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Three-dimensional solitons in two-component
Bose–Einstein condensates*
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We investigate a kind of solitons in the two-component Bose–Einstein condensates with axisymmetric configurations
in the R2 × S1 space. The corresponding topological structure is referred to as Hopfion. The spin texture differs from the
conventional three-dimensional (3D) skyrmion and knot, which is characterized by two homotopy invariants. The stability
of the Hopfion is verified numerically by evolving the Gross–Pitaevskii equations in imaginary time.
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1. Introduction
The knot structure has been a fascinating subject for

decades and it has been discussed in various fields of physics,
ranging from condensed matter physics[1–4] to optics[5–7]

and the classical field theory.[8,9] Knots have linking num-
bers, which are classified by the third homotopy π3(S2).[10]

Other familiar topological excitations, such as vortices and
skyrmions, are classified by the winding numbers.[11,12] The
knot invariants can be calculated by determining the linking
number of the preimage of two distinct points, which can see
intuitively from the image. In addition, Hopfions have been
widely investigated in the Faddeev–Skyrme (FS) model.[13–15]

In comparison, the relevant properties in condensed matter
physics, especially the Bose–Einstein condensates (BECs), are
rarely addressed.[2] One of the obstacles is the stability or life-
time of a knot in the BECs. In a recent paper,[16] the wind-
ing Hopfions on R2 × S1 were found to be stable in the FS
model for the linear potential V1 = m2(1 − n3) or the anti-
ferromagnetic potential V2 = m2(1−n2

3)+β 2n1.
Motivated by this finding, we have attempted to examine

whether this kind of topological structure can be stabilized in
the BECs. As we know, the BECs provide an ideal testing
ground for exotic topological solitons in a quantum condensed
system.[11,17–19] The optical techniques can be used to control
and directly visualize the condensate wave functions.[20] Two-
dimensional (2D) skyrmions and knots with finite lifetime in
the BECs have been created and observed experimentally.[2,21]

For a conventional three-dimensional (3D) two-component
BEC, the spin field 𝑆(𝑥) defines a map from a 3D domain
(𝑥) into a 2D sphere. Consequently, the preimage of a point
on the target S2 corresponds to a closed loop in S3, provided

that the manifold space is compact. If the 𝑆 field has a Hopf
charge QH, then two loops corresponding to the preimages
of any two distinct points on the target S2 will be linked
QH times.[10] Such mappings fall into nontrivial homotopy
classes π3(S2) ∼= Z and can be characterized by a topological
invariant that is called the Hopf invariant. The Hopf invari-
ant is QH = 1

4π2

∫
εi jkℱi j𝒜k d3x, where ℱi j = ∂i𝒜 j − ∂ j𝒜i =

𝑆 · (∂i𝑆×∂ j𝑆).
[2]

In this paper, we study the Hopfions formed by a twisted
baby skyrmion and verify their stabilities in a two-component
BEC on R2 ×S1, where S1 represents the periodic condition in
the z direction. However, in this case the Hopf number is not
a homotopy invariant, although such a configuration carries a
Hopf number as in R3.[14,16] Virtually, the map is classified by
two homotopy invariants from the point of view of topology.

The rest of this paper is organized as follows. In Sec-
tion 2, we describe the model of the two-component BEC. In
Section 3, we explore the topology of S2 × S1 → S2. In Sec-
tion 4, we numerically examine the stability of the Hopfion. A
brief summary is included in Section 5.

2. Model
The system considered here is a two-component BEC

confined in a 2D trap and which is periodic in the z direc-
tion. The dynamics of the system is described by the coupled
Gross–Pitaevskii equations (GPEs)

ih̄
∂ψi

∂ t
=

(
− h̄2

2m
∇2 +V (𝑟)+ ∑

j=1,2
Ui j|ψ j|2

)
ψi, (1)

where ψi (i = 1,2) denote the wave functions of the two com-
ponents, which are normalized to the number of atoms in each
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component, N1 and N2. The external trap is taken as an ax-
isymmetric harmonic potential V (𝑟) = 1

