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A new model for film bulk acoustic wave resonators∗
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Based on cavity resonance and sandwich composite plate theory, this paper presents a universal three-dimensional
(3D) theoretical model for frequency dispersion characterization and displacement profile shapes of the film bulk acoustic
resonator (FBARs). This model provides results of FBAR excited thickness-extensional and flexure modes, and the result
of frequency dispersion is proposed in which the thicknesses and impedance of the electrodes and the piezoelectric material
are taken into consideration; its further simplification shows good agreement with the modified Butterworth–Van-Dyke
(MBVD) model. The displacement profile reflects the vibration stress distribution of electrode shapes and the lateral
resonance effect, which depends on the axis ratio of the electrode shapes a/b. The results are consistent with the 3D finite
element method modeling and laser interferometry measurement in general.
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1. Introduction
Film bulk acoustic wave resonators (FBARs) are elec-

tromechanical resonators based on electroacoustic resonance,
with high performance and compatibility in the low and
medium GHz frequency range, and the extremely high-Q fac-
tor makes them stable frequency-control devices.[1–5] Most
piezoelectric FBARs are of the thickness mode type, and a
typical FBAR structure consists of a resonant acoustic cavity
formed by a piezoelectric film sandwiched between two elec-
trode films, as shown in Fig. 1.
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Fig. 1. The typical configurations of FBARs.

Characterization and accurate modelling of FBAR com-
prise, in general, the equivalent circuit approach[6] and the fi-
nite element method (FEM). The traditional piezoelectric the-
ory using the equivalent circuit approach is applied to calcu-
late the main resonant frequency of a one-dimensional (1D)

resonator. For instance, the modified Butterworth–Van-Dyke
(MBVD) model[7] allows one to obtain a more realistic rep-
resentation of FBARs and acoustic resonators, thus it is the
most accepted model for parameter extraction purposes. The
transfer matrix method,[8] also based on the equivalent circuit
approach, for which the impedance resonant spectrum of the
FBAR needs to be obtained, can analyze multilayer composite
resonators. However, these equivalent circuit approaches are
not adequate to detect the existence of acoustic modes with
a lateral vibration and meanwhile are performed through suc-
cessive measurement. The FEM method can be employed in
two-dimensional (2D) and three-dimensional (3D) modeling.
The 2D models are adequate for configurations with narrow
and long electrodes of infinitesimal thickness and mass, and
the effects of the inertia and stiffness of metal electrodes on
piezoelectric film need to be considered in high-frequency res-
onators. To calculate spurious responses observed in FBAR
structures, full 3D FEM simulation that can accurately model
the coupling and spurious modes is required.[9] The simulated
displacement profiles can be validated by measurements of
laser interferometry.[10]

2. Basic equations of new model and its solution
In this paper, we study the vibrations of the FBAR

through a translational equation, and the mechanics analysis
was performed using the exact equations of piezoelectricity.
Our analysis is valid for 6-mm crystals (for example, ZnO,
AlN). The c-axis is perpendicular to the plate surface, the
piezoelectric film c-axis and the direction of the electric field
is along the z axis. Based on the resonant cavity theory, we
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obtained the exact longitudinal frequency formula taking ac-
count of the electrode effect, analyzed the lateral vibration us-
ing the Prysakov sandwich theory[11], which supposes that the
face sheet is a thin plate, taking into account the transverse de-
formation of the core. In this paper, the core was replaced by
the piezoelectric material, and the force from the piezoelectric
effect was introduced into the sandwich theory.

The FBAR typical structure is shown in Fig. 1. The piezo-
electric film is of thickness h and mass density ρ0 with the
c-axis normal to its surface. The electrodes are with thick-
nesses h1 and h2, and mass densities ρ1 and ρ2 respectively. In
rectangular Cartesian coordinates, considered a FBAR vibrat-
ing material particle of elementary cubes, inertial and elastic
restoring forces (or stresses) in the FBAR vibrating system are
thus related through the translational equation of motion

