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An iterative analytic–numerical method for scattering
from a target buried beneath a rough surface∗
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An efficiently iterative analytical–numerical method is proposed for two-dimensional (2D) electromagnetic scattering
from a perfectly electric conducting (PEC) target buried under a dielectric rough surface. The basic idea is to employ the
Kirchhoff approximation (KA) to accelerate the boundary integral method (BIM). Below the rough surface, an iterative
system is designed between the rough surface and the target. The KA is used to simulate the initial field on the rough
surface based on the Fresnel theory, while the target is analyzed by the boundary integral method to obtain a precise
result. The fields between the rough surface and the target can be linked by the boundary integral equations below the
rough surface. The technique presented here is highly efficient in terms of computational memory, time, and versatility.
Numerical simulations of two typical models are carried out to validate the method.
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1. Introduction
Modeling of scattering and radiation from a target buried

below a rough ground is a subject of great interest in many ap-
plications, such as buried landmines, pipes, submarines, and
other buried targets of interest beneath a rough surface. The
method of moments (MoM)[1] was used to discuss the scatter-
ing from a partially buried perfectly electric conducting (PEC)
cylinder at a dielectric rough interface. The electromagnetic
scattering from a two-layered rough interface with a PEC ob-
ject was studied by the MoM in Ref. [2]. An improved algo-
rithm based on the MoM was proposed[3] to solve the scatter-
ing problem of cylindrical bodies buried beneath a rough sur-
face. The steepest descent fast multipole method (SDFMM)
was employed in Ref. [4] to study multiple objects buried un-
der the ground. However, the numerical methods mentioned
above are all based on the boundary integral method (BIM),
so they consume a lot of computational memories and time
when the rough surface has a large scale. To improve the al-
gorithmic efficiency and reduce the computational memory,
the small slope approximation (SSA) was applied in Ref. [5]
to study the scattering from a time-varying Gerstners sea sur-
face. In Ref. [6], Lawrence and Sarabandi solved the problem
of a cylinder buried beneath a slightly rough surface based
on the small perturbation method (SPM).[7] As an analytical
method, the method in Ref. [6] is fast and efficient, however, it
is just suitable for slightly rough surfaces. To combine advan-
tages of analytical methods and numerical methods, the scat-
tering from cylinders buried under a slightly rough surface was
studied in Refs. [8] and [9] based on the cylindrical wave ap-

proach and the SPM. The propagation-inside-layer-expansion
method (PILEM) combined with physical optics (PO) was
used in Ref. [10] to analyze the scattering from an object be-
low a dielectric rough surface. Based on the equivalent prin-
ciples, a hybrid MoM–PO method[11] was applied to simulate
scattering from a PEC target above a PEC rough surface. A
novel hybrid FEM-high frequency technique[12] for the effi-
cient analysis of general scattering and radiation problems was
also presented. The boundary integral method combined with
the Kirchhoff approximation (KA) was used in Ref. [13] to
study the scattering properties of a PEC target above a PEC
rough surface.

In this paper, an efficient hybrid iterative analytical–
numerical algorithm is firstly designed for a two-dimensional
(2D) model of an object buried beneath a dielectric rough sur-
face. Inside the rough ground, the rough surface and the target
form an iterated system, and the interactions between the two
parts are taken into account by updating the field on the rough
surface and the target. In Section 2, a general formulation
of the iterative analytical–numerical method combining BIM
with KA[14,15] is presented. Some numerical simulations are
performed to validate our hybrid method in Section 3. Con-
clusions are summarized in Section 4. A time factor e−iωt is
assumed and omitted throughout this paper.

2. Formulations and theories
Consider both the transverse magnetic (TM) polarization

(where the electric field E only has a component along the z
axis) and the transverse electric (TE) polarization (where the

∗Project supported by the National Natural Science Foundation of China for Distinguished Young Scholars (Grant No. 61225002), the Fundamental Research
Funds for the Central Universities, China (Grant No. K50510070001), and the National Natural Science Foundation of China (Grant No. 61301070).

