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Anti-plane problem analysis for icosahedral quasicrystals
under shear loadings∗
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The present paper is concerned with the longitudinal shear elasticity of three-dimensional icosahedral quasicrystals.
By virtue of the Dugdale hypothesis along with the method of complex potential theory, it involves two defect problems
of the icosahedral quasicrystals. The first one is the calculation of stress intensity factors and the size of the cohesive
force zone in a half-infinite crack. Meanwhile, the crack tip tearing displacements can be exactly derived. The other is
the demonstration of the generalized stress intensity factors induced by a sharp V-notch as an extension of a crack. The
generalized E-integral around the notch tip gives the energy release rate when the V-notch degenerates into a crack. Apart
from their own usefulness in carrying out some simplified crack analyses, the results obtained in this work can particularly
serve as a basis for fracture mechanics of anti-plane defect problems of icosahedral quasicrystals.
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1. Introduction
Quasicrystals are a form of solids different from both

crystals and glassy solids, which possess quasi-periodic long-
range translational symmetry and non-crystallographic rota-
tional symmetry. They were discovered in 1984 by Shecht-
man, who was awarded the Nobel prize in chemistry in
2011.[1] In 2011, some scholars found 12-fold and 18-fold
diffraction symmetric quasicrystals in colloids, which aroused
great interest.[2] The discovery of this novel matter with long-
range order and non-crystallographic symmetry changes the
traditional concept of classifying solids into two classes, crys-
tal and non-crystal. It has a strong impact on traditional crys-
tallography, and brings new physical ideas into structure and
symmetry of matter. The unusual structure of quasicrystals
leads to a series of properties, which has attracted a great
deal of attention from researchers in a range of fields, such
as physics, mechanics, chemistry, etc. The phenomenologi-
cal theory of Landau and Lifshitz on the elementary excitation
of condensed matter was essentially taken as the physical ba-
sis of elasticity of quasicrystals, and two types of excitation,
phonons and phasons, were considered for quasi-periodicity
of materials.[3–7] The phonon field is similar to that in crys-
tals, and its gradient describes changes of a cell in volume and
shape. The gradient of the phason field characterizes the local
rearrangement of atoms in a cell. From general phenomeno-
logical analysis, the classical linear elasticity theory of con-
ventional periodic crystals has been extended to a generalized
linear elasticity theory of quasicrystals.[8] It is noted that in
quasicrystals the number of independent material constants in-

volved in the linear constitutive equations can be derived by
using the group representation theory, and is greatly increased
as compared with that of periodic crystals.[9]

Several researchers in continuum physics attempted to es-
tablish a mathematical modeling of the elasticity of quasicrys-
tals under mechanical effects soon after their discovery (e.g.
Bak,[10] Levine et al.,[11] Lubensky et al.,[12] Socolar et al.,[13]

Chatzopoulos and Trebin[14]). Also, Yang et al.[15] presented
the linear elasticity theory of three-dimensional cubic qua-
sicrystals. A generalized theory applicable to the elasticity of
all quasicrystals was established by Ding et al.[8] on the ba-
sis of the laws of motion in continuum physics. In addition,
Wang and his co-workers have studied quasicrystals by exper-
imental observation and pointed out that long-period structure
in magnesium alloys as well as precipitation of the quasicrys-
talline phase is a very important area of this research.[16–18] Li
et al.,[19] Gao,[20] Wang et al.,[21] Gong et al.,[22] and Li[23]

have used cracked quasicrystals with a variety of methods. Li
et al.[24] have also studied the physical property tensors of one-
dimensional quasicrystals. Various static and dynamic prob-
lems were solved for the elasticity of one-, two-, and three-
dimensional quasicrystals by Fan et al.[25,26] In addition, a re-
cent comprehensive book by Fan for the development of qua-
sicrystals, including material properties, theories of elasticity,
and some applications, has been published.[26] However, for
the elastic problem of icosahedral and cubic quasicrystals, the
analytical and numerical results are not fruitful.

