
Chin. Phys. B Vol. 23, No. 11 (2014) 110602

Equivalent comparison and analysis between
different nominal frequencies∗
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We analyze the phenomena of phase group synchronization between the different nominal frequency signals and
propose a new theory of the equivalent comparison between them. The exact expression of the equivalent comparison
is deduced. High resolution frequency measurement and phase comparison can be realized using this theory with the
divider. For avoiding the frequency mixing, multiplication and synthesis, the system phase noise is improved and the
higher resolution comparison and measurement are achieved between the different nominal frequencies by theory.
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1. Introduction

The frequency source measurement and frequency phase
comparison are key technologies to guarantee precision satel-
lite navigation and positioning, and time synchronization.[1,2]

The time comparison and measurement techniques that are
usually used are the beat method and the double mixing time
difference method. Because of the dead zone and nonlinear-
ity, the development of the beat method is limited. Based
on the double mixing time difference method, Mochizuki et
al. used the developing digital processing technology to im-

prove the measurement resolution, which is widely used in
frequency stability measurement worldwide.[3] However, the
double mixing time difference method needs the same nomi-
nal frequency signals, so the frequency synthesis is necessary
in the method to make the two frequency signals have the same
frequency. Due to the use of frequency synthesis technology,
the noise is introduced inevitably.

Phase difference period shift plays a significant role in
the time and frequency area, and it shows a kind of quanti-
zation relation.[4] The comparison between the same nominal
frequency is ordered and simple as shown in Fig. 1.[5,6]
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Fig. 1. The phase comparison between signals with the same nominal frequency.

In Fig. 1, f0 and f1 are the same nominal frequency, and
V (t) is the phase difference between them. We can see that
the values of phase differences in the lowest common mul-
tiple period Tlcmp change from large to small, and the phase
differences between different Tlcmp are corresponding. What
is more, the phase differences in a Tlcmp form an arithmetic
progression, and the common difference is the quantization
phase shift resolution Tqpsr. By the way, when the nominal
frequencies of the comparison signals have a multiple number
relationship, the situation is similar.

The variables used are as follows: fgcff is the great-
est common factor frequency of f0 and f1; Tlcmp = 1/ fgcff;
f0 = A fgcff; f1 = B fgcff; Tqpsr = 1/AB fgcff.[5]

The phase difference ϕ and its corresponding interval T
between two signals with the same nominal frequency f0 have
a linear relation as

φ(t) = 2π f0T, (1)

where the unit of φ is radian. The interval will be used as the
phase difference in the following.
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The frequency deviation ∆ f also has a linear relation with
the accumulative phase difference ∆T in the sample interval
τ [7,8]

∆ f
f0

=
∆T
τ

. (2)

The frequency measurement can be realized using the fol-
lowing equation:

f = f0−∆ f = f0−
f0

τ
∆T. (3)

According to the analysis of the phase difference group
between arbitrary periodic signals, we proposed the theory of

an equivalent comparison between them. Using this theory,
high resolution comparison and measurement between differ-
ent nominal frequency signals can be achieved through simple
frequency division.

2. Comparison between two different nominal
frequencies

However, for the comparison between two different nom-
inal frequencies, the phase differences in a Tlcmp is unordered
and complex, as shown in Fig. 2.[6,9]
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Fig. 2. The phase comparison between two different nominal frequencies.

In Fig. 2, fm and fr are two different nominal frequencies,
and P(t) is the phase difference between them. We can see
that the phase differences in Tlcmp change irregularly, but the
phase differences between different Tlcmp are corresponding.
What is more, the phase differences in a Tlcmp form an arith-
metic progression after ranking, and the common difference
is the quantization phase shift resolution Tqpsr. The nominal
frequency of fm is fm0, and fr0 is the greatest common factor
frequency fgcff of fm0 and fr. We call fr0 the equivalent com-
parison signal, P0(t) is the phase difference between fm and
fr0, which is regular in a group period Tgroup. In addition, the
phase differences between different Tgroup are corresponding.