†Corresponding author. E-mail: rwxu719@126.com
© 2014 Chinese Physical Society and IOP Publishing Ltd http://iopscience.iop.org/cpb　　　http://cpb.iphy.ac.cn

114101-1

http://dx.doi.org/10.1088/1674-1056/23/11/114101
mailto:rwxu719@126.com
http://iopscience.iop.org/cpb
http://cpb.iphy.ac.cn


Chin. Phys. B Vol. 23, No. 11 (2014) 114101

magnetic field H only has a component along the z axis) 2D
scattering problems, the incident wave impinges upon a PEC
target with an arbitrary shape buried at a depth d beneath the
rough surface. Figure 1 depicts a general schematic diagram
of the scattering scenario. The axis of the target is parallel to
the z axis. The whole space is separated into two-half spaces
by the rough surface. Here Lrs is the length of the truncated
rough surface, ΓS denotes the profile of the truncated rough
surface, and ΓO is the boundary of the PEC target. The inci-
dent wave impinges upon the surface with an incident angle
θinc and is scattered with a scattering angle θscat. Vectors 𝑛̂s

and 𝑛̂o are the unit normal vectors of the rough surface and
the target, respectively. As shown in Fig. 1, two half regions
ΩU and ΩD have permittivity and permeability given by ε1, µ1

and ε2, µ2, respectively.
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Fig. 1. The 2D scattering problem of a target buried beneath a rough
surface.

The rough surface can be obtained by using the Monte
Carlo method[16,17] based on the corresponding power spec-
trum function. Due to the infinite length of the rough surface,
it needs to be truncated into a limited length in the simulation.
This can introduce an artificial truncated effect at the ends of
the rough surface. To reduce the artificial truncated effect, a ta-
pered incident wave[18] is chosen as the incident source, which
decreases to a very small value at the ends of the rough surface.
The form of the incident wave can be expressed as

Φ
inc(𝑟) = exp[i𝑘 ·𝑟(1+w(𝑟))]

× exp
[
−(x− ycotθinc)

2/g2] , (1)

where w(𝑟) =
[
2(x− ycotθinc)

2/g2−1
]
/(kgsinθinc)

2, 𝑘 is
the wavenumber in the space, g is the tapered factor, and 𝑟

is the position vector.
Assume that the initial field on the rough surface and the

target is zero. Firstly, the total field on the rough surface can
be expressed by the following equations based on the KA:

Φ (𝑟)|
ΓS+

= [1+R(𝑟)]Φ inc (𝑟)
∣∣∣
ΓS+

, (2)

∂Φ (𝑟)

∂ns

∣∣∣∣
ΓS+

= [1−R(𝑟)]
∂Φ inc (𝑟)

∂ns

∣∣∣∣
ΓS+

, (3)

where ΓS+ denotes the side of a rough surface in air ΩU. The
Fresnel reflective coefficients for TM and TE cases on bound-
ary ΓS+ are

R(𝑟) =

√
ε1 cosθ −

√
ε2 cosθ ′′√

ε1 cosθ +
√

ε2 cosθ ′′
, for TM case; (4)

R(𝑟) =
sinθ cosθ − sinθ ′′ cosθ ′′

sinθ cosθ + sinθ ′′ cosθ ′′
, for TE case; (5)

where θ is the local incident angle on the rough surface, and
θ ′′ is the local reflective angle on the rough surface. Based on
Eqs. (1)–(5), the field on the rough surface can be obtained if
we do not consider the influence of the target. On the bound-
ary of the rough surface, the continuous conditions between
domain ΩU and domain ΩD are

Φ |
ΓS+

= Φ |
ΓS−

;
1

ρ+

∂Φ

∂ns

∣∣∣∣
ΓS+

=
1

ρ−

∂Φ

∂ns

∣∣∣∣
ΓS−

, (6)

where ρ = µr for the TM case, ρ = εr for the TE case, and ΓS−
represents the side of the rough surface inside ground ΩD. If
we neglect the impact of the target temporarily, the field in do-
main ΩD can be obtained by the following boundary integral
equation (BIE):[16]

ΦD
(
𝑟′
)
= −

∫
ΓS−

[
Φ(𝑟)

∂G2(𝑟,𝑟
′)

∂ns

−G2(𝑟,𝑟
′)

∂Φ(𝑟)

∂ns

]
dΓ , (7)

where G2(𝑟,𝑟
′) is the Green function of space ΩD.
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Fig. 2. The iterative approach for a target buried beneath a rough surface.

