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Ferromagnetism in one-dimensional Hubbard model induced by
the next-nearest-neighbor hopping at electron density 3/2∗
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Ferromagnetism in the one-dimensional Hubbard model with the next-nearest-neighbor hopping is explored by using
the exact-diagonalization method in a small cluster and the equation-of-motion method in the thermodynamic limit with
electron density n = 3/2. With these two complementary methods, it is found that an intermediate value of the next-nearest-
neighbor hopping amplitude t1 tends to stabilize the fully polarized ferromagnetic state under the condition that the on-site
coulomb interaction U is sufficiently large in our model. The ground-state phase diagram of the model is presented in the
t1–U plane.
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1. Introduction
Since its introduction in 1963, the Hubbard model has be-

come one of the most popular models that describe a strongly
correlated electron system with short-range interactions. A
great variety of many-body phenomena in metals have been in-
vestigated using this model, including ferromagnetism, metal–
insulator transitions, charge-density waves, and superconduc-
tivity. Originally, the model was expected to describe the be-
havior of metallic ferromagnetism. However, it was soon real-
ized that the single-band Hubbard model is more convenient to
explain the antiferromagnetism for a half-filled band. In fact,
only in a few very special cases is the existence of ferromag-
netism proven rigorously.

The first well-known realization of ferromagnetism is
the Nagaoka state, which originates from the Hubbard model
when the on-site coulomb interaction is infinitely large with
one hole in a half-filled band.[1] Later, the result was general-
ized to an infinite number of holes in a half-filled band, but the
density of the holes is still in the limit of zero.[2,3] Some spe-
cial lattices have also been proposed to have a ground state
with ferromagnetism.[4,5] Moreover, when the next-nearest-
neighbor hopping is introduced in the Hubbard model, it has
been shown that the ferromagnetism can exist for the one-
dimensional Hubbard model at low electron densities.[6] This
discovery implies that the hopping term plays an important
role in stabilizing the ferromagnetic state. By following this
direction, the generalized long-range and unconstrained hop-
ping of electrons has been introduced to realize ferromag-
netism ground states.[7–10] In order to achieve ferromagnetism
in a realistic material, the frustration effect was considered in

a small cluster doped with electrons. We found that the fer-
romagnetic ground state is stable as long as the Coulomb re-
pulsion interaction between electrons is sufficiently strong.[11]

However, the result is valid only for a finite size. The explo-
ration of ferromagnetism for an actual material in the thermo-
dynamic limit is still an open question.

In this paper, we investigate a possible mechanism, which
is based on the frustration effect induced by the next-nearest-
neighbor electron hopping, to stabilize ferromagnetism in the
one-dimensional Hubbard model in the thermodynamic limit
and the region with overdoped electrons in a half-filled band.
To understand why such a frustration effect is important in the
system, let us recall first some basic facts. As is well known,
the spontaneous magnetization of solids is caused by the corre-
lation effect of electrons, whose hopping among different ionic
orbitals is greatly hindered by the strong on-site Coulomb re-
pulsion. On the other hand, the hopping amplitude ti j of the
electrons decays rapidly as the distance between two sites i
and j increases. Therefore, for a bulk material with a crys-
talline structure, one can simply assume that the electron hop-
ping takes place between the nearest-neighbor lattice sites. In
this case, the frustration effect is less important and the antifer-
romagnetic superexchange interaction caused by the electron
virtual hopping process is dominant.[12] However, when the
next-nearest-neighbor electron hopping is introduced, the frus-
tration effect might suppress the antiferromagnetic superex-
change. As we shall show in the following, such an effect
indeed plays an essential role in stabilizing ferromagnetism in
our proposed system.

∗Project supported by the State Key Laboratory of Software Development Environment, China (Grant No. SKLSDE-2013ZX-21), the National Natural Science
Foundation of China (Grant No. 50971011), and the Beijing Natural Science Foundation, China (Grant No. 1102025).