In linear elasticity, the stresses at the tip of a crack in a
body are singular and the stresses in the neighborhood of the
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crack tip may exceed the yield stress of the material constitut-
ing the body, whereas inelastic deformations are not permis-
sible anywhere. To avoid this paradox, Dugdale[27] suggested
a crack model which allows the occurrence of yielding and
gives an estimate for the spread of plasticity in terms of ex-
ternal applied loading. Since then, Dugdale’s model has been
widely applied and developed to deal with a variety of crack or
crack-like problems (see, e.g., Refs. [28]–[32]). By applying
the Bilby–Cottrell–Swinden–Schmith (BCS) model, Fan et al.
first probed the study of the plasticity of quasicrystals.[25] Us-
ing the complex function method and dislocation theory, they
obtained the solutions for the plasticity of quasicrystals.[33,34]

On the basis of the method proposed by Fan et al., the work
reported in this paper is on a half-infinite crack in a three-
dimensional icosahedral or cubic quasicrystal under longitudi-
nal shear, aiming to analytically determine the stress intensity
factors and the extent of the plastic zone size on the basis of
Dugdale’s crack model and to explicitly calculate the corre-
sponding crack tip tearing displacement in some cases. More
precisely, two cases are investigated. First, a pair of longitudi-
nal shear loadings is exerted on the upper and lower surfaces
of a half-infinite crack in an infinite strip. Second, the qua-
sicrystal strip is of finite height. In this section, the conformal
mapping adopted originates from Ref. [26], and was first em-
ployed by Fan et al. for the study of quasicrystals. Last, we
present an asymptotic solution of a sharp V-notch in longitudi-
nal shear problem for three-dimensional icosahedral or cubic
quasicrystals. Similar to Irwin’s and Fan’s theory, we make
an effort to obtain the stress intensity factors and generalized
E-integral. Under some loading conditions, an analytical ap-
proach has been used to establish the corresponding equations
for the longitudinal shear problem, and the relationship of the
stress field and the stress intensity factors near V-notch tip is
also established. The generalized E-integral around the V-
notch tip in the longitudinal shear problem gives the energy
release rate in the case where the V-notch degenerates into a
crack.

2. Basic equations and complex potential theory
In this section, some preliminary results given by Fan us-

ing the complex potential theory will be recalled for a crack in
a quasicrystalline medium.[26]

A three-dimensional quasicrystal refers to a three-
dimensional solid structure with quasi-periodic arrangement
in all three directions, where phonon and phason fields exist
simultaneously. According to the cut- and -projection method,
quasicrystals are understood as a three-dimensional projec-
tion of a higher-dimensional periodic space, with a huge num-
ber of field variables and field equations involving elastic-
ity. In addition to the ordinary phonon field, there is another
so-called phason field describing the rearrangements of local

atomic configurations. The displacement vectors are denoted
as 𝑢 = (u1,u2,u3) for the phonon field and 𝑤 = (w1,w2,w3)

for the phason field, which are both dependent on the spatial
point 𝑥= (x1,x2,x3) in the real space. According to the above
description and Refs. [8] and [9], the equations of deformation
geometry can be expressed as

εi j = 1
2 (∂ jui +∂iu j) , wi j = ∂ jwi, (1)

where an abbreviated notation ∂ j f = ∂ f/∂x j is used, with f
being a function in x j, and εi j and wi j denote the phonon and
phason strains, respectively.

In the case of small deformation of quasicrystals, the
phonon and phason stresses, i.e. σi j and Hi j, obey a gener-
alized Hooke’s law. That is, they are linearly dependent upon
both the phonon strains and phason strains; namely, they can
be given through the following generalized Hooke’s law:

σi j =Ci jklεkl +Ri jklwkl , Hi j = Rkli jεkl +Ki jklwkl , (2)

where Ci jkl and Ki jkl represent the elastic constant tensors
for phonons and phasons, respectively, and Ri jkl the phonon–
phason coupling elastic constant tensor. Due to the presence
of Ki jkl and Ri jkl , the number of elastic constants appearing in
the above constitutive equation (2) is much greater than that
for conventional crystals. This leads to a mathematical com-
plexity in solving associated boundary value problems or ini-
tial boundary value problems.

Due to the huge number of variables and field equations,
the solution is highly complicated. One way to solve the
elasticity problem is to reduce the number of field variables
and equations mentioned above. For this purpose we can uti-
lize the eliminating element method in classical mathemati-
cal physics. We can find that the equations can be simplified
for some physically meaningful cases. One of them is the so-
called anti-plane case where the non-zero displacements are
only uz and wz in the Cartesian coordinate system, and the
other components vanish. In particular, these two displace-
ments and relevant strains and stresses are independent of the
direction x3 (or z). For example, there is a crack along the di-
rection x3 or a straight dislocation line along the direction, etc;
in addition, the applied field is independent of x3, so we have
∂/∂x3(= ∂/∂ z) = 0. The corresponding strains are only

εyz = εzy =
1
2

∂uz

∂y
, εxz = εzx =

1
2

∂uz

∂x
,

wzy =
∂wz

∂y
, wzx =

∂wz

∂x
. (3)

In this anti-plane case, first we consider icosahedral qua-
sicrystals, which have the constitutive relations[26]

σzx = σxz = 2µεzx +Rwzx,

σzy = σyz = 2µεzy +Rwzy,

Hzx = (K1−K2)wzx +2Rεzx,

Hzy = (K1−K2)wzy +2Rεzy,

(4)
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where we only determine four stress components here, and
others can also be determined by the same method below.