∇ ·𝑇 = Tx · x̂+Ty · ŷ+Tz · ẑ = ρm
∂ 2U
∂ t2 , (1)

where

Tx =
∂Txx

∂x
+

∂Txy

∂y
+

∂Txz

∂ z
,

Ty =
∂Tyx

∂x
+

∂Tyy

∂y
+

∂Tyz

∂ z
,

Tz =
∂Tzx

∂x
+

∂Tzy

∂y
+

∂Tzz

∂ z
,

ρm (m = 0,1,2) are the densities of piezoelectric material, top
and bottom electrodes, respectively, and the body-force has
been ignored. The piezoelectric crystal film c-axis and the
electric field direction is along the z axis, and Txx = Tyy = 0.
Thickness extensional (TE) mode is essentially employed in
FBAR, while the thickness-shear mode is left out of the ac-
count, and therefore, Txy = Tyx = 0. According to Kirch-
hoff’s assumptions, the sandwich core is relatively soft, so
the sandwich stress parallel to the xy plane can be ignored,
thus ∂Txz/∂ z = 0, ∂Tyz/∂ z = 0, and therefore, Txz and Tyz

are just functions of x and y. Approximating the displace-
ment 𝑈 as 𝑈(x,y,z, t) = u(z, t) +w(x,y, t), where u(z, t) is
the longitudinal displacement along the z axis and w(x,y, t) is
transverse deflection, respectively arising from ∂Tzz/∂ z and
∂Tzx/∂x+∂Tzy/∂y, equation (1) can be expressed as

∂Tzz

∂ z
= ρm

∂ 2u(z, t)
∂ t2 , (2a)

∂Tzx

∂x
+

∂Tzy

∂y
= ρm

∂ 2w(x,y, t)
∂ t2 , (2b)

which represents a longitudinal wave propagating in the z di-
rection with displacement normal to the xy plane. Consider a
coordinate system with the z axis in the direction of longitudi-
nal wave propagation, then Tzz in Fig. 1 of the top and bottom

electrodes and the piezoelectric film region can be expressed
as

c1
∂u(z, t)

∂ z
, c2

∂u(z, t)
∂ z

, cE
33

∂u(z, t)
∂ z

− eEz,

respectively, where c1, c2, and cE
33 denote the elastic constants.

In addition, let u(z, t) = u(z)exp(jωt), we obtain

∂ 2u(z)
∂ z2 + k2

i u(z) = 0, (3)

where ki = ω
√

ρi/ci (i = 1,2) and k0 = ω
√

ρ0/cD are the
propagation constants in the top and bottom electrodes and
the piezoelectric film region, ω is the angular frequency, and
cD = cE

33
(
1+ e/cE

33εs
)
, termed the piezoelectric stiffened elas-

tic constant, where εs is the dielectric constant at constant
stain, and e is the piezoelectric stress constant.

To obtain the ω or frequency dispersion equation that re-
flects the properties of FBAR through the six boundary con-
ditions is difficult, so we use the resonant cavity theory to
achieve it. The absorption, diffraction and scattering will not
be discussed, and the electrodes only change the phase, lead-
ing to a phase delay. We assumed that the round trip phase
delay caused by the top and bottom electrodes are δ1 = 2k1h1

and δ2 = 2k2h2. Total refection happens on the top and bottom
electrode surfaces. Reflection and transmission coefficients
are r1, r2, and t1, t2 at the boundaries between the piezoelectric
film and the electrodes. Taking the bottom electrode as an ex-
ample, we sum up the first several passes and use the formula
for an infinite geometrical series to obtain the displacement re-
flectivity, using r2=−r′2

[6] and t2t ′2− r2r′2 = 1, after which we
obtain

R2 = r2 + t2t ′2 e iδ2 + t2t ′2r′2 e2iδ2 + t2t ′2r′22 e3iδ2 + · · ·

+ t2t ′2r′(n−1)
2 e inδ2 + · · ·

=
r2 + e iδ2

1+ r2 e iδ2
,

let r2 = (Z − Z2)/(Z + Z2), where Z and Z2 are the piezo-
electric film acoustic impedance and the bottom electrode
impedance, receptively, then the formula becomes

R2 =
Z2 cos2 δ2 + iZ2

2 sin2
δ2

Z2 cos2 δ2− iZ2
2 sin2

δ2
= e iϕ2 ;

ϕ2 = 2arctan
(

Z2

Z
tan

δ2

2

)
. (4)

Similarly, the longitudinal wave reflectivity of the top elec-
trode can be written as

R1 =
r1 + e iδ1

1+ r1 e iδ1
= e iϕ1 ;

ϕ1 = 2arctan
(

Z1

Z
tan

δ1

2

)
. (5)
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By using the same method, we can obtain the transmittances
of the top and the bottom electrode surfaces

R1 =
t1

1+ r1 e iδ1
, R2 =

r2

1+ r2 e iδ2
.

