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Threshold flux-controlled memristor model and
its equivalent circuit implementation∗
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Modeling a memristor is an effective way to explore the memristor properties due to the fact that the memristor
devices are still not commercially available for common researchers. In this paper, a physical memristive device is assumed
to exist whose ionic drift direction is perpendicular to the direction of the applied voltage, upon which, corresponding to
the HP charge-controlled memristor model, a novel threshold flux-controlled memristor model with a window function is
proposed. The fingerprints of the proposed model are analyzed. Especially, a practical equivalent circuit of the proposed
model is realized, from which the corresponding experimental fingerprints are captured. The equivalent circuit of the
threshold memristor model is appropriate for various memristors based breadboard experiments.
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1. Introduction
Memristor is a nonlinear two-terminal electronic element

with an adjustable resistance or conductance.[1] Due to the
special features of both nonlinearity and memory,[2] mem-
ristors attract a lot of attention for potential applications in
analog[3] and digital information processing,[4] neuromorphic
systems,[5,6] analog circuits,[7–11] and so on.

The memristor was first postulated by Chua in 1971 based
on the theory of components symmetry,[2] which relates to
two fundamental circuit variables, charge q and magnetic flux
ϕ . According to the independent variable, a memristor is
defined as charge-controlled or flux-controlled, and its con-
stitutive relation is expressed as ϕ = ϕ̂(q) or q = q̂(ϕ), re-
spectively. The corresponding voltage–current relation can
be expressed as v(t) = RM(q)i(t) or i(t) = GM(ϕ)v(t), where
RM(q) = dϕ̂(q)/dq and GM(ϕ) = dq̂(ϕ)/dϕ stand for the
memristance and the memductance, respectively.[1] In electri-
cal engineering, duals refer to pairs of electrical terms that are
associated together.[12] A dual of a relationship can be eas-
ily obtained by interchanging voltage and current in an ex-
pression, such as resistance R and conductance G, capaci-
tance C and inductance L, etc. Thus, memristance RM(q) and
memductance GM(ϕ) are also a pair of duals. From this per-
spective, a charge-controlled memristor and a flux-controlled
memristor can be duals if their mathematical models can be
transformed into each other by interchanging voltage and cur-
rent.

Although the Hewlett-Packard (HP) Lab has announced
the fabrication of a memristor device,[5] memristors are still

commercially unavailable nowadays; perhaps this situation

will continue for a long time due to the cost and the techni-

cal difficulties in fabricating nanometer-size devices. There-

fore, modeling of the basic memristor[10,13–16] and designing

the emulator of mem-systems make a contribution to explor-

ing the dynamical behaviors.[17–20] The HP TiO2 memristor

is the most extensive physical device model for various re-

search. Reference [16] presented a threshold adaptive mem-

ristor model, which is flexible and more suitable for circuit

simulations. Reference [17] proposed a memristor emulator to

imitate the behaviors of the HP TiO2 memristor by using off-

the-shelf components. By using a specific window function, a

SPICE model of the HP TiO2 memristor with nonlinear dopant

drift was demonstrated in Ref. [21]. However, these studies are

all based on the charge-controlled memristor model.

In this paper, we concentrate on a threshold flux-

controlled memristor model and its equivalent circuit realiza-

tion. The paper is organized as follows. Firstly, we simply

review the HP TiO2 memristor model[5] and Biolek’s win-

dow function.[21] Secondly, a flux-controlled memristor model

with two types of linear model and threshold model is pro-

posed based on the duality of the electrical circuit theory and

the HP TiO2 memristor model. Thirdly, the corresponding

window function circuit and the basic memristor circuit are

designed, for which the equivalent circuit experiment is per-

formed. Finally, some concluding remarks are given.
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2. HP TiO2 memristor model
As described in Ref. [5], the HP TiO2 memristor model

is a linear ion drift model. The device of physical width D
contains two regions, the doped region of width w and the un-
doped region of width D – w. By applying an external bias
v(t) across the device, the charged dopants are forced to drift
in the direction of the external voltage, the boundary between
the two regions moves. Each region can be equivalent to a
variable resistor, thus the total resistance of the device is the
sum of two variable resistors connected in a series, as shown
in Fig. 1(a).
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Fig. 1. (color online) The relationship of duality between two mod-
els: (a) the HP TiO2 memristor model; (b) a flux-controlled memristor
model.