In the absence of any body forces, the equilibrium equa-
tions are

∂σzx

∂x
+

∂σzy

∂y
= 0,

∂Hzx

∂x
+

∂Hzy

∂y
= 0. (5)

Substituting Eq. (3) into Eq. (4), then into the equilibrium
equation (5), yields the final governing equations[26]

∇2uz = 0, ∇2wz = 0, (6)

where ∇2 = ∂ 2/∂x2 + ∂ 2/∂y2. Equation (6) indicates that
the terminal governing equations of the anti-plane elasticity
problem for coupled phonon–phason fields are two harmonic
equations. To find solutions of the anti-plane shear problem,
the complex variable method can be used. In the Cartesian
coordinate system, we define the complex variable as

t = x+ iy(= x1 + ix2). (7)

According to the theory of complex variable functions, uz and
wz can be represented as the real part or imaginary part of two
analytic functions. We assume that

uz = Im(ϕ(t)) , wz = Im(φ(t)) , (8)

where the symbol “Im” indicates the imaginary part of a com-
plex number. It is well known that if a function F(t) is analytic
then

∂F(t)
∂x

=
∂F(t)

∂ t
,

∂F(t)
∂y

= i
∂F(t)

∂ t
. (9)

In addition, the Cauchy–Riemann relations of an analytic
function are

∂ (ReF(t))
∂x

=
∂ (ImF(t))

∂y
,

∂ (ReF(t))
∂y

=−∂ (ImF(t))
∂x

. (10)

With the aid of relations (8) and (9), equations (5) and (6)
lead to

σzx = σxz = µ
∂

∂x
[Imϕ(t)]+R

∂

∂x
[Imφ(t)],

σzy = σyz = µ
∂

∂y
[Imϕ(t)]+R

∂

∂y
[Imφ(t)],

Hzx = (K1−K2)
∂

∂x
[Imφ(t)]+R

∂

∂x
[Imϕ(t)],

Hzy = (K1−K2)
∂

∂y
[Imφ(t)]+R

∂

∂y
[Imϕ(t)].

(11)

In terms of the Cauchy–Riemann relations (10), equation (11)
can be written as{

σzy + iσzx = µφ ′(t)+Rϕ ′(t),

Hzy + iHzx = Rϕ ′(t)+(K1−K2)φ
′(t),

(12)

where φ ′(t) = dφ/dt, and ϕ ′(t) = dϕ/dt. According to
Eq. (12), we have

σzy =
1
2

[
µ(φ ′(t)+φ ′(t))+R(ϕ ′(t)+ϕ ′(t))

]
,

Hzy =
1
2

[
R(ϕ ′(t)+ϕ ′(t))+(K1−K2)(φ

′(t)+φ ′(t))
]
.

(13)

3. Statement of the Dugdale problem for anti-
plane shear and solutions
Figure 1 shows a schematic of a mode III crack contain-

ing a cohesive zone ahead of the crack tip. The cohesive zone
is defined as a transition region in which the surface traction
smoothly changes from zero at the crack tip to a certain mag-
nitude at the cohesive zone tip, where the displacement dis-
continuity across the zone disappears. The cohesive zone is a
mathematical extension of the crack and can be viewed phys-
ically as the fracture process zone. A three-dimensional qua-
sicrystal strip has a half-infinite crack embedded at the mid-
plane with the crack tip corresponding to the coordinate origin.
Two coincident lines, namely y = 0+ and y = 0−, are used
to represent the surfaces of the crack, respectively. The por-
tions y = 0±, −a < x < 0 of the crack surfaces are assumed to
be under the action of uniform longitudinal shearing loadings
σzy = −τ0, Hzy = 0, where a is used to simulate a finite size
crack length. Then the cohesive forces are incorporated into
the material. Near the crack tip there is a so-called cohesive
force zone with a length of R whose value is unknown tem-
porarily. This zone is subjected to shear traction τY (phonon
field), in which τY represents the shear yield strength of the
material. In essence, the Dugdale model may be regarded as
a superposition of two linear elastic crack solutions: the stress
field resulting from the uniform longitudinal shear traction τ0

which tends to tear the crack; and the surface tractions over
the yield zones, which are equal in magnitude to the material’s
yield shear stress τY and act to prevent this tearing action such
that the stresses are bounded at the crack tip. Based on the
concept of the Dugdale model, the unknown strip yield zone
sizes are determined by the condition of vanishing shear stress
singularity at the crack tip, namely,