By neglecting the rough surface temporarily, the scatter-
ing model is built on the assumption that the target is buried in
an infinite space filled by a medium with the same ε2 and µ2

as the dielectric rough surface. As shown in Fig. 2, the rough
surface is replaced by many sources in every subsegment, and
these sources can induce electromagnetic field φ inc on the tar-
get, which can be evaluated by Eq. (7). Based on the boundary
integral method, an integral equation of the PEC target can be
obtained as

ξ Φ
(
𝑟′
)
= φ

inc (𝑟′)+∫
ΓO

[
ξ Φ(𝑟)

∂G2(𝑟,𝑟
′)

∂no

− (1−ξ )G2(𝑟,𝑟
′)

∂Φ(𝑟)

∂no

]
dΓ , (8)

where ξ = 0 for the TM case, and ξ = 1 for the TE case. By
expanding the field with the pulse basis function fn (𝑟

′) and
adopting the point matching algorithm, the following weak
form of Eq. (8) can be obtained in matrix notation:

ξ [𝐴] [𝛷]+ (1−ξ ) [𝐵] [𝑈 ] = [𝑏] , (9)
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where matrices [𝛷] and [𝑈 ] represent Φ(𝑟) and ∂Φ(𝑟)/∂n on
the element of the object, respectively. The elements of matri-
ces [𝐴], [𝐵], and [𝑏] are

Ai j = fi
(
𝑟′i
)
−
∫ 𝑟 j+∆l/2

𝑟 j−∆l/2
f j
(
𝑟′j
) ∂G2(𝑟,𝑟

′
i)

∂no
dl, (10)

Bi j =
∫ 𝑟 j+∆l/2

𝑟 j−∆l/2
f j
(
𝑟′j
) ∂G2(𝑟,𝑟

′
i)

∂no
dl, (11)

bi = φ
inc (𝑟′i) . (12)

The above matrix equation (9) can be solved based on the
conjugated gradient method (CGM). Because only the target
is solved by the boundary integral equation in our iterated
method, this hybrid method is more efficient than the tradi-
tional MoM.

In the next step, the scattering field induced by the target
on the rough surface can be expressed as

Φ
scat
O→S

(
𝑟′
)
=
∫

ΓO

[
ξ Φ(𝑟)

∂G2(𝑟,𝑟
′)

∂no

− (1−ξ )G2(𝑟,𝑟
′)

∂Φ(𝑟)

∂no

]
dΓ . (13)

Because ε2 > ε1, the phenomenon of total reflection occurs
at interface ΓS− of the rough surface when sinθ >

√
ε1/ε2.

However, the forms of the Fresnel reflective coefficients are
still satisfied when the following substitutions are made:

sinθ
′′→ sinθ

n12
; cosθ

′′→ i

√
sin2

θ

n2
12
−1; n12 =

√
ε1

ε2
. (14)

The total field on boundary ΓS− can be obtained based on
Eqs. (13) and (14). Then the iteration goes on to the step of
solving Eq. (7), and continues the circulation until the field
on the target and the rough surface reaches convergence. The
algorithmic convergence can be judged by the following equa-
tion: ∣∣∣∣∣ n

∑
i=1

Φ
k+1
i −

n

∑
i=1

Φ
k
i

∣∣∣∣∣
/ n

∑
i=1

Φ
k
i = γ, (15)

where Φ is the field on the rough surface and the target in each
iteration step, i denotes the nodes on the model, and k is the
iteration time. Symbol γ denotes the iterated error, and the it-
eration can be considered to reach convergence when it is less
than 10−3. When the iteration above is finished, the total field
and its normal derivation on boundary ΓS− and the target are
obtained. Then the field information Φ |

ΓS+
and ∂Φ/∂n|

ΓS+
in

the air can be obtained based on Eq. (6).
This iterative analytical–numerical method is based

on the Kirchhoff approximation and the boundary integral
method. For the scattering model of a target buried beneath
a rough surface, the KA is used to simulate the scattering from

the rough surface based on the Fresnel theory. On the other
hand, the precise simulation of the target is expressed by the
boundary integral method. The interaction between the rough
surface and the target is taken into account by an iterative al-
gorithm. The iterative algorithm is a powerful electromagnetic
simulation tool, which combines the numerical method with
the analytical method based on an integral based approach. It
is worthwhile noting that the rough surface should satisfy the
KA conditions of k0l > 6 and l2 > 2.76δλ in the TM and the
TE cases, and the medium permittivity has a little effect on the
precision of the iterative method.