†Corresponding author. E-mail: nhlwang@buaa.edu.cn
© 2014 Chinese Physical Society and IOP Publishing Ltd http://iopscience.iop.org/cpb　　　http://cpb.iphy.ac.cn

117101-1

http://dx.doi.org/10.1088/1674-1056/23/11/117101
nhlwang@buaa.edu.cn
http://iopscience.iop.org/cpb
http://cpb.iphy.ac.cn


Chin. Phys. B Vol. 23, No. 11 (2014) 117101

2. Model and method
The Hamiltonian of the one-dimensional Hubbard model

with the next-nearest-neighbor electron hopping reads

H = ∑
i,σ
−(tc†

i,σ ci+1,σ + t1c†
i,σ ci+2,σ +H.c.)

+ ∑
i

Uni↑ni↓, (1)

where c†
iσ (ciσ ) is the creation (annihilation) operator that cre-

ates (annihilates) an itinerant electron of spin σ at lattice site
i, ti j represents the hopping of electrons between sites i and
j, and parameter U > 0 is the on-site Coulomb interaction be-
tween two itinerant electrons.

To investigate the stability of ferromagnetism of this sys-
tem in the thermodynamic limit, the retarded Green function
Gr

σ will be calculated by using the equation of motion (EOM)
method and the random phase approximation (RPA). In this
section, we discuss the EOM in brief.

Following the standard procedure,[13,14] we take the
derivative of Gr

σ (t− t ′) with respect to t first. By setting h̄ = 1,
we obtain

i
∂

∂ t
Gσ

i j(t− t ′) = δ(t− t ′)+ 〈〈[ciσ (t),H];c†
jσ (t

′)〉〉, (2)

with

〈〈A(t);B(t ′)〉〉=−iθ(t− t ′)〈{A(t);B(t ′)}〉, (3)

where {A;B} is the anticommutator of the operators. There-
fore, we have the identity Gr

σ (t − t ′) ≡ 〈〈cσ (t);c†
σ (t ′)〉〉. By

using the Fourier transformation, the above equation can be
simplified to

ω〈〈ciσ ;c†
jσ 〉〉ω = 〈[ciσ ,c

†
jσ ]〉+ 〈〈[ciσ ,H];c†

jσ 〉〉ω , (4)

where

[ciσ ,H] = ∑
j

ti jc jσ +Uniσ̄ ciσ , (5)

[niσ̄ ciσ ,H] = Uniσ̄ ciσ +∑
j

ti jniσ̄ c jσ

+ ∑
j

ti j(c
†
iσ̄ c jσ̄ − c†

jσ̄ ciσ̄ )ciσ . (6)

Obviously, equation (4) is not closed. To make Eq. (4)
closed, we can use the Hartree–Fock decoupling approxima-
tion. However, if we carry out the procedure at this stage,
we can not obtain a convincing result for the phase transition
from the non-ferromagnetic phase (NFM) to the ferromagnetic
phase (FM). Therefore, we need to further calculate the higher-
order Green functions on the right-hand side of Eq. (4). To de-
couple Eq. (4), the random phase approximation is introduced:

∑
j

ti j(c
†
iσ̄ c jσ̄ − c†

jσ̄ ciσ̄ ) = 0. (7)

n̂iσ will be substituted by its expectation value 〈nσ 〉.
The closed equation group is derived as follows:

ωGσ
i j(ω) = δi j +∑

k
tikGσ

k j(ω)+UΓ
σ

i j (ω), (8)

ωΓ
σ

i j (ω) = 〈nσ 〉δi j + 〈nσ̄ 〉∑
k

tikGσ
k j(ω)+UΓ

σ
i j (ω), (9)

where Γ σ
i j (ω) = 〈〈niσ̄ ciσ ;c†

jσ 〉〉ω .
We are able to solve the above equations and obtain

ωGσ
i j(ω) =

1+U〈nσ̄ 〉
ω−U

[
δi j +∑

k
tikGσ

k j(ω)

]
. (10)

