states at four selected values of active viscosity § = —1,—0.3,0.3,0.1 with the first initial state p = (1,8 sin(27y),0) and the Dirichlet
BCs on p and v. The parameter values are K; = K3 =0.01,h = hy = 10,y=1,v =0.5,0 = 0,{ = 4. The steady states are shown at time 7 = 50. A
negative 3 makes the velocity field more homogeneous in the middle of the flow field, so that it looks like a plug plow at small 3. A positive f retards
the flow away from the centerline, so that a spurt phenomenon becomes more prominent at the centerline at a large . Corresponding to the velocity
field, we notice an enhanced orientational transition at the centerline of the polarity vector as 3 increases from negative to positive.
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Fig. 15. Steady states at B = —0.3,—0.1 with the second initial state p = (0.01sin(xy),1,0) and Dirichlet BCs on p,v. The parameter values are

Ki =K3=0.01,hj =h; =10,y=1,0 =0,v = —0.5,§ = —4. Structural symmetry is broken in these solutions.
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5.2. Interaction between shear and a spontaneous flow

In this subsection, we study how shear can impact on
the spontaneous flow in its time evolution. Edwards ef al.[40]
studied the polarity vector field coupled to a shear flow using
the Neumann boundary condition for p in the flow-tumbling
regime (|v| < 1), where they noted that even a small amount
of shear can cause the polarization field to rotate continuously
so that there is no steady state; whereas, in the flow-aligning
regime (|v| > 1) the steady state with spontaneous flow can
survive in applied shear flows up to a certain shear rate.

Here, we consider the Dirichlet boundary condition for
p. We note that in the tumbling regime (|v| < 1) the steady
state of a spontaneous flow can also survive in applied shear
flows up to a certain shear speed, as in the flow-aligning
regime (|v| > 1). Figure 16 depicts a simulation with the ini-
tial state p(y,t = 0) = (1, 8sinmy,0),v(y,t = 0) = (Pey,0,0).
Figures 16(a)-16(c) and figures 16(e)—16(g) depict a series
of steady states under three applied shear speeds that are all
smaller than the critical shear speed Pe. while figures 16(d)
and 16(h) depict the unsteady state under shear with the given
shear speed bigger than the critical shear speed Pe.. When the
shear speed Pe is small, the active stress dominates in the total
stress, so that the solution evolves into a steady state in time,
where, for instance, the velocity profile Fig. 16(e) has a local
minimum and a local maximum located near the bottom and
the top boundaries of the flow field, respectively, just as in the
case without shear. When the shear speed exceeds the critical
value Pe., shear dominates so that the tumbling behavior en-
sues in p while the velocity profile Fig. 16(h) is nearly linear.
In the steady state structure (Pe < Pe.), the range of the rota-
tional angle of p field increases clockwise with the shear speed
Pe. In unsteady states (Pe > Pe), p field rotates continuously
under shear and produces transient defects near the boundaries
due to the Dirichlet boundary condition. In addition, shear can

break the orientational symmetry in the spontaneous flow with
respect to the second initial states.

Next, we conduct numerical simulations to investigate the
interplay between the active viscous stress and the shear flow.
For initial state p = (1,0,0) with the Dirichlet BC, there exist
critical values B < 0 and B > 0 such that if B2 < § < B¢,
then p is periodic with a spatial-temporal structure including
transient defects. If B > B¢ or B < B, then p eventually
evolves into a steady state. Figure 17 depicts the numerical
solutions with the prescribed initial state and at a few selected
values of . When the solution is in steady state, there ex-
ists a boundary layer of v; iny € (0,0.1) for § = 3, where v,
increases very quickly to near 4. The effective shear rate is
generally small in y > 0.1 (see Fig. 17(d)). When we negate
the sign of 3, the boundary layer location is shifted to the op-
posite side of the flow region. In most parts of the region,
flow velocity is small; it transitions to the prescribed boundary
shear speed Pe = 4 in the boundary layer near y = 1. In gen-
eral, the polarity vector structure flips when either the sign of
B is changed or the orientation of the initial state is reversed
(see Figs. 17(a)-17(c) and 17(e)-17(g)).