3. Numerical examples
Several numerical simulations are considered to demon-

strate the general solutions derived above and to illustrate
the accuracy and effectiveness of our proposed method. In
our simulations, the length of the truncated rough surface is
Lrs = 102.4λ , λ is the wavelength of the incident wave, the
tapered factor of the incident wave is g = Lrs/4.0, and the per-
meability in all regions is µ1 = µ2 = µ0. The first example
of a PEC circular cylinder buried beneath a rough ground is
devoted to the validation of the proposed method. The rough
ground is the Gaussian rough surface, whose spectrum can be
generated by the Gaussian power spectrum function

S(k) =
δ 2l

2
√

π
exp(−k2l2/4), (16)

where δ denotes the root mean square height, and l represents
the correlative length.

Figures 3(a) and 3(b) give the iterated error γ versus the
iterated step n for the circular cylinder buried beneath the
rough ground with different parameters. The incident angle
is θinc = π/2. The object is assumed to be a cylinder with
radius r = 1.0λ at a buried depth d = 2.0λ . The ground is a
Gaussian rough surface with δ = 0.1λ and l = 2.0λ , and the
relative permittivity of the rough surface is εr2 = (2.0,0.1) by
default. In Figs. 3(a) and 3(b), case 1 shows the result of the
default model; case 2 shows the result of a rough surface with
δ = 0.3λ and l = 1.5λ ; case 3 shows the result of a target with
r = 1.5λ at a buried depth d = 3.0λ ; case 4 shows the result
of a dielectric rough surface with εr2 = (2.5,0.3). In each iter-
ation of the hybrid algorithm, the CGM is used to numerically
solve the BIE, and the iterative loop of the CGM is called the
inner loop. The tolerance error of two inner iterative steps is
set at γ < 10−3. As shown in Figs. 3(a) and 3(b), the iterated
error of the CGM decreases quickly with increasing the step
of the iterative KA–BIM.

Comparisons of the solving time and the number of un-
knowns for different methods are shown in Table 1. The codes
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are executed by a computer with a 2.50 GHz processor (In-
tel (R) Core (TM)2 Quad CPU), 3.47 GB memory, and Vi-
sual Fortran 6.5 compiler. In the application of KA–BIM, the
number of unknowns is reduced to 5.7% of that in MoM for
both TM and TE cases. As a result, the time consumption of
KA–MoM decreases greatly in the treatment of the impedance
matrix.
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Fig. 3. Iterated error versus iterated step: (a) TM case, and (b) TE case.

Table 1. Time used and number of unknowns in MoM and KA–BIM.

Polarization Method
Number of

Time used/ms
unknowns

TM
MoM 2172 87670.8

KA–BIM 125 48.9

TE
MoM 2172 39580.2

KA–BIM 125 40.7

Figures 4(a) and 4(b) show the field information along the
surface of the circular cylinder in the TM case and the TE case.
The solutions obtained from MoM refers to using the MoM
for the whole structure (including the rough surface and the
object) to obtain the exact results. For the TM case, the total
electric field on the PEC cylinder does not exist, and the nor-
mal derivation of the magnetic field is zero for the TE case. It
can be seen that the two methods are almost perfectly matched
for both TM and TE cases.

Figures 5(a) and 5(b) show the field information along the
surface of the Gaussian rough surface in the TM case and the
TE case in the air. The real and the imaginary parts of the total
electric field on the rough surface in the TM case are plotted

in Fig. 5(a), while the normal derivation of the total magnetic
field on the rough surface in the TE case is plotted in Fig. 5(b).
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R
e
(E

)
R
e
(H

)
Im

(E
)

Im
(H

)

0 20 40 60 80 100

0

0.6

1.2

0 20 40 60 80 100

-0.8

0

0.8

(a)

 MoM
 KA-BIM

 MoM
 KA-BIM

0 20 40 60 80 100
-0.5

0.5

1.5

0 20 40 60 80 100
-1.2

0

1.2

(b)

 MoM
 KA-BIM

 MoM
 KA-BIM

Length along the rough surface/λ

Length along the rough surface/λ

Fig. 5. The total field along the Gaussian rough surface: (a) TM case,
and (b) TE case.