We discover that the phase comparison can be directly
done between the signals with different nominal frequencies:
∆ f is the frequency difference between fm0 and fm, and it is
equal to fm0− fm, while ∆ f is usually very small. The phase
differences between fm and fr in a Tlcmp can be taken as a unit.
Corresponding phase differences can be extracted from every
unit as P0(t) in Fig. 2. These phase differences are also ranked
from small to large in a Tgroup because of the existance of ∆ f .
Finally, the phase differences reach to synchronization.[6] The
two compared signals are also synchronous.

The comparison between signals with different nominal
frequencies is expanded to Tlcmp, which means that the com-
parison is between fm and fr0. Let ∆tq be the first phase dif-

ference between them after phase coincidence as a shown in
Fig. 2. In fact, ∆tq is the accumulative phase difference be-
tween fm0 and fm in a Tlcmp, and its equation is

∆tq =
fm0

fr0
(Tm−Tm0). (4)

According to Eqs. (2) and (3), we can obtain the follow-
ing equation:

∆ f
fm0

=
∆tq
τ

= fr0∆tq =⇒ ∆ f = fm0 fr0∆tq

=⇒ fm = fm0−∆ f = fm0− fm0 fr0∆tq = fm0(1− fr0∆tq).(5)

According to Eq. (5), we can obtain the frequency measuring
∆tq.

The phase differences of P0(t) in a Tgroup form an arith-
metic progression group, and the common difference is ∆tq,
P0(t) is made up of such arithmetic progressions. We can ob-
tain the following equations:

P0(t) = {group|group0, group1, . . . ,groupm} ,
group0 = {∆T |∆T11, ∆T12, . . . , ∆T1n} ,
group1 = {∆T |∆T21, ∆T22, . . . , ∆T2n} ,
· · ·
groupm = {∆x|∆Tm1, ∆Tm2, . . . , ∆Tmn} , (6)

where ∆T is the phase difference of P0(t), ∆T11 = 0, ∆Ta,b+1−
∆Ta,b = ∆tq, ∆Tm+1,n−∆Tm,n = n∆tq, n = Tm/∆tq (n is taken as
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an integer), nTlcmp ≤ 1/( fm, fr) < (n+ 1)Tlcmp, ( fm, fr) is the

fgcff of fm and fr. Although ∆Tm+1,n−∆Tm,n is equal to n∆tq,

∆Tm+1,n and ∆Tm,n are almost the same in fact.

In this case, the comparison between fm and fr can be

taken as the comparison between fm and fr0, so we achieve the

equivalent comparison between signals with different nominal

frequencies. In addition, the comparison between signals with

the same nominal frequency is the special case, and every Tlcmp

is a Tgroup.

3. Test
Analyzing the above theory, there are two means to

achieve frequency measurement by the equivalent comparison
between the different nominal frequencies. One is based on
Eq. (5), and the theory can be acquired by the phase differ-
ence measurement. The other is according to counting in the
gate.[9–11] In the paper, the experiment of frequency measure-
ment by the coincidence detection connects with the counting
is adopted to prove the theory, and the functional block dia-
gram is shown in Fig. 3.
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Fig. 3. The functional block diagram of frequency measurement based on the comparison between the different nominal frequencies.

In Fig. 3, fm and fr are two different nominal frequencies.
The equivalent signal fr0 is acquired by setting the frequency
division in the MCU. P0(t) is achieved by sending fm and fr0

to the shaping and phase coincidence detection circuits. Ac-
cording to the reference gate produced by MCU, the phase co-
incidence detection circuit generates two real gates as the gate
shown in Fig. 2, and the two counters count the cycle numbers
of fm and fr in the gates. The frequency values can be calcu-
lated by the numbers. In addition, the exact phase coincidence
position is not certain as the frequency is variable. Therefore,
the rough frequency measurement is done first to estimate the
Tgroup. Then, a reference gate, which is a little smaller than
Tgroup, is produced by MCU. When a phase coincidence pulse
is detected in the reference gate, the measurement gates are
open. When the reference gate is closed and a phase coin-
cidence pulse is detected, the measurement gates are closed.
The measurement gates are the integer multiple of Tgroup.