2 mω2(x2 + y2). The
coupling constants Ui j = 4π h̄2ai j/m represent the atom–atom
interactions.[22]

In order to simplify the equations, we adopt the di-
mensionless coupled GPEs.[22] By substituting ψi(x,y,z, t) =
ψi(x,y,z)exp(−iµit), the stationary equations read

µ1ψ1 =

(
− 1

2
∇2 +V (𝑟)+ γ11|ψ1|2 + γ12|ψ2|2

)
ψ1,

µ2ψ2 =

(
− 1

2
∇2 +V (𝑟)+ γ22|ψ2|2 + γ21|ψ1|2

)
ψ2. (2)

We construct an ansatz wavefunction which is the exact
solution to the GPEs in the limit of vanishing nonlinear inter-
actions (γi j = 0). It is expressed in the cylindrical coordinates
as

𝜓 = e−
1
2 ρ2

(
e iknz

ρm e imθ

)
. (3)

The order parameter (OP) of the two-component BEC
is represented by a normalized spinor 𝜉(𝑟) as 𝜓(𝑟) =√

n(𝑟)𝜉(𝑟), where n(𝑟) is the condensate density.[10,23] It can
be parameterized as[24](

ψ1

ψ2

)
=
√

n(𝑟)

(
cos(β (𝑟))e iφ1(𝑟)

sin(β (𝑟))e iφ2(𝑟)

)
, (4)

where β ∈ [0,π/2] and φ1,φ2 ∈ [0,2π]. Through studying the
OP, we can investigate the types of topological excitations.
The pseudospin is constructed by 𝑆 = 𝜉†𝜎𝜉, where 𝜎 is the
Pauli matrix.

3. Topology
In contrast to the previous works on BECs,[2] in which

the authors considered the knots in R3 and defined the Hopf
mapping π3(S2), we consider a similar configuration but en-
force the periodicity condition in the z direction. Since the
one-point compactification of R2 is S2, the physical space is
then S2 × S1. The homotopy classification of the above case
is more complicated than the usual case of S3 → S2. Globally,
S3 is distinct from S2 × S1. The first homology group of the
space is H1(S2 ×S1) = Z, while H1(S3) = 0.[25] As to the map
S2×S1 → S2, we have a primary invariant q related to S2 → S2

and a secondary invariant Z2q.[14,16]

In order to obtain a better understanding of the situation,
we can consider a physical picture of a twisted baby skyrmion
string: a baby skyrmion with 2D skyrmion number q winding
around S1, along which the phase modulus is twisted p times.
While such a configuration carries the Hopf number pq, nei-
ther the twisting p nor the Hopf number pq is a homotopy
invariant. Instead, we find that q and p modulo 2q are homo-
topy invariants. The new invariants are given by the induced

map on the second cohomology. The relative number of twists
is only a well defined modulo 2q for q depending on the coho-
mology class ϕ*µS2 ∈ H2(M;Z), where µS2 is a generator of
H2(S2;Z). We can have an intuitive view in Fig. 5.[26] If q ̸= 0,
there are 2q different homotopy classes corresponding to the
same degree. For example, there are two homotopy classes
for q = 1: a configuration with (p,q) = (2,1) can be continu-
ously deformed into a configuration with (p,q) = (0,1), even
the linking number is zero for the former and two for the lat-
ter. Although it seems impossible to deform (2,1)→ (0,1) by
continuous deformation from the first impression, the higher
numbers of twists can indeed be unwound from the point view
of topology.[14]

4. Stability
In addition to the topology, we should examine the stabil-

ity of the energy. Using the trial function (3), we obtain a sta-
ble 3D soliton with nearly the same shape of the initial wave-
function during the imaginary time evolution[27–30] as shown
in Fig. 1 for m = 1. Figure 1 shows the density and the phase
profile of the 3D numerical soliton for γ11 = γ22 = γ12 = γ21,
where the system possesses the SU(2) symmetry. However,
we can also obtain the same stable solution with a finite dif-
ference between the intracomponent and the intercomponent
interactions.