114101-4



Chin. Phys. B Vol. 23, No. 11 (2014) 114101

The well agreement shown in these figures validates the code
of the hybrid method. To verify versatile applications of our
method, the scattering from a PEC square cylinder buried be-
neath an exponentially correlated rough surface is considered
in the next example, whose power spectrum function is given
by

S(k) =
δ 2l

π (1+ k2l2)
. (17)

In Figs. 6(a) and 6(b), we give the results of the iterated
error γ versus the iterated step n for the PEC square cylin-
der buried beneath the rough ground with different parame-
ters. The default parameters of the model are set as follows.
The incident angle is θinc = π/3, the depth of the square cylin-
der is d = 4.0λ , the length of the square cylinder is ls = 2.0λ ,
the root mean square height is δ = 0.2λ , the correlative length
is l = 1.0λ , and the permittivity ε2 of the rough surface is
εr2 = (4.0,0.2). In Figs. 6(a) and 6(b), case 1 shows the result
of the default model; case 2 shows the result of a rough surface
with δ = 0.5λ and l = 2.0λ ; case 3 shows the result of a tar-
get with r = 3.0λ at a buried depth d = 5.0λ ; case 4 shows the
result of a dielectric ground with εr2 = (6.0,0.4). As shown in
Figs. 6(a) and 6(b), the convergence of the CGM in our hybrid
method is very good.
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Fig. 6. Iterated error γ versus iterated step n: (a) TM case, and (b) TE
case.

Comparisons of the simulation time and the number of
unknowns using MoM and KA–BIM are shown in Table 2.
The number of unknowns of KA–BIM is 6.7% of that in MoM

for both polarizations, and the computational time using KA–
BIM is very short compared with that of MoM.

Table 2. Time used and number of unknowns in MoM and KA–BIM.

Polarization Method
Number of

Time used/ms
unknowns

TM
MoM 2363 371054.1

KA–BIM 158 109.7

TE
MoM 2363 237633.7

KA–BIM 158 55.4

To show comparisons of the field inside the soil, we con-
sider the distribution of the field along the surface of the tar-
get in Fig. 7. For the TM case, the total electric field on the
PEC cylinder does not exist, and the normal derivation of the
magnetic field is zero for the TE case. Obviously, the numer-
ical results in the simulation are in good agreement with each
other.
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Fig. 7. The field information along the square cylinder: : (a) TM case,
and (b) TE case.

Figure 8 shows the total field along the surface of the ex-
ponentially correlated rough surface under TM case and TE
case in the air. The real and the imaginary parts of the total
electric field on the rough surface are plotted in Fig. 8(a) for
the TM case, and the magnetic field on the rough surface for
the TE case is plotted in Fig. 8(b). It can be seen from Fig. 8
that all results from the hybrid method have good agreement
with the MoM results, demonstrating the accuracy of the algo-
rithm.
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Fig. 8. The total field along the exponential rough surface: (a) TM case,
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4. Conclusion
In this paper, an iterative analytical–numerical method

is designed for electromagnetic scattering from a PEC target
buried beneath a dielectric rough surface. In the iterative algo-
rithm, the initial field on the rough surface is firstly estimated
by the KA. Based on the boundary continuity conditions, the
field information on the ventral of the rough surface can be ob-
tained. By considering the interactions between the rough sur-
face and the object, the scattering from the object is depicted
by the BIM. When the fields on the target and the rough sur-

face reach convergence, the precise results about the scatter-
ing model can be obtained. Compared with the literature, this
work provides a novel iterative system below the rough sur-
face based on the KA to accelerate the BIM. Our code shows
good agreement and achieves high efficiency compared with
the MoM. The iterative method can be used for the fast and
efficient scattering simulation of a target buried under a large
scale rough surface. If combining KA–BIM with the paral-
lel technology or the fast algorithm of the BIM, the hybrid
method can be expected to be more efficient. Future works on
this topic include the improvement of the algorithmic preci-
sion, the application of this method to study a buried dielectric
target under a rough surface, and the accelerated treatments on
the method.
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