In this experiment, a frequency synthesizer HP8662 is
used to output the measured signal, and its inner frequency
standard is used to output the reference signal, which is
10 MHz. Because the gates open and close when the phase dif-
ferences between fm and fr0 reach synchronization, the count-
ing error can be eliminated, and high precision can be ob-
tained. Here the signals of 20.5 MHz, 18.6 MHz, 10.1 MHz,
17.05 MHz, and 18.22 MHz are chosen as the measured sig-

nals. At this time, the reference signal needs to be divided with
different values. In the same condition, we use a DDS to take
the place of the divider to measure the frequency. The DDS is
used to do frequency consistency processing and makes the
frequency of the reference signal equal to the nominal fre-
quency value of the measured signal, and a frequency meter
FCA 3000 produced by Tektronix is used to measure the fre-
quencies, whose frequency resolution is 12 bit/s.

Table 1 shows the frequency stabilities of 20.5 MHz,
18.6 MHz, 10.1 MHz, 17.05 MHz, 10.22 MHz, and
18.22 MHz measured by equivalent comparison (with the di-
vision processing), frequency synthesis (with the DDS) and
Tektronix FCA 3000. In addition, the frequency stabilities are
calculated by the Allan variance formula.[12,13] Several mea-
surements have been done for every frequency chosen using
every mean, and the measurement data in Table 1 are the aver-
age values.

According to Table 1, it is obvious that the frequency sta-
bility obtained by the method of equivalent comparison is bet-
ter than that obtained by the method of frequency synthesis or
Tektronix FCA 3000. In the same condition, frequency mea-
surement using the equivalent comparison shown in Fig. 3 can
obtain a better resolution than using frequency synthesis or
Tektronix FCA 3000, and the frequency divider value does
not affect the measurement precision by the equivalent com-
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parison. It also shows that the phase noise which is brought
in by the divider is smaller than that brought in by the DDS.

In addition, using the equivalent comparison to measure fre-
quency is better than some existing technologies.

Table 1. The frequency stabilities (in units of s−1).

Measured Equivalent Frequency Frequency Tektronix FCA
frequency comparison divider value synthesis 3000
20.5 MHz 5.8×10−12 20 1.2×10−11 1.4×10−10

18.6 MHz 1.0×10−11 50 1.2×10−11 1.4×10−10

10.1 MHz 1.2×10−11 100 1.4×10−11 1.6×10−10

17.05 MHz 1.0×10−11 200 1.4×10−11 1.8×10−10

18.22 MHz 9×10−12 500 1.1×10−11 1.6×10−10

4. Conclusion
The comparison and measurement between arbitrary pe-

riodic signals are significant in the time and frequency area,
such as atomic clock frequency signal processing chain, fre-
quency source measurement and calibration, time scale, time
and frequency transfer, etc.[14] We have proved that our theory
of the comparison between signals with different nominal fre-
quencies is very useful in improving the frequency and phase
comparison and measurement precision, so it is very important
to do further thorough researches and many new experiments
based on our theory.

Acknowledgment
We acknowledge the valuable suggestions and comments

from Senior Engineer Xuan Zong-Qiang and Professor Yu
Jian-Guo.

References
[1] Getting I A 1993 IEEE Spectrum 30 36

[2] Weiss M A, Yao J and Li J 2012 Proc. 44th PTTI Meeting, November
26–29, 2012 Reston, Virginia, pp. 179–186

[3] Mochizuki K, Uchino M and Morikawa T 2007 IEEE Trans. Instrum.
Meas. 56 1887

[4] Bosco G C, Garcocz M, Lind K, Pogliano U, Rietveld G, Tarasso V,
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