This HP TiO2 memristor model is described as

v(t) = RMi(t), (1)

RM = RONx+ROFF (1− x) , (2)
dx
dt

= Kii(t), (3)

where RM is the memristance, x = w(t)/D ∈ (0,1), and Ki =

µvRON/D2 is the system parameter of the memristor. The def-
initions of other variables are consistent with those in Ref. [5].

In a nanoscale device, enormous electric fields can be
yielded by a small voltage.[5] The phenomenon of nonlin-
ear dopant drift exists especially at the boundary between the
doped and the undoped regions, known as the boundary ef-
fects. Several window functions have been proposed to deal
with the boundary effects.[16,21,22] The window function pro-
posed by Biolek[21] depends not only on x but also on the sign
of the current i(t) through the memristor, which is in the fol-
lowing form:

Fi(x) = 1− [x− stp(−i)]2p, (4)

where p is a positive integer, and

stp(i) =
{

1, i≥ 0,
0, i < 0. (5)

Hence, Fi(x) in Eq. (4) is regarded as a current-type window
function. When the right of Eq. (3) is multiplied by the win-
dow function in Eq. (4), the memristor model of Eqs. (1)–(3)
becomes a threshold one.

3. Threshold flux-controlled memristor model
3.1. Flux-controlled memristor model

Memory effects are ubiquitous in nature and particularly
in nano-materials.[23] Corresponding to the HP TiO2 memris-
tor device, a physical memristive device of the flux-controlled
memristor is assumed to exist whose ionic drift direction is
perpendicular to the direction of the applied voltage, as shown
in Fig. 1(b).

This device is also composed of two regions with dif-
ferent conductivity values: the doped region of width w and
the undoped one of width D – w. The boundary between the
two regions moves in the orthogonal direction of the external
voltage on the assumption that the device can be simplified
as two variable conductors GON and GOFF connected in paral-
lel, GON and GOFF refer to the different conductances of the
doped and the undoped regions, respectively. A conductor is
a type of material to permit the flow of electric charge. When
the boundary reaches the left end (x = 0), the conductor GON

states in open circuit, thus GM = GOFF, and when the bound-
ary reaches the right end (x = 1), the conductor GOFF states in
an open circuit, GM = GON. Note that the simplified circuit in
Fig. 1(b) becomes invalid in the case of x = 0 or x = 1. The
flux-controlled memristor model can be proposed as

i(t) = GMv(t), (6)

GM = GONx+GOFF (1− x) , (7)
dx
dt

= KvFv(x)v(t), (8)

where Kv = µv/GOND2 is the system parameter of the mem-
ristor, and Fv(x) is the characteristic function. If Fv(x) is a
constant, the model of Eqs. (6)–(8) is linear; whereas if Fv(x)
represents a window function, the model is a threshold one.
Comparing this model to the HP TiO2 memristor model of
Eqs. (1)–(3), we can see that one model can be obtained from
the other just by interchanging voltage and current, thus they
are duals of each other.

When the system parameters GON and GOFF satisfy the
condition GON� GOFF, equation (7) can be simplified as

GM = GOFF +GONx. (9)

3.2. Linear flux-controlled memristor model

When Fv(x) = 1, the model of Eqs. (6)–(8) is a linear flux-
controlled memristor model. Consider that the system parame-
ters are Kv = 103, GON = 1 mS, GOFF = 10 µS, and an external
sinusoidal voltage stimulus

v(t) =Vm sin(2π f t) (10)
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is connected across the memristor. Here Vm is the amplitude
and f is the frequency. When Vm = 1 V and f is selected as
500 Hz, 1 kHz, and 10 kHz respectively, the device can exhibit
a pinched hysteresis loop, as shown in Fig. 2(a). Correspond-
ingly, the relationship between v and the memductance GM is
depicted in Fig. 2(b).
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Fig. 2. (color online) Properties of the linear flux-controlled memristor
model with x(0)= 0.1: (a) v–i curves with different f ; (b) memductance
GM(t) with different f .