Kτ0 +KτY = 0, (14)

where Kτ0 is the stress intensity factor of the fictitious crack
tip under uniform shear stress τ0, and KτY represents the stress
intensity factor due to the shear yield strength σY , which is
determined by the experimental results.

Our problem based on the preceding description will be
explained by the solutions of two component problems con-
tributing towards the stress singularity at the tips of the cracks.
These two problems, termed problems I and II, are appropri-
ately derived as stated.
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Fig. 1. (color online) A schematic diagram of a mode III crack contain-
ing a cohesive zone ahead of the crack tip in a quasicrystal.

3.1. Problem I

The configuration of problem I is an infinite height
elastic–perfectly plastic body. We intend in this paragraph
to reduce these problems to a few Cauchy integral equations
following the works of Muskhelishvili and give its solution.
Mathematically, the boundary conditions of the problem may
be expressed as

(i) for
(
x2 + y2

)1/2→ ∞,

σzx = σzy = 0, Hzx = Hzy = 0; (15)

(ii) for y = 0, −∞ < x <−a,

σzy =−τ0, Hzy = 0; (16)

(iii) for y = 0, −a < x < 0,

σzy = τY − τ0, Hzy = 0. (17)

As mentioned above, problem I can be seen as a superpo-
sition of two sub-problems. We firstly solve the stress intensity
factor resulting from the uniform shear traction τ0 at the crack
surfaces. Substituting Eq. (13) into boundary condition (16),
we can obtain{

µ(φ ′(t)+φ ′(t))+R(ϕ ′(t)+ϕ ′(t)) = 2τ0 f ,

R(ϕ ′(t)+ϕ ′(t))+(K1−K2)(φ
′(t)+φ ′(t))=0,

(18)

where

f =

{
0, x <−1,
1, −1 < x < 0.

In the crack problems involving complicated geometries,
it is convenient to use conformal transformation where the
physical domain is mapped to a region in which the crack is
transformed to a unit circle. Here the constructed conformal
mapping corresponding to the transformation between the re-
gion in the physical plane and the interior of the unit circle γ

in the mapping plane reads[35]

t = ω(ζ ) = m
(

1+
2ζ

1−ζ

)2

, (19)

in which the crack tip t = 0 is mapped to ζ =−1.

Using the complex integral formula under this mapping
(19), equation (18) becomes µφ ′(ζ )+Rϕ ′(ζ ) = 2τ0

1
2π i

∫
γ

ω ′(σ)

σ −ζ
dσ = 2τ0F(ζ ),

(K1−K2)φ
′(ζ )+Rϕ ′(ζ ) = 0,

(20)

where φ(ζ ) and ϕ(ζ ) are single-valued analytic functions in
|ζ |< 1.

After some calculation in Eq. (20), we can obtain

φ
′(ζ ) =

2i[(K1−K2)τ0]

µ(K1−K2)−R2 F(ζ ). (21)

The stress intensity factor of longitudinal shear in the phonon
field can be written as[36]

Kphon
III = lim

ζ→−1
τ0
√

2π
F(ζ )√
ω ′′(ζ )

. (22)

The function F(−1) can be easily obtained. Substituting it and
Eq. (19) into Eq. (22) yields

Kphon
III = τ0

2
√

2aπ

π
. (23)

Similarly, the stress intensity factor due to the shear yield
strength τY is given by

Kphon
III =−τY

2
√

2Rπ

π
. (24)

The requirement given by Eq. (14) leads to

R = a
(

τ0

τY

)2

. (25)

Based on the method and principle of Muskhelishvili, the
conformal mapping must be coincident in the calculation of
the crack tip tearing displacement. Hence, the crack tip tear-
ing displacement cannot be obtained. However, we can derive
its exact solution by implementing the limit for the solution of
the next section.