A stable standing wave pattern will be established in the
piezoelectric film, and the resonance frequencies of a given
spatial mode are determined with the requirement that the
complete round trip phase shift through the cavity should be
some multiples of 2π

2k0h+ϕ1 +ϕ2 = 2qπ, q = 1,3,5, . . . (6)

Using Eqs. (4) and (5) and substituting k1h1 and k2h2, for δ1

and δ 2 into Eq. (6), it follows that

k0h+ arctan
(

ZZ1 tan(k1h1)+ZZ2 tan(k2h2)

Z2 +Z1Z2 tan(k2h2) tan(k1h1)

)
= qπ,

q = 1,3,5, . . . , (7)

which is a transcendental equation with the angular eigenfre-
quency. Solving Eq. (7) is difficult, yet it could be dealt with
by using numerical simulation or the graphical method.

Then, with the displacement and resultant force boundary
conditions, the harmonic displacement solution is given by

uq(z) = Cq
t1 exp(ik1h1/2)

1+ r1 exp(2ik1h1)
cos
(

k1

(
z+

h1

2

))
,

h/2 < z < h/2+h1,

= Cq (exp(−i(k0z−ϕ1))+ exp(i(k0z+ϕ2))) ,

z < |h/2| ,

= Cq
t2 exp(ik2h2/2)

1+ r2 exp(2ik2h2)
cos
(

k2

(
z+

h2

2

))
,

−h/2−h2 < z <−h/2, (8)

where the constant Cq is the maximum displacement. Equation
(9) represents the vertical displacement caused by Tzz, and if
the thicknesses and materials of the top and bottom electrodes
are the same, then uq(z) =−uq(−z), symmetric relative to the
mean plane. This solution is known as the symmetric wave,
with the maximum of displacement appears at the electrode
surface.

Equation (2b) represents the transverse displacement,
which is also called transverse deflection and can be expressed
as w(x,y, t) in Cartesian coordinates. The ratio of total thick-
ness to width of FBAR is usually less than 1/6, so the trans-
verse deflection of FBAR can be solved by the thin plane
sandwich bending theory. We follow the Prysakov analysis
model, and take the impact of piezoelectric film into con-
sideration, then the shearing forces Tzx and Tzy are given by
Tzx = Qx/(h1 +h2 +h) and Tzy = Qy/(h1 +h2 +h). The total

shearing forces Qx, Qy, the bending moments Mx, My, and the
twisting moments Mxy are related by the following equations:

∂Mx

∂x
+

∂Mxy

∂y
+Qx = 0,

∂Mxy

∂x
+

∂My

∂y
+Qy = 0.

(9)

Substituting Eq. (9) into Eq. (2b) yields

∂ 2Mx

∂x2 +
∂ 2Mxy

∂x∂y
+

∂ 2My

∂y2 + ρ̄
∂ 2w(x,y, t)

∂ t2 = 0, (10)

where ρ̄ = ρ1h1 + ρ2h1 + ρ0h. When considering the piezo-
electric effect, the electromechanical constitutive equations for
the piezoelectric are

S1 = sD
11T1 + sD

12T2 +g31D3,

S2 = sD
12T1 + sD

22T2 +g31D3,

E =−g31(T1 +T2)+β
T
33D3, (11)

where Ti (i = 1,2) is the stress, Si (i = 1,2) is the strain, E is
the electric field, and D is the electric displacement. The pa-
rameters s, g, β , etc. represent the elastic, piezoelectric, and
dielectric impermeability constants for the piezoelectric mate-
rial. From Eq. (11), we obtain

T1 =
1

sD
11(1−σ2)

(S1 +σS2)−
g31

sD
11(1−σ)

D3,

T2 =
1

sD
11(1−σ2)