(a) (b)

10

0

-10
-10

0

10

y

x

10

0

-10
-10

0

10

y

x

(c) (d)

Fig. 1. (color online) The density profiles of (a) ψ1 and (b) ψ2 in the x–y
plane. (c) The phase distribution of ψ1 in the x–z plane and (d) that of
ψ2 in the x–y plane. The parameters are γ11 = γ22 = γ12 = γ21 = 1000.

By introducing the OP, we can give conduct a detailed
analysis of a stable soliton to study the structure. Here, we
choose the ansatz β = qr f (r), φ1 = p2πz/Lz = pg(z), φ2 =

qθ θ , with the integers p, qr, qθ and the cylindrical coordinates
(r,θ ,z).[16] The function f (r) satisfies the boundary condition
f (r → 0) = 0, f (r → ∞) = π/2, and the function g(z) satisfies
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the boundary condition g(z→ 0) = 0, g(z→ Lz) = 2π . The ex-
plicit expressions of the pseudospin 𝑆 = (Sx,Sy,Sz) are given
by

Sx = ξ
*
1 ξ2 +ξ

*
2 ξ1 = sin(2qr f (r))cos(pg(z)−qθ θ),

Sy = −i(ξ *
1 ξ2 −ξ

*
2 ξ1) =−sin(2qr f (r))sin(pg(z)−qθ θ),

Sz = (ξ *
1 ξ1 −ξ

*
2 ξ2) = cos(qr f (r))2 − sin(qr f (r))2. (5)

Let us first examine the 2D situation at each slice of con-
stant z. This is constructed by mapping the two-dimensional
space with a uniform boundary to the S2 target space for 𝑆,
which exhibits a 2D skyrmion (baby skyrmion), as shown in
Fig. 2. It is known that the 2D skyrmion has a topological
invariant defined in the two-dimensional system as

Q2D =
1

4π

∫
𝑆 · (∂x𝑆×∂y𝑆)d𝑟

=
qθ

4π

∫
∞

0
dr
∫ 2π

0
dθ sin(2qr f (r))2qr f

′
(r)

=
qθ [1− (−1)qr ]

2
.

From this, we can see that, Q2D = 0 for the even values of qr,
and Q2D = qθ for the odd values. During the numerical cal-
culations, we take qr = 1 and q = qθ . Figure 2 shows the 2D
skyrmion with q= 1 in the ρ–ϕ plane. We find no stable states
for qr > 1.

Fig. 2. (color online) The spin texture in R2 whose boundary is identi-
fied in the sphere S2.

To obtain the 3D numerical solitons, we start from the
initial solution Eq. (3) with qr = 1. During our calculation,
we give numerical solutions for the ψ1 phase modulus that is
twisted not less than three times along the z direction, under
the situation that the ψ2 component has one singly quantized
vortex and multiply quantized vortexes. Namely, we give nu-
merical solutions for q = 1,2,3 and p = 1,2,3.

Next ,we further explore the 3D structure constructed
from the 2D skyrmions. As the 2D skyrmion can be param-
eterized as S2 in our case, the 3D structure forms a twisted
string, which is periodic in the z direction and can be rep-
resented by concentric spheres. The map S2 × [0,2π] → S2

is displayed in Fig. 3, where 0 and 2π denote the boundary
condition. The preimages make a braid structure with the nu-
merical solutions shown in Fig. 3(a) for (p,q) = (1,1) and in
Fig. 3(b) for (p,q)= (1,2). Here, the tube describes the preim-
ages of Si = 0.98, where we plot a small isosurface around one

point 𝑆. In Fig. 3(a), the twisted tubes describe two distinct
preimages of the points on the target S2 having linking number
1. The linking number is 2 in Fig. 3(b). Although we have a
linking number, it is not a homotopy invariant in this case, as
discussed in Section 3.

(a) (b)

Fig. 3. (color online) These pictures illustrate the map S2× [0,2π]→ S2

between the innermost (red), the middle (cyan), and the outermost
(blue) spheres. The twist tubes (red and green) represent small isosur-
faces around two distinct points for (a) (p,q) = (1,1) and (b) (p,q) =
(1,2).