The pinched hysteresis loop is shrunk as the stimulus fre-
quency f increases from 500 Hz to 10 kHz. When f increases
toward infinity, the pinched hysteresis loop will become a
single-valued function. The dynamic range of the memduc-
tance is also shrunk with f increasing, and eventually degen-
erates into a constant, which is affected by the initial state of
x.

3.3. Threshold flux-controlled memristor model

When Fv(x) in Eq. (8) is a window function to deal with
the boundary effects, the model of Eqs. (6)–(8) is a threshold
flux-controlled memristor model. Similar to Eq. (4), a window
function Fv(x) is assumed as

Fv(x) = 1− [x− stp(−v)]2p, (11)

where p is a positive integer, v is the voltage across the mem-
ristor, and

stp(v) =
{

1, v≥ 0,
0, v < 0. (12)

Contrasting with the current-type window function, Fv(x) in
Eq. (11) can be regarded as a voltage-type window function. In
this work, p = 1 is adopted; the corresponding window func-
tion is shown in Fig. 3. Because of the window function, the
ionic drift mobility at the edges between the doped and the un-
doped regions is zero. Intuitive effects can be reflected from x,
which is well restricted in the (0, 1) region.
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Fig. 3. (color online) Window function described by Eq. (11) with
p = 1.

When the same system parameters are selected and a si-
nusoidal voltage stimulus of Eq. (10) is applied, the properties
of the threshold model are shown in Fig. 4. Figure 4(a) indi-
cates that the threshold model exhibits a hysteresis loop, which
is pinched at the origin, and the hysteresis lobe area decreases
with the increase of the frequency. From Fig. 4(b), it can be
seen that the dynamic range of the memductance decreases
with the increase of the frequency, and when the frequency
tends to 10 kHz or more, the memductance regresses to a nor-
mal conductance.
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Fig. 4. (color online) Properties of threshold flux-controlled memristor
model with x(0)= 0.1: (a) v–i curves with different f ; (b) memductance
GM(t) with different f .
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Obviously, the features of the proposed model satisfy
three fingerprints of a memristor,[24] which means that the pro-
posed model is a memristor. Additionally, it should be men-
tioned that the hysteresis loop of the proposed model is asym-
metric at low frequency. When the frequency is low, for ex-
ample 100 Hz, it can be seen that the memductance GM holds
when GM reaches the limits GON or GOFF until it returns back
to the effective area in Fig. 4(b). Thus, the corresponding hys-
teresis loop in the v–i plane becomes asymmetric.

4. Equivalent circuit realization
4.1. Window function circuit

Assume that the operational amplifier is an ideal com-
ponent, there is no current exchange between the operational
amplifier and its peripheral circuit, and the two input termi-
nals of the operational amplifier have an identical voltage, i.e.,
i+ = i− = 0, v+ = v−. The circuit schematic of window func-
tion Fv(x) is depicted in Fig. 5.
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Fig. 5. Circuit schematic of the window function Fv(x) in Eq. (11).

The operational amplifiers U1 and U2 are two compara-
tors, and the operational amplifier U3 connected with the re-
sistors Rs and Rf forms an adder circuit. The resistors are con-
figured to satisfy the conditions Rs = Es kΩ and Rf = 0.5 kΩ,
where Es is the saturated output voltage of the operational am-
plifier U1. The voltage vr1 is a DC voltage, which is larger than
the maximum of v(t). Thus, the output of U2 always equals to
Es V. Here we set vr1 to be 5 V.

Thus, the output ua of the operational amplifier U3 is ob-
tained by

ua = 0.5(sgn(v)−1) = stp(−v). (13)

The rest of the circuit in Fig. 5 is composed of two sub-
traction circuits and a multiplying circuit. The voltage vr2 is
a DC voltage valued 1 V. By configuring R1 = R2 = R3 = R4

and R5 = R6 = R7 = R8, the output of the operational amplifier
U5 can be obtained by

Fv(x) = 1−g1(x−ua)
2 = 1−g1 [x− stp(−v)]2 , (14)

where g1 is the scale factor of the multiplier M1.

4.2. Basic circuit

The basic circuit of the flux-controlled memristor model
is designed as shown in Fig. 6, which is composed of two mul-
tipliers (labeled M2 and M3), three operational amplifiers (la-
beled U6, U7, and U8), and several discrete components. Two

scale factors of the multipliers M2 and M3 are denoted as g2

and g3, respectively. All of the operational amplifiers in Figs. 5
and 6 have the same circuit characteristics.
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Fig. 6. Circuit schematic of the novel flux-controlled memristor.