3.2. Problem II

The difference between this problem and problem I is that
the body reduces to a finite height plastic strip. Almost all of
the formulas are similar to those of the foregoing section. In
the light of the treatment in Refs. [26] and [32], the conformal
mapping should be modified as

t = ω(ζ ) =
H
π

ln

[
1+
(

1+ζ

1−ζ

)2
]
, (26)

in which the crack tip t = 0 is mapped to ζ =−1, and the two
points (−a,0±) on the upper and lower lips of the crack are
mapped to

σ−a =
−e−πa/H +2i

√
1− e−πa/H

2− e−πa/H ,

σ−a =
−e−πa/H −2i

√
1− e−πa/H

2− e−πa/H ,

(27)
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where σ = e iθ = ζ ||ζ |=1 represents the values of the unit cir-
cle γ in the ζ plane.

In order to determinate the size of cohesive force zone,
we need to seek the stress intensity factor. In terms of the def-
inition, we simply give the results

Kphon
III = g

√
2H
π

ln
1+
√

1− e−πa/H

1−
√

1− e−πa/H
, (28)

where g = τ0 for uniform shear stress and g = −τY for yield
strength.

The requirement given by Eq. (14) leads to

R =
π

8

(
Kphon

III
τY

)2

. (29)

Ignoring the details of the calculation, and only for small scale
yield, the crack tip tearing displacement is

δ
t
III =

(K1−K2)(K
phon
III )2

τY [µ(K1−K2)−R2]
. (30)

In the last part of this section, we conclude some new re-
sults for the cases of cubic quasicrystals and one-dimensional
hexagonal quasicrystals, and one can find that we only need to
make a little alteration. The formula and the solution process
still hold, and we can obtain the identical stress intensity factor
and cohesive force zone, but for cubic quasicrystals the crack
tip tearing displacement should be modified as

δ
t
III =

K44(K
phon
III )2

τY
[
C44K44−R2

44

] , (31)

where C44 and K44 represent the elastic constants for phonons
and phasons, respectively, and R44 represents the phonon–
phason coupling elastic constant. Substituting K44 and R44 in
Eq. (31) by K2 and R3, we have the crack tip tearing displace-
ment for one-dimensional hexagonal quasicrystals. The corre-
sponding phonon and phason elastic constants are C44 and K2,
and the phonon–phason coupling elastic constant is R3.

The relationship between problem I and problem II can
be implemented when we let H→∞ or a/H→ 0. We can find
that equations (28) and (29) turn into Eqs. (23) and (25), in
which

ln
1+
√

1− e−πa/H

1−
√

1− e−πa/H
→ 2
√

π

√
a
H

is used. Meanwhile, we can deduce the crack tip tearing dis-
placement for the case of problem I as follows:

δ
t
III =

8a(K1−K2)τ
2
0

πτY [µ(K1−K2)−R2]
. (32)

Although the phason field and phonon–phason coupling
have no effect on the stress intensity factor and the plastic zone
size, the crack tip tearing displacements are related to the pha-
son field and phonon–phason coupling. Thus, they cannot be
ignored in the deformation of quasicrystals.

4. Application of complex potential approach to
a sharp V-notch
Stress in the polar coordinate system can be transformed

into a fixed rectangular coordinate system such that{
σzθ + iσzr = [µφ ′(t)+Rϕ ′(t)]e iθ ,

Hzθ + iHzr = [Rϕ ′(t)+(K1−K2)φ
′(t)]e iθ .

(33)

Consider a sharp V-notch in longitudinal shear problem
for an icosahedral quasicrystal. Let us suppose now that both
corner faces with vertex angle 2β for β ∈ (0,180◦) are free
from traction and under anti-plane conditions imposed on the
body, corresponding to longitudinal shearing of the V-notch.
Boundary conditions in this case are

σzθ = 0, Hzθ = 0, θ =±β . (34)

y

x
θ

2π−2β

Fig. 2. A mode III sharp V-notch in an icosahedral quasicrystal.

We choose two functions as follows:[
φ

ϕ

]
(t) =

[
M

N

]
tλ . (35)

Substituting Eq. (35) into Eq. (33), we can obtain[
σzθ

Hzθ

]
+i
[

σzr
Hzr

]
=λ zλ−1 e iθ

[
µM+RN

RM+(K1−K2)N

]
. (36)

For arbitrary M and N, we take

A = µM+RN, B = RM+(K1−K2)N, (37)

where A and B are arbitrary. If we let z = r e iθ , the stresses
can be taken as a unified representation such that[

σzθ

Hzθ

]
+i

[
σzr

Hzr

]
=λ rλ−1 e iλθ

[
A

B

]
. (38)