The above equation can be transformed to its momentum rep-
resentation by the following Fourier transformation:

Gσ
i j(ω) =

1
N ∑

k
e i k̄(̇R̄i−R̄ j)Gσ

k (ω). (11)

So we have

ωGσ
k (ω) =

1+U〈nσ̄ 〉
ω−U

[1+ ε(k)Gσ
k (ω)]. (12)

Here ε(k) is the dispersion with expression −2t cosk −
2t1 cos(2k) in our model. The final explicit expression of
Gσ

k (ω) is derived as

Gσ
k (ω) =

ω−U(1−〈nσ̄ 〉)
(ω− ε(k))(ω−U)−〈nσ〉Uε(k)

. (13)

Consequently, under the RPA approximation, the energy
state density ρσ can be written as

ρσ (ω) =
i

2π
∑
k
[Gσ

k (ω + iη)−Gσ
k (ω− iη)], (14)

where η = 0+.
To determine 〈nσ 〉 and chemical potential µ , we use the

following self-consistent equation:

〈nσ 〉=
1
N

∫
µ

∞

ρσ (ω)dω, (15)

under the constraint

〈n〉= 〈n↑〉+ 〈n↓〉=
3
2
. (16)

By solving the above equations self-consistently, we obtain
NFM when 〈n↑〉= 〈n↓〉 and FM when δ = (〈n↑〉−〈n↓〉) 6= 0.

To decide which phase is more stable, the ground energy
of the system is calculated as

E = ∑
σ

∫
µ

−∞

ωρσ (ω)dω. (17)

117101-2



Chin. Phys. B Vol. 23, No. 11 (2014) 117101

3. Results and discussion
To begin with, we study first an idealized model for a

finite one-dimensional cluster with N = 12 identical atoms
(molecules) and density of electrons n = 3/2. With the exact-
diagonalization method, we investigate the stability of vari-
ous ordered phases in the ground state of the model. As dis-
cussed above, our main concern is whether the ferromagnetism
survives when considering the next-nearest-neighbor electron
hopping t1. We expect to observe a fully polarized ground
state at a finite t1 with large on-site Coulomb interaction U .
The total spin and the two-site von Neumann entropy (the lo-
cal entanglement as we will call it hereafter) of the ground
state will be calculated to study the quantum phase transition.
The local entanglement is defined as[15]

Entanglement =−trρi,i+1 lnρi,i+1, (18)

where i and i + 1 denote two nearest-neighbor sites in our
model, and ρi,i+1 is the reduced density matrix of this two-
site subsystem, which be read out from the ground state wave
function.

We study the phases of the model at temperature T = 0
with Coulomb interaction U = 10. From Fig. 1, we find three
phase transition points at t1 = 0.56, 0.78, and 0.84. The
fully polarized ferromagnetic phase is stable in the region
0.56 < t1 < 0.78 and a partially polarized phase survives in
the region 0.78 < t1 < 0.84. To understand this phenomenon,
let us first consider a half-filled band. The electrons tend to
localize at each site and the antiferromagnetic interaction be-
tween the adjacent electrons arises under the condition that
U is sufficiently large and only the nearest-neighbor hopping
term is allowed. When an extra electron with spin up (down) is
introduced into the system, it will cause an effective ferromag-
netic interaction when the electron jumps between sites i and
i+ 1; the spins of the localized electrons at the two sites will
be forced to point down (up) due to Pauli’s exclusion prin-
ciple. However, the ferromagnetic long-range order will not
survive in this one-dimensional system insured by the Lieb–
Mattis theorem. When the next-nearest-neighbor hopping t1
exists and has an appropriate value, the antiferromagnetic su-
perexchange interaction caused by the nearest electron virtual
hopping process is depressed, and the system will favor ferro-
magnetism. Under the condition that the density of overdoped
electrons has a suitable value (0.5 for our model), a long range
order of ferromagnetism emerges. Therefore, the speculations
proposed before, which stimulate us to carry out the present
work, are supported. Furthermore, the local entanglement is
calculated. Interestingly, we obtain one more phase transition
point at t1 = 0.15 in Fig. 2. This point reflects a level crossing
between the lowest energy level and the first excited energy
level.