For initial conditions p = (0,+1,0), we obtain similar re-
sults. When B2 < B < B2, there are spatial-temporal struc-
tures that may include time dependent defects. When 8 > B¢
or B < B, the solutions eventually approach steady states. At
the steady state, the velocity v; has a boundary layer near y =1
when 8 = 4 and initial state p = (0,1,0). If § = —4 and ini-
tial state p = (0, 1,0), then the boundary layer of the velocity
curve is near y = 0. Figure 18 depicts the spatial-temporal
structure and the steady state at selected values of 3, respec-
tively. Changing the direction of the boundary condition on p
also alters the spatial-temporal structures and the location of
the boundary layer.
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Fig. 16. Structures at four selected shear speeds Pe = 0.1,0.5,0.7,4 with the first initial state p = (1,0.01sin(7y)) and Dirichlet BCs on p and v. The
parameter values are K} = K3 =0.01,h =hy =10,y=1,v=0.5,0 =0,4 =0, = 1,{ =4, = 0. The contour lines are based on ||p||. In panel (h),
the velocity curve is at T = 46.4, when the defects emerge. (a)—(c) and (e)—(g) The active stress dominates so that a steady structure emerge in time. (d)
and (h) The shear stress dominates so that a spatial-temporal structure emerges.
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Fig. 17. Transient and steady structures of tumbling ALCs with the Dirichlet BC and the first initial state under shear. The parameter values are
Pe=4,K1 =K3=0.04,h =h, =10,y=1,0=0,A =0, = 1,v=0.5,{ = 1. The contour lines are based on ||p||. Polarity structures are asymmetric
with respect to y. Transient defect structures and the boundary layer can be located near the bottom of the flow field or on the top depending on the
sign of B and the boundary anchoring condition. In steady states, the velocity field behaves like a plug flow with a boundary layer biased at one
wall. Panels (a) and (e) and panels (f) and (g) pair according to symmetry #6, respectively. The parameters are: (a) p(y,0) = (1,0,0), B = —1, (b)
p(»,0) = (1,0,0), B =1, (©) p(»,0) = (1,0,0), B =3, (d) p(»,0) = (1,0,0), B = 3,7 =80, (¢) p(»,0) = (—1,0,0), B =1, (O p(y,0) = (—1,0,0),
B =3,() p(»0) = (1,0,0), B = -3, (h) p(»,0) = (1,0,0), B = —3,T = 80.
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Fig. 18. Transient and steady structures of tumbling ALCs with the Dirichlet BC and the second initial state under shear. The parameter values are
Pe=4,K =K3=0.04,h; =h, =10,y=1,0=0,A =0, = 1,v=0.5,{ = 1. The contour lines are based on ||p||. The transient defect structures are
pushed inward to the flow field because of the boundary condition, although still located at the bottom of the flow field or the top depending on f and
the BC. The boundary layer in the steady state is also near the wall at large 3. Changing the direction of the boundary anchoring also flips the structure

of the polarity vector upside down. The parameters are: (a) p(y,0) =
p(»0)=(0,1,0), B =4,T = 80.

5.3. Out-of-plane structures

We will next investigate the stability of the planar struc-
tures to perturbations in p3 to explore which of the planar
structures identified in previous sections can actually survive
in 3D. We first consider the model prediction ignoring the ac-
tive viscous stress and self-propelled velocity (i.e., @ = 8 =
0.)

5.3.1. Spontaneous flow structures

Firstly, we consider the initial state p = (1,6p2,8p3)
with the Dirichlet BC p|y,— 1 = (1,0,0) or the Neumann BC
dp/dyly—0,1 = (0,0,0). Our numerical computations show
that for the two types of BCs, the system is stable in p3 direc-
tion; that is, the spontaneous flow initiated near the 2D plane
stays in (p1, p2,0) plane. This is consistent with the result of

a linear stability analysis for an inertialess limit.>!

(0,-1,0), B =1, (b) p(3.0) = (0,1,0), B =1, (¢) p(»,0) = (0,1,0), B =4, (d)