If we take the separation of the real part and the imaginary part
from A and B, i.e. suppose A = A1+ iA2 and B = B1+ iB2, we
can obtain the displacement as

uz =
rλ

µ(K1−K2)−R2 [(A1(K1−K2)−B1R)sin(λθ)

116201-5



Chin. Phys. B Vol. 23, No. 11 (2014) 116201

+(A2(K1−K2)−B2R)cos(λθ)], (39)

wz =
rλ

R2−µ(K1−K2)
[(B1µ−A1R)sin(λθ)

+(B2µ−A2R)cos(λθ)]. (40)

Substituting Eq. (38) into the boundary conditions (34), we
can obtain the following linear matrix equations:[

0 −2sin(2λβ )

2sin(2λβ ) 0

](
C1

C2

)
= 0, (41)

where C1 = A1, C2 = A2, or C1 = B1, C2 = B2. Because A and
B are arbitrary, the coefficient determinant of the above matrix
form equations must be zero, that is,

sin(2λβ ) = 0. (42)

The fact that the displacement near the sharp V-notch tip is a
finite value leads to

λn =
nπ

2β
(n = 1,2, . . .). (43)

Substituting Eq. (43) into Eq. (38), the stress relationship can
be expressed as a linear combination such that σ

(n)
zθ

H(n)
zθ

+ i

[
σ
(n)
zr

H(n)
zr

]

=
nπ

2β
rnπ/2β−1 e inπθ/2β

{[
A(n)

1

B(n)
1

]
+i

[
A(n)

2

B(n)
2

]}
(n = 1,2, . . .), (44)

where [
A(n)

2

B(n)
2

]
= cot

(
nπ

2β
θ

)[
A(n)

1

B(n)
1

]
(n = 1,2, . . .).

Similar to Shi,[37] we introduce the stress intensity factors
near the V-notch tip as follows:[

Kphon
III

Kphas
III

]
=
√

2π lim
r→0

r1−π/2β

[
σ
(1)
zθ

H(1)
zθ

]
(θ = 0), (45)

where Kphon
III is the stress intensity factor for the phonon field

and Kphas
III that for the phason field. Substituting Eq. (45) into

Eq. (44), we can obtain the relationship of the stress field and
the stress intensity factors near the V-notch tip

[
σzθ

σzr

]
=

Kphon
III√
2π

rπ/2β−1

 cos
(

πθ

2β

)
sin
(

πθ

2β

)
 ,

[
Hzθ

Hzr

]
=

Kphas
III√
2π

rπ/2β−1

 cos
(

πθ

2β

)
sin
(

πθ

2β

)
 , (46)

where

A(1)
1 =

2β

π

Kphon
III√
2π

, A(1)
2 = 0, B(1)

1 =
2β

π

Kphas
III√
2π

, B(1)
2 = 0.

Substituting Eqs. (43) and (45) into Eqs. (39) and (40), we can
obtain the displacement

uz =

√
2β

π
√

π

rπ/2β

µ(K1−K2)−R2

×
[
((K1−K2)K

phon
III −RKphas

III )sin
(

πθ

2β

)]
, (47)

wz =

√
2β

π
√

π

rπ/2β

R2−µ(K1−K2)

×
[
(RKphon

III −µKphas
III )sin

(
πθ

2β

)]
, (48)

when β → π and R = 0. It is found that equations (46) and
(47) can reduce the solutions of the isotropic medium, which
can be seen in Ref. [35].

Similar to Fan,[26] we apply the generalized E-integral
(Eshelby integral) for the V-notch tip in quasicrystals as

E =
∫

β

−β

(Wδ j1−σ3 ju3,1−H3 jw3,1)n jrdθ , (49)

where the path of integration is a circle of the V-notch tip, W
is the strain energy density, and δ j1 is conventionally named
the Kronecker delta. The strain energy density can be written
as

W =
1
2

σ31u3,1 +
1
2

σ32u3,2 +
1
2

H31w3,1 +
1
2

H32w3,2. (50)

Substituting Eqs. (46)–(50), after proper calculation, one can
obtain

E =
β sinβ

2π(π−β )

rπ/β−1

µ(K1−K2)−R2

[
(K1−K2)(K

phon
III )2

−2RKphon
III Kphas

III +µ(Kphas
III )2]. (51)

The result shows that if r→ 0, then E → 0. This corresponds
to the result for an isotropic medium; if β → π , then the gener-
alized E-integral gives the energy release rate when the crack
begins to propagate in an icosahedral quasicrystal