(σS1 +S2)−
g31

sD
11(1−σ)

D3,

E =− g31

sD
11(1−σ)

(S1 +S2)+ β̄33D3, (12)

where σ is the piezoelectric Poisson’s ratio, β̄33 =

β T
33/(1− k2

p), and kp is the electro–mechanical coupling co-
efficient. According to Kirchhoff deformation theory, the non-
zero linear strains associated with the displacement fields in
Eq. (12) are

S1 =−
∂ 2w
∂x2 z, S2 =−

∂ 2w
∂y2 z, S6 =−

∂ 2w
∂x∂y

z,

where S1 and S2 are the normal strains, and S6 is the shear
strain. Substituting them into Eq. (12), we can obtain the
piezoelectric moments

Mc
x =

∫ h
2

− h
2

T1zdz =
−h3

12sD
11(1−σ2)

(
∂ 2w
∂x2 +σ

∂ 2w
∂y2

)
− g31h2

4sD
11(1−σ)

D3,

Mc
y =

∫ h
2

− h
2

T2zdz =
−h3

12sD
11(1−σ2)

(
σ

∂ 2w
∂x2 +

∂ 2w
∂y2

)
− g31h2

4sD
11(1−σ)

D3,

Mc
xy =

∫ h
2

− h
2

T6zdz =
−h3(1−σ)

12sD
11(1−σ2)

∂ 2w
∂x∂y

.
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According to the Prysakov analysis model theory, the top and
bottom electrode moments are

M f1
x =−D f 1

(
∂ 2w
∂x2 +σ f 1

∂ 2w
∂y2

)
,

M f1
y =−D f 1

(
σ f 1

∂ 2w
∂x2 +

∂ 2w
∂y2

)
,

M f1
xy = D f 1(1−σ f 1)

∂ 2w
∂x∂y

,

M f2
x =−D f 2

(
∂ 2w
∂x2 +σ f 2

∂ 2w
∂y2

)
,

M f2
y =−D f 2

(
σ f 2

∂ 2w
∂x2 +

∂ 2w
∂y2

)
,

M f2
xy = D f 2(1−σ f 2)

∂ 2w
∂x∂y

,

where D f 1 and D f 2 are the bending rigidity of the top and bot-
tom electrodes, while σ f 1 and σ f 2 are the Poisson’s ratios of
the top and bottom electrodes. Then the total moments can be
expressed as

Mx = Mc
x +M f1

x +M f2
x ,

My = Mc
y +M f1

y +M f2
x ,

Mz = Mc
xy +M f1

xy +M f2
x . (13)

Substituting Eq. (13) into Eq. (10), we obtain the equation of
the deflection w(x,y, t) as(

Dc +D f 1 +D f 2
)
∇2∇2w

− g31h2

4sD
11(1−σ)

(
∂ 2

∂x2 +
∂ 2

∂y2

)
D3 + ρ̄

∂ 2w
∂ t2 = 0, (14)

where Dc is the piezoelectric bending rigidity. Carrying out
the indicated integration in the third formula of Eq. (11) over
the core region, we obtain

D3 =
2V

hβ̄33
− g31h

4sD
11(1−σ)β̄33

(
∂ 2w
∂x2 +

∂ 2w
∂y2

)
. (15)

Substituting Eq. (15) into Eq. (14), and letting ∂V/∂x =

∂V/∂y = 0, we obtain(
Dc +D f 1 +D f 2−

g2
31h3

16sD2
11 (1−σ)2β̄33

)

×∇2∇2w+ ρ̄
∂ 2w
∂ t2 = 0. (16)

For calculating normal modes on the membranes, it
is well-known that the normal vibrations of an elastic lin-
ear system are harmonic. Therefore, the deflection in nor-
mal vibrations of FBAR can be assumed to be w(x,y, t) =
w(x,y)exp(jωt), and substitution of it into Eq. (16) yields a
four-order partial differential equation involving the natural
mode w(x,y)