Next we study the role played by the Coulomb interac-
tion. The phase transition of the model with Coulomb inter-
action U is calculated at t1 = 0.6. Our results are shown in
Figs. 3 and 4. Both the total spin and the two-site entropy
of the ground state reflect the phase identically. The large U
always stabilizes ferromagnetism when t1 has an appropriate
value.
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Fig. 1. The total spin versus t1 with t = 1 and U = 10.
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Fig. 2. Entanglement versus t1 with t = 1 and U = 10.
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Fig. 3. The total spin versus U with t = 1 and t1 = 0.6.
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Fig. 4. Entanglement versus U with t = 1 and t1 = 0.6.

Last, we investigate the stability of ferromagnetism in
the thermodynamic limit. We investigate the stability of the
two phases FM and NFM in the ground state of the model at
n = 3/2. As discussed above, our main concern is whether the
ferromagnetism survives when t1 is introduced. We expect to
observe a nonzero δ at large U when the next-nearest-neighbor
hopping amplitude is at an intermediate value if our proposal
is correct. The ground energies of FM and NFM are calculated
self-consistently by using the equation-of-motion method with
the random phase approximation. The results are shown in
Fig. 5. Pleasingly, we find that FM survives at a moderate re-
gion of t1 when U is sufficiently large. Noticeably, the phase
transition point of t1 decreases for fixed Coulomb interactions
U , which probably originates from the size effect.
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Fig. 5. (a) Relative energy ENFM−EFM versus U and t1 with t = 1. (b) The corresponding contour plot.

4. Summary

We establish a new model for realizing ferromagnetism

by introducing the next-nearest-neighbor hopping in the one-

dimensional Hubbard model at n = 3/2. The small cluster is

explored by the exact-diagonalization method in detail, and

the thermodynamic limit is studied by using the equation-of-

motion method with RPA. Ferromagnetism is found to sur-

vive in an intermediate region of t1 when U is sufficiently

large. The critical value of the next-nearest-neighbor hopping

t1 decreases in the thermodynamic limit compared to the small

cluster.
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[7] Farkašovsk̀y P 2002 Phys. Rev. B 66 012404
[8] Pieri P 1996 Mod. Phys. Lett. B 10 1277
[9] Salerno M 1996 Z. Phys. B 99 469

[10] Salerno M 1996 Z. Phys. B 101 619
[11] Liu G H, Wang H L and Tian G S 2011 Int. J. Mod. Phys. B 25 747
[12] Anderson P W 1959 Phys. Rev. 115 2
[13] Lacroix C 1981 J. Phys. F: Met. Phys. 11 2389
[14] Kang K and Min B I 1995 Phys. Rev. B 52 10689
[15] Nielsen M A and Chuang I 2000 Quantum Computation and Quantum

Information (Cambridge: Cambridge University Press)

117101-4

http://dx.doi.org/10.1103/PhysRev.147.392
http://dx.doi.org/10.1088/0305-4470/23/11/046
http://dx.doi.org/10.1103/PhysRevB.44.4444
http://dx.doi.org/10.1007/s100510050186
http://dx.doi.org/10.1103/PhysRevLett.62.1201
http://dx.doi.org/10.1007/BF00752307
http://dx.doi.org/10.1103/PhysRevB.66.012404
http://dx.doi.org/10.1142/S0217984996001449
http://dx.doi.org/10.1007/s002570050064
http://dx.doi.org/10.1007/s002570050254
http://dx.doi.org/10.1142/S0217979211058225
http://dx.doi.org/10.1103/PhysRev.115.2
http://dx.doi.org/10.1088/0305-4608/11/11/020
http://dx.doi.org/10.1103/PhysRevB.52.10689

	1. Introduction
	2. Model and method
	3. Results and discussion
	4. Summary
	References