Secondly, for the initial state p = (6p;,1,0p3) with
the Dirichlet BC pl|,—o; = (0,1,0) or the Neumann BC
dp/dyly—0,1 = (0,0,0); however, the component p3 may be
unstable to perturbations depending on the value of (v + 1),
leading to true 3D spontaneous flows. We use two initial per-
turbations given by the following: dp; = Ssin(kmy), Sps =
O sin(kmy) for the Dirichlet BC and dp; = § cos(kmy), dp3 =
o cos(kmy) for the Neumann BC, respectively, in our compu-
tations. Figure 19 depicts four solutions, which all show the
final out-of-plane steady states at 7 = 50. We remark that in
Figs. 19(c), 19(d), 19(g), and 19(f), the Neumann BC is used
for p, we choose appropriate values of { to get the spatially in-
homogeneous out-of-plane structures. We point out that when
|€| is too large, the polarity vector reaches a spatially homo-
geneous out-of-plane alignment, where the velocity field is es-

sentially zero.
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Fig. 19. Out-of-plane structures of the polarity vector and the corresponding velocity field. The parameter values are K} = K3 = 0.01,h; =hy =10,y =
I,o=0,A=0,n1=1,8=0. The velocity field v = (v;,v3) is shown at time 7 = 50, Steady states are reached in all cases. (a)~(d) The polarity
vector structure depicted in 3D. (e) The velocity near the walls flows to opposite directions. Polarity vectors exhibit strong, steady state, out-of-plane
orientation. (f) The velocity flows to the same direction. Polarity vectors show two big bands of out-of-plane orientation pointing to opposite directions.
(g) The velocity flows to the same direction. Polarity vectors show two big bands of out-of-plane orientation pointing to opposite directions. (h)
There are two band structures. In one band the flows move in one direction while they move in the opposite direction in the other band. Polarity
vectors show two bands of out-of-plane orientational patterns. The parameters are: (a) p with Dirichlet BC, { = —4,v = —0.5,k = 1, (b) p with
Dirichlet BC, { = —4,v = —0.5,k = 2, (¢) p with Neumann BC, { = —1.8,v = —0.5,k = 1, (d) p with Neumann BC, { = —2.3,v = —0.5,k =2, (¢)
{=—4v=—05k=1,(){=—-4v=-05k=2,(2) {=-18,v=—05k=1,(h) { =-23,v=—-0.5k=2.

5.3.2. Structures under shear

For passive LC flows, the planar structures without de-
fects are in principle stable or robust with respect to out-of-
plane perturbations while those with defects tend to evolve to
out-of-plane structures by evading an energy penalty. When
activities are included in the model, a similar scenario remains
with the Dirichlet boundary condition. Namely, when shear is
weak, the active stress dominates the viscous stress, a steady
structure emerges over time. While shear is strong, viscous
stress dominates the active stress, the structures with defects
tend to go out-of-plane to form a defect free, out-of-plane
steady state.

We illustrate the result using the first initial state p =
(1,6p2,6p3) next, where the perturbations are defined as
Opy = Osin(kmy), 6ps = Osin(kmy) for the Dirichlet BC and
O0pr = Ocos(kmy), 6ps = Scos(kmy) for the Neumann BC.
The spontaneous flow structure without shear is a planar struc-
ture with these initial data and BCs. When shear is present,
the planar structures of tumbling ALCs evolve to out-of-plane
steady states at T = 50 while those of flow-aligning ALCs re-
main planar. Figures 20(a)-20(d) depict two steady solutions
with the Dirichlet BC, where out-of-plane steady states are
reached. Figures 20(e)-20(h) depict two out-of-plane steady
states with the Neumann BC. The tumbling ALC goes out-of-
plane at shear speed Pe = 1 (Figs. 20(e) and 20(f)) while the
flow-aligning one stays in-plane (Figs. 20(g) and 20(h)). We
remark that, for the first initial state with the Dirichlet BC or
the Neumann BC, if { =0, p3 is stable for small perturbations
for any v under shear flow, indicating that it is the bulk active
stress that triggers the out-of-plane instability, leading to a 3D

steady structure.

We then consider simulations with the second initial state
p = (8pi1,1,0p3) with the Dirichlet BC p|,—o,1 = (0,1,0) or
the Neumann BC dp/dy|,—o,1 = 0, in which the perturbations
are given above. When shear is absent, we find that the system
can be unstable in p3 direction, so that the spontaneous flow
exists in 3D when {(v+1) < 0; when {(v + 1) > 0; how-
ever, the planar structures are stable to the out-of-plane per-
turbation. When weak shear is present, the scenario remains.
It also applies to the scenario where the Neumann BC is im-
posed. For strong shear flows, out-of-plane structures emerge
for any { when the liquid crystal is a tumbler, that is, |v| < 1
with the Dirichlet BC or the Neumann BC.