The operational amplifier U6 with resistors R10 and R11

is used as a reverse proportional amplifier, and U7 connecting
with resistor R0 and capacitor C0 is an integrator. The opera-
tional amplifier U8 connecting with R12, R13, and R14 is a cur-
rent inverter. Thus, the memristance of the equivalent circuit
can be easily calculated by

GM =
1

R9
− 1

R12
+

g3

R12
uc. (15)

Here, we select voltage uc to stand for x. By comparing
Eq. (15) with Eq. (9), we can obtain

1
R9
− 1

R12
= GOFF,

g3

R12
= GON. (16)

In the circuit implementation of the memristor model of
Eqs. (6)–(8), Fv(x) = 1 can be easily achieved by applying a
DC voltage valued 1 V, and Fv(x) described in Eq. (11) can be
achieved by using the circuit module shown in Fig. 5.

4.3. Experimental results

Analog multiplier AD633JN and operational amplifier
AD711KN are used in the circuit experiment, with operation
voltages of ±15 V. In this condition, the saturated output volt-
age Esat of the operational amplifier is measured to be 12.7 V.
The physical circuit setup is shown in Fig. 7. In our equivalent
circuit implementation, the equivalent circuit parameters are
listed in Table 1.

  Basic circuitWindow function circuit

Fig. 7. (color online) Physical circuit setup.
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Note that the trends of memductance GM changing with
voltage v can be depicted by the follow formula:

∆GM = GONx = 10−3x, (17)

which is obtained from Eq. (9). The output uc of the opera-
tional amplifier U7 is a function of x (x = uc). Thus, the corre-
sponding numerical relationship between ∆GM and uc is given
by

uc = 103
∆GM. (18)

In the circuit experiment, we can measure the voltage uc to
represent the memductance ∆GM.

Table 1. Circuit parameters of the memristor equivalent circuit.

Parameter Signification Value

C0 capacitance 10 nF

Rf resistance 0.5 kΩ

Rs resistance 12.7 kΩ

R0, R1–R8, R11 resistance 10 kΩ

R9 resistance 1 kΩ//100 kΩ

R10 resistance 100 kΩ

R12 resistance 1 kΩ

R13, R14 resistance 2 kΩ

g1, g2, g3 coefficient 1

The stimulus is applied by a digital signal genera-
tor RIGOL DG2041A. A digital oscilloscope, Tektronix
TDS3034c, is used to observe and capture the experimental
results. Figure 8 shows an oscilloscope display of the window
function measured from the equivalent circuit, which is very
similar to the numerical simulation results in Fig. 3. The ex-
perimental results of the linear flux-controlled model for dif-
ferent frequencies at 100 Hz, 500 Hz, and 10 kHz are shown
in Fig. 9, corresponding to the results in Fig. 2. The results of
the threshold flux-controlled model for various frequencies at
500 Hz, 1 kHz, and 10 kHz are shown in Fig. 10, consistent
with the results in Fig. 4.
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Fig. 8. (color online) Experimental results of the window function cir-
cuit.
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Fig. 9. (color online) Experimental results of linear flux-controlled
memristor model: (a) v–i curves with different f ; (b) memductance
∆GM(t) with different f .
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Fig. 10. (color online) Experimental results of threshold flux-controlled
memristor model: (a) v–i curves with different f ; (b) memductance
∆GM(t) with different f .
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5. Conclusion
In this work, a threshold flux-controlled memristor model

has been proposed based on the assumption of the existence
of a novel physical memristive device. The proposed model
and the HP TiO2 model are a pair of duals, they have similar
properties including the pinched hysteresis loop. The corre-
sponding equivalent circuit experimentation is performed with
the basic memristor circuit and the window function circuit.
From the numerical simulation results and the experimental re-
sults, we can understand the proposed memristor model better.
Compared with the linear flux-controlled model, the thresh-
old model can well restrict the memductance in a bounded re-
gion, and generate a more irregular pinched hysteresis loop at
a lower frequency. Rich physical phenomena may be gener-
ated from memristor-based systems by introducing the thresh-
old flux-controlled memristor model.
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