D̄∇2∇2w(x,y)− ρ̄ω
2w(x,y) = 0, (17)

where

D̄ = Dc +D f 1 +D f 2−
g2

31h3

16sD2
11 (1−σ)2β̄33

,

and ∇2 is the Laplacian. Equation (17) is the governing equa-
tion of the transverse vibration eigenvalue problem of FBAR.
Since the electrodes are known to be responsible for strong
energy trapping of vibration modes in FBAR, and the sta-
ble vibration does not exist outside the top electrode, it can
be assumed that the deflection w(x,y) along the top electrode
edge is zero, so the boundaries of FBAR are simply supported
edges. The stretched rectangular top electrode is at 0 < x < a,
0 < y < b, as shown in Fig. 1, then the solution to Eq. (17)
takes the Navier double series form

wmn(x,y) =Cmn sin
mπx

a
sin

nπy
b

, (18)

where the constant Cmn (m, n= 1,2,3, . . .) represents the maxi-
mum displacement of FBAR in the transverse direction, which
is inversely proportional to D̄. Substituting Eq. (18) into
Eq. (17), the characteristic lateral frequencies for FBAR are

fmn =
1

2π

√
D̄
ρ̄

[(
m
a

)2

+

(
n
b

)2
]
. (19)

3. Results analysis and discussion
The solution to Eq. (7) is a transcendental equation with

angular eigenfrequency. We have dealt with a special case:
δ1 = δ2 = pπ (p = 1,2,3, . . .), and the displacement reflec-
tivity R1 = R2 = 1. The electrodes do not affect longitudinal
wave propagation in piezoelectric materials, so we can obtain
ωq or frequency fq from Eq. (7)

fq =
ωq

2π
=

qc0

2h
, q = 1,3,5, . . . , (20)

where c0 =
√

cD/ρ0. Based on ANSI/IEEE Std. 176-1987,
equation (20) is the antiresonance frequency. Another special
case dealt is Z2 = Z1Z2, for which equation (7) becomes

k0h+ k1h1 + k2h2 = qπ, q = 1,3,5, . . .

The frequency fq of FBAR is

fq =
q
2

(
h1

√
ρ1

c1
+h2

√
ρ2

c2
+h
√

ρ0

cD

)−1

.

In this case, the acoustic impedance of the electrode and the
piezoelectric film do not affect fq. Complete transmission
takes place between the piezoelectric film and the electrodes,
thus the reflection at the boundaries of the two electrodes can
be completely eliminated by choosing a quarter-wave layer
between them with impedance equal to the geometric mean
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of the impedances of two electrode layers. A similar phe-
nomenon will be observed at k0h = 3π/2, 5π/2, etc.

As typical values for the thickness of the electrode are on
the micron or nanometer level, under which circumstances δ 1

and δ 2 are by 10−3 order of magnitude, so the tangent func-
tion and cotangent function can be replaced by Taylor series
expansion. In this case, equation (7) reduces to

k0h+
Z1

Z
k1h1 +

Z2

Z
k2h2 = qπ, q = 1,3,5, . . . (21)

It follows that the frequency fq of FBAR is

fq =
qc0

2h

(
1+

ρ1h1 +ρ2h2

ρh

)−1/2

=
qc0

2h
√

1+R
, (22)

where the mass ratio R = (ρ1h1 +ρ2h2)/ρ0h.
Based on ANSI/IEEE Std. 176-1987, equation (22) is the

series resonance frequency, and this result is in good agree-
ment with the literature.[8] From Eqs. (20) and (22), the effec-
tive coupling factor k2

eff and the resonance quality factor Qs can
be obtained. Equation (22) shows that as the thicknesses of the
electrodes h1 and h2 increase, while the working frequency of
FBAR decreases. Therefore, the smaller the thicknesses of the
electrodes are, the better the performance is. However, when
the value of the thickness is small enough, the values of con-
tact resistance and capacitive become larger.

The frequency dispersion formula of FBAR, equation (7),
has some advantages in reflecting the physics nature of an
FBAR. The factors considered include: thickness, impedance
of the electrodes, and piezoelectric materials. These factors
are not contained in MBVD and the Mason model that are
derived from the equivalent circuit approach. Moreover, the
characteristic lateral frequencies for FBAR can be obtained
from Eq. (19), while the other two models are not capable.