5.3.3. Role of the active viscous stress

Finally, we consider interactions among the active vis-
cous stress, the bulk active stress, and the shear stress. The
active viscosity B is in general stabilizing in the shear flow.
In the above, we mentioned that the out-of-plane structures
emerge when {(v + 1) < 0 with the second initial state at
{=-4,v=-0.5,Pe= 1, =0. If we increase the active
viscosity from zero to 3 = 2, then the structures can be limited
to the 2D plane. Figure 21 depicts some solutions associated
to this case. Figures 21(a)-21(c) show the out-of-plane struc-
tures and the corresponding velocity fields for § = 0,0.2,0.5,
respectively, where velocity fields show nonzero components
in v3 and the polarity vector component p3 is nonzero in gen-
eral. Figure 21(d) depicts the planar steady state for § = 2,
where the corresponding velocity field, depicted in Fig. 21(h),
has a zero component v3 = 0 and correspondingly p3 = 0.
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middle of the field. The velocity field difference, panel (b) shows the difference between the actual velocity field and the linear shear flow. Two bands
are identified, one is faster than the shear flow field and the other is slower. (c¢) Polarity vector field, which tilted out-of-plane orientational field. Panel
(d) shows the velocity field difference. Two bands are identified. (e) Polarity fields with nearly logrolling out-of-plane steady states near the wall. Panel
(f) shows that the velocity field difference forms a single band structure. (g) Nearly planar but really out-of-plane polarity vector structure. Panel (h)
depicts the velocity difference. The parameters are: (a) p with Dirichlet BC, { = —4,v=0.5,k=1, (b) { = —4,v = 0.5,k = 1, (c) p with Dirichlet
BC,{=-4v=-05k=1,(d) {=—-4,v=-0.5k=1, (¢) p with Neumann BC, { = -4, v=05k=1,(f) { =—4,v=0.5,k=1, (g) p with

Neumann BC, { =8,v=—15k=1,(h){ =8, v=—15k=1.
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Fig. 21. Structures of tumbling ALCs with the second initial state p = (6py, 1, p3) and the Dirichlet BC at § = 0,0.2,0.5,2. The parameter values are
K =K3=0.01,h =h, =10,y=1,0=0,A=0,1=1,{ = —4,v = —0.5,k = 1. The velocity field v = (v; — Pey, v3) is shown at time 7 = 50. The
shear speed Pe = 1. (a)—(c) Steady state out-of-plane polarity vector structures at small 8. (d) Steady state planar polarity structure at large 3. (e)—(h)
Corresponding velocity fields. The parameters are: (a) p with Dirichlet BC, = 0, (b) p with Dirichlet BC, § = 0.2, (c) p with Dirichlet BC, = 0.5,

(d) p with Dirichlet BC, B =2, (e) B =0, () B =0.2, (g) B =0.5, (h) B =2.

Remark

(i) In most of the numerical examples presented in this
paper, the ALC system chosen is a tumbler. We emphasize that
flow-aligning states can also generate spontaneous flows under
sufficiently strong activities. There is no qualitative difference
between a defect-free spontaneous flow generated by a tum-
bling ALC system and the one generated by a flow-aligning
ALC system. We therefore choose the tumbling system most
of the time because of their more dramatic structural features
over the flow-aligning ALC system.

(i) In all of these studies, we have essentially neglected
the role of the self-propelled speed @. Our analysis and nu-
merical computations show that its influence upon the flow and
orientational structures is similar to that of f when coupled to
the shear flow. It can pin the planar dynamics to the plane
when the model would be unstable to the out-of-plane com-
ponent without it. In fact, we notice that (B(v +1)/2n + ®)?
controls the p3 instability in a linear stability analysis of the
1D channel flow in an inertialess model.5®! We will pursue a
comprehensive stability analysis on the full model in a sequel.
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6. Conclusion

In this paper, we have systematically studied the dynam-
ics of active polar liquid crystal systems using a polar ac-
tive liquid crystal model, which extends the Ericksen—Leslie
theory for passive liquid crystals, in the near hydrodynamic
equilibrium situation, in the viscous stress dominated regime,
and in the full model. A systematic derivation of the contin-
uum model is conducted and its thermodynamic consistency
is checked. We then carry out a linear stability analysis for
constant steady states in an unbounded domain or a domain
with a periodic boundary condition to study near equilibrium
dynamics and to demonstrate the linear instability inherent in
this model system and its dependence on model parameter val-
ues. Through the linear analysis, a complete stability diagram
for two types of instabilities for a liquid crystal phase is ob-
tained, demarcating the stable regions in a parameter space
involving three key model parameters. In addition, three po-
tentially unstable modes are identified for the isotropic state.
This analysis completely characterizes the linearized stabil-
ity of the ALC system with three active mechanisms included
(which are: self-propelled velocity, active bulk stress, and ac-
tive viscous stress), extending the analysis on the steady states
in the literature and providing guidance for nonlinear simula-
tions of the active matter system in an unbounded or a periodic
domain.