E =
1
2

1
µ(K1−K2)−R2

[
(K1−K2)(K

phon
III )2

−2RKphon
III Kphas

III +µ(Kphas
III )2]. (52)

It is obvious that, when the phonon–phason elastic constant
R = 0, equation (52) reduces to the energy release rate form of
the classical elastic materials.[35] As pointed out in Section 3,
similarly, the results of cubic and one-dimensional hexagonal
quasicrystals can be obtained.
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5. Conclusion and discussion
This work employed the conformal mapping technique

developed in Ref. [26] for elasticity theory of quasicrystals and
provided some successful applications to the fracture theory of
quasicrystals. We studied two new problems by using the old
method. The stress intensity factors can be expressed in exact
analytic forms. Although there exists a phason field in qua-
sicrystals, the results for quasicrystalline materials are consis-
tent. The Dugdale–Barenblatt model is a simple and efficient
method to study elastic–plastic cracks. Problems I and II are
studied in this paper and our results show that phason field and
phonon–phason coupling have no effect on the stress intensity
factor or the plastic zone size. The cohesive force zone size
has first been obtained, which is useful for plastic deformation
of the elastic body. The crack tip tearing displacements can be
expressed in exact forms. They are related to the phason field
and phonon–phason coupling. Although the phason field and
phonon–phason coupling have no effect on the stress intensity
factor or the plastic zone size, the crack tip tearing displace-
ments are related to the phason field and phonon–phason cou-
pling. Therefore, they cannot be ignored in the deformation
of quasicrystals. In Section 4, a sharp V-notch in longitudinal
shear problem for an icosahedral quasicrystal is considered,
and the results are given by means of the complex potential
method. All results of Sections 3 and 4 can be reduced to the
corresponding results for the classical isotropic body when the
phason elastic constant R is equal to zero.

References
[1] Shechtman D, Blech I, Gratias D and Cahn J W 1984 Phys. Rev. Lett.

53 1951
[2] Steffen F, Alexander E, Kathrin Z, Jan P, Sofia D, Walter S, Peter L and

Stephan F 2011 Proc. Natl. Acad. Sci. 108 1810
[3] Fan T Y and Mai Y W 2004 Appl. Mech. Rev. 57 325
[4] Edagawa K 2007 Phil. Mag. 87 2789

[5] Caillard D, Vanderschaeve G and Bresson L 2000 Phil. Mag. A 80 237
[6] Trebin H R 1987 Phys. Rev. Lett. 58 1204
[7] Feuerbacher M, Bartsch M and Messerchmidt U 1997 Phil. Mag. Lett.

76 369
[8] Ding D H, Yang W G and Hu C Z 1993 Phys. Rev. B 48 7003
[9] Hu C Z, Wang R H and Ding D H 2000 Rep. Prog. Phys. 63 1

[10] Bak P 1985 Phys. Rev. B 32 5764
[11] Levine D, Lubensky T C, Ostlund S, Ramaswamy S, Steinhardt P J and

Toner J 1985 Phys. Rev. Lett. 54 1520
[12] Lubensky T C, Ramaswamy S and Toner J 1985 Phys. Rev. B 32 7444
[13] Socolar J E S, Lubensky T C and Steinhardt P J 1986 Phys. Rev. B 34

3345
[14] Chatzopoulos A and Trebin H R 2010 Phys. Rev. B 81 064205
[15] Yang W G, Wang R H, Ding D H and Hu C Z 1993 Phys. Rev. B 48

6999
[16] Wang J B, Gastaldi J and Wang R H 2001 Chin. Phys. Lett. 18 88
[17] Wang J B, Mancini L, Wang R H and Gastaldi J 2003 J. Phys.: Con-

dens. Matter 15 L363
[18] Wang J B, Yang W G and Wang R H 2003 J. Phys.: Condens. Matter

15 1599
[19] Li X F and Fan T Y 1999 Phil. Mag. A 79 1943
[20] Gao Y 2009 Phys. Lett. A 373 885
[21] Wang X F, Fan T Y and Zhu A Y 2009 Chin. Phys. B 18 709
[22] Gong P, Hu C Z, Zhou X, Wang A J and Miao L 2006 Chin. Phys. 15

2065
[23] Li L H 2010 Chin. Phys. B 19 046101
[24] Li C L and Liu Y Y 2004 Chin. Phys. 13 924
[25] Fan T Y and Fan L 2011 Chin. Phys. B 20 036102
[26] Fan T Y 2010 Mathematical Theory of Elasticity of Quasicrystals and

Its Applications (Heideberg: Springer-Verlag) p. 128
[27] Dugdale D S 1960 J. Mech. Phys. Solids 8 100
[28] Li X Y, Chen W Q, Wang H Y and Wang G D 2012 Eng. Fract. Mech.