According to the principle of rectangular resonant cav-
ity, disregard the piezoelectric crystal anisotropy, and the fre-
quency of the FBAR is given by

fqmn =
√

f 2
q + f 2

mn ≈ fq +
f 2
mn

2 fq
, (23)

which shows that the spurious mode always exists. For fp�
fmn, the higher the FBAR frequency is, the nearer the spu-
rious appears,[12] which must be avoided. One method is
reducing lateral resonance fmn numbers by an irregular top
electrode.[13] Another method is to increase fq using materi-
als with stronger bending rigidity to enlarge the lateral mode
spacing.

Equation (18) represents transverse displacement caused
by Tzx and Tzy. The lateral resonance and transverse displace-
ment depend on the axis ratio a/b of the top electrode shapes.
The modes displacement and lateral resonance are labeled by

the ordered pair (m, n). If the ratio a/b is a rational number,
degenerate vibrations occurs, for instance, (1, 2) and (2, 1).

Substituting m = n = 1 into Eq. (18), the fundamental
mode is obtained. The electromechanical fields concentrate
at the middle of an electrode where there is a stress concen-
tration, not at the edge of the electrode.[14] Laser interferom-
eter measurements can probe vibration displacement fields on
the top electrode surface, which now can be theoretically ex-
plained by Eq. (18). This agrees well with the results in many
other literatures.[10,14,15]

Considering the damage of the film residual stress in
FBAR, the maximum of the displacement field should be
avoided. Irregular top electrode shapes with no parallel sides
can decrease the strength of the spurious modes. That is to
say, if the solution of Eq. (18) is not analytical, the maximum
can be avoided by focusing on a certain region. In the solution
of Eq. (18), we assumed that the deflection region is the over-
lapping section of the top electrode and the bottom electrode.
According to the energy trapping analysis, displacement de-
cays exponentially, thus the deflection region is wider than the
electrode overlapping section, therefore, the deflection region
can only be obtained by experiment.

4. Conclusion
In summary, using the resonant cavity theory and the

Prysakov sandwich model considering the piezoelectric effect,
a direct method to characterize the piezoelectric film with two
electrodes was presented. We obtained the frequency disper-
sion formula of FBARs for parallel and series resonance fre-
quencies, where the effects of the material parameters, thick-
ness and impedance on the resonance frequencies were explic-
itly expressed. The results of this simplification are in good
agreement with those of the MBVD model, which means that
the features of the resonance frequency of FBAR can be ana-
lyzed directly with our model.

The results for frequency dispersion and displacement
profiles are useful for optimizing FBAR designs and perfor-
mances, providing a theoretical foundation for FBARs. We ad-
mit that there are still some limits to this method: the conclu-
sions above are obtained by theoretical analysis, and the thick-
ness of the film and region of energy trapping need to be quan-
tified accurately. Besides, it is difficult to precisely control the
thickness of the piezoelectric films and the electrodes. How-
ever, results of the universal model can determine resonator
layers thickness that correspond to the objective resonant fre-
quency, and investigate the effect of the electrode shape on the
lateral spurious modes.

References
[1] Yang T Y, Jiang S W, Li R G and Jiang B 2012 Chin. Phys. B 21 106801

114601-5

http://dx.doi.org/10.1088/1674-1056/21/10/106801


Chin. Phys. B Vol. 23, No. 11 (2014) 114601

[2] Zhang H, Zhang S Y and Fan L 2011 Chin. Phys. Lett. 28 114301

[3] Zhao X Y, Luo H S, Zhou D, Luo L H, Wang F F and Jia Y M 2008
Acta Phys. Sin. 57 4552 (in Chinese)

[4] Xu R X and Chen W Z J 2006 Acta Phys. Sin. 55 4292 (in Chinese)

[5] Gu G Q, Poon Y M and Wei E B 2010 Chin. Phys. B 19 096201

[6] Mason W P 1964 Electro-Mechanical Transducers and Wave Filters
Vol. 1-A (New York) pp. 177–180

[7] Chao M C, Huang Z N, Pao S Y, Wang Z and Lam C S 2002 IEEE In-
ternational Ultrasonics Symposium, October 8–11, 2002 Munich, Ger-
many p. 973

[8] Chen Q and Wang Q M 2005 Appl. Phys. Lett. 86 022904
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