We then studied the model prediction in a finite domain in
1D numerically to investigate flow-driven dynamics of the po-
larity vector’s with a focus on the role of the activity of the po-
larity vector. We concentrate only on two special flow fields:
the shear or Couette flow and the Poiseulle flow. For flow-
aligning ALCs, the stable in-plane steady state survives the
out-of-plane perturbation in both shear and Poiseulle flows.
For tumbling ALCs, the planar tumbling time periodic so-
lution is stable in shear flows only subject to the Neumann
boundary condition and weak anchoring conditions. Under
the Dirichlet boundary condition in shear and all the bound-
ary conditions in the Poiseulle flow field, defects can form
in the polarity vector field periodically in time in planar dy-
namics. These tumbling solutions are unstable with respect to
the out-of-plane perturbations, such that out-of-plane steady
states emerge eventually as the globally stable solutions in this
model regime.

Finally, we study solutions of the full model in a 1D, fi-
nite domain numerically by demonstrating a host of interest-
ing solution phenomena. We once again contrast the dynam-
ics of the system with the polarity vector confined to a plane
to that without any orientational constraints. We follow the
nonlinear evolution of the spontaneous flow when the polarity
vector is confined to a 2D plane and notice that it normally
evolves into a defect free steady state without shear. When

shear is introduced, some shear-induced asymmetric, spatial—
temporal structures can emerge, enriching the polarity vector
patterns in space—time. These patterns depend strongly on the
boundary condition, active viscous stress, and the initial state
from which the system evolve. When the constraint on the
polarity vector is lifted in the third dimension, some solution
structures evolve into fully 3D structures while others remain
planar. The factors determining the planar versus out-of-plane
solution depend on the bulk active activity and geometry of
the ALC molecules (§(v —1), {(v+ 1)), active viscous stress
(B), self-propelled velocity (w), shear speed (Pe), the initial
states, as well as the consistent boundary conditions. The ac-
tive viscous stress and the self-propelling velocity are shown
to have a tendency to favor planar dynamics. More detailed
analysis on the role of the active parameters in the complete
phase diagram will be carried out in a sequel.

Appendix A

The linearized system (19) is obtained as follows. For
the liquid crystal state ||po||> = (h1 +7YA)/ha, we substitute
perturbation equation (18) into governing equations (16), keep
the terms at the linear order of & and neglect the high-order
terms, then the linear system of the perturbation is given by

. K
ap\” + 1<vo+wpo>-k+73||ku2 p

i 0
— 5 (VD (k-po)oy”
Ky — K3

L0k

+

2h
(k-p}" )k + 72(100 p\")po =0,
av\” + [i(vo- k) +n|k|*]o\” + ik + 5,p\”
+S:(k 'Pso))po +S3(k 'Pgo))k
+S4(po 'pﬁo))po +S5(po ~p§0))k =0,
k-v\” =0, (A1)

where the parameters S; (i = 1,2,3,4,5) are given by
$1= BRI +1[~(E +7AV) S (v-+ D [K]7] (o),
$=i[~(C+7Av)— 5 (v=DKikIP],
$3= B~ 5 (v-+ (K —K)(k-po),
Sy = —2ivha(k-po),

Ss = i(ly — ho||po]?).

We rewrite the linear system into the matrix form

00 0 0 0k "
Oal 0 |+| 0 AB p\” | =0, (A2
00 al ik" ¢ D v!?

where the components of the matrices are

. K K| —K 2h
A= [1(1}04—(0190)~k+73||k||2}1+71 v 3kk+72popo,
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1 i
B = —§(V+ 1)(k-po)I + 5(1 —V)kpy,
C =811+ Sapok + S3kk + Sapopo + Sskpg,

D =

[i(vo-K)+nK[*]L,

and I is the 3 x 3 unit matrix. We then solve this linear sys-

tem (A2) for the eigenvalues (growth rates).
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