88 1
[29] Li X Y, Gu S T, He Q C and Chen W Q 2013 Math. Mech. Solids 18

246
[30] Ferdjani H 2009 Euro. J. Mech. A 28 347
[31] Li W and Xie L Y 2013 Chin. Phys. B 22 036201
[32] Xie L Y and Fan T Y 2011 J. Math. Phys. 52 053512
[33] Fan T Y and Fan L 2008 Phil. Mag. 88 523
[34] Fan T Y, Trebin H R, Messerchmidt U and Mai Y W 2004 J. Phys.:

Condens. Matter 16 5229
[35] Fan T Y 2003 Foundation of Fracture Theory (Beijing: Science Press)

pp. 79–80 (in Chinese)
[36] Fan T Y 1999 Mathematical Theory of Elasticity of Quasicrystals and

Applications (Beijing: Beijing Institute of Technology Press) (in Chi-
nese)

[37] Shi W C 2011 Int. J. Solids Structures 48 567

116201-7

http://dx.doi.org/10.1103/PhysRevLett.53.1951
http://dx.doi.org/10.1103/PhysRevLett.53.1951
http://dx.doi.org/10.1073/pnas.1008695108
http://dx.doi.org/10.1115/1.1763591
http://dx.doi.org/10.1080/14786430701264178
http://dx.doi.org/10.1080/01418610008212051
http://dx.doi.org/10.1103/PhysRevLett.58.1204
http://dx.doi.org/10.1080/095008397178788
http://dx.doi.org/10.1080/095008397178788
http://dx.doi.org/10.1103/PhysRevB.48.7003
http://dx.doi.org/10.1088/0034-4885/63/1/201
http://dx.doi.org/10.1103/PhysRevB.32.5764
http://dx.doi.org/10.1103/PhysRevLett.54.1520
http://dx.doi.org/10.1103/PhysRevB.32.7444
http://dx.doi.org/10.1103/PhysRevB.34.3345
http://dx.doi.org/10.1103/PhysRevB.34.3345
http://dx.doi.org/10.1103/PhysRevB.81.064205
http://dx.doi.org/10.1103/PhysRevB.48.6999
http://dx.doi.org/10.1103/PhysRevB.48.6999
http://dx.doi.org/10.1088/0256-307X/18/1/331
http://dx.doi.org/10.1088/0953-8984/15/24/102
http://dx.doi.org/10.1088/0953-8984/15/24/102
http://dx.doi.org/10.1088/0953-8984/15/10/309
http://dx.doi.org/10.1088/0953-8984/15/10/309
http://dx.doi.org/10.1080/01418619908210401
http://dx.doi.org/10.1016/j.physleta.2009.01.002
http://dx.doi.org/10.1088/1674-1056/18/2/050
http://dx.doi.org/10.1088/1009-1963/15/9/029
http://dx.doi.org/10.1088/1009-1963/15/9/029
http://dx.doi.org/10.1088/1674-1056/19/4/046101
http://dx.doi.org/10.1088/1009-1963/13/6/024
http://dx.doi.org/10.1088/1674-1056/20/3/036102
http://dx.doi.org/10.1016/0022-5096(60)90013-2
http://dx.doi.org/10.1016/j.engfracmech.2012.03.006
http://dx.doi.org/10.1016/j.engfracmech.2012.03.006
http://dx.doi.org/10.1177/1081286512437395
http://dx.doi.org/10.1177/1081286512437395
http://dx.doi.org/10.1016/j.euromechsol.2008.07.001
http://dx.doi.org/10.1088/1674-1056/22/3/036201
http://dx.doi.org/10.1063/1.3589242
http://dx.doi.org/10.1080/14786430801894536
http://dx.doi.org/10.1088/0953-8984/16/29/014
http://dx.doi.org/10.1088/0953-8984/16/29/014
http://dx.doi.org/10.1016/j.ijsolstr.2010.10.019

	1. Introduction
	2. Basic equations and complex potential theory
	3. Statement of the Dugdale problem for anti-plane shear and solutions
	3.1. Problem I
	3.2. Problem II

	4. Application of complex potential approach to a sharp V-notch
	5. Conclusion and discussion
	References