For our case, even though the Hopf number is not the ho-
motopy invariant on R2×S1, we still have the same mathemat-
ical definition such as in R3 by integrating over R2 × S1 (we
may consider an injection R2 × S1 → S3). The Hopf number
for 𝑆 parametered S2 is

QH =
1

4π2

∫
R2×S1

εi jkℱi j𝒜k d3x = pq, (6)

where ℱi j = ∂i𝒜 j − ∂ j𝒜i = 𝑆 · (∂i𝑆× ∂ j𝑆). We can obtain
that the Hopf number or linking number is the product of 2D
skyrmion number q and U(1) modulus twisting p, which is
related to the homotopy invariants discussed in Section 3.

Next, we look at the twist tubes. From knot and braid
theory we can find that every torus knot has a representation in
terms of a braid program. In contrast, in order to obtain a more
intuitive view of the linking number, we plot the spin texture in
the image of a torus with the ends identified.[31] For example,
the twist tubes in Fig. 3(a) correspond to the torus in Fig. 4(a).
Figure 4 displays the isosurfaces of Sx = 0.98 and Sy = 0.98
of the numerical solutions with different (p,q) in the image of
torus. One can easily count the linking number to be pq for
q = 1 (Figs. 4(a), 4(d), and 4(g)). For a larger q, the crossings
are too many and complicated to count directly. In this case,
the linking number can also be determined by the twist plus
writhe in the torus knot. For example, figure 5 shows an alter-
native description for Fig. 4(h). Figure 5(a) shows a torus and
a tube corresponding to the image of Sz = 0 and one nearby
point of the numerical solution with (p,q) = (3,2). From the
ribbon view suggested by Hietarinta, the twist and the writhe
are both 3 in Fig. 5(a), so the linking number is 6. This tube
is different from the unknot that was discussed previously. In
Fig. 5(b), we show that the tube in Fig. 5(a) is exactly a trefoil
knot, which is the simplest example of a nontrivial knot.
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(a) (b) (c)

(d) (e)

(g) (h) (i)

(f)

Fig. 4. (color online) The torus images of Sx = 0.98 (red) and Sy = 0.98
(blue) of our numerical solutions of different (p,q): (a) (1, 1), (b) (1,
2), (c) (1, 3), (d) (2,1), (e) (2, 2), (f) (2, 3), (g) (3, 1), (h) (3, 2), and (i)
(3, 3).

(a) (b)

Fig. 5. (color online) (a) The torus corresponds to the image of Sz = 0,
and the small tube is the image of one nearby point for (p,q) = (3,2).
(b) The small tube is just the trefoil knot.

5. Summary
We have numerically investigated the 3D solitons in a

two-component BEC on R2 × S1. From the point view of
topology, the mapping S2 × S1 → S2 has two homotopy in-
variants. However this is only a mathematic definition. For
a specific physical system, our solution with (p,q) = (2,1)
is at least at local minimum, implying an energy barrier to
(p,q) = (0,1). During our numerical calculations, the quan-
tum numbers p, q and Hopf number pq do not change. These

kinds of 3D solitons are energetically stable in the trapped
BEC. However, constructing the 3D solitons might not be a
simple task at the present moment. Recently, we have no-
ticed a spin rotation method which has been successful used
in creating 2D skyrmions, and the experimental technique can
be extended to create other exotic spin textures, such as knots
and monopoles in 3D condensates.[21]

References
[1] Babaev E, Faddeev L D and Niemi A J 2002 Phys. Rev. B 65 100512
[2] Kawaguchi Y, Nitta M and Ueda M 2008 Phys. Rev. Lett. 100 180403
[3] Zhou X, Li Y, Cai Z and Wu C 2013 J. Phys. B: At. Mol. Opt. Phys. 46

134001
[4] Li Y, Zhou X and Wu C 2012 arXiv: 1205.2162
[5] Irvine W T M and Bouwmeester D 2008 Nat. Phys. 4 716
[6] Dennis M R, King R P, Jack B, O’Holleran K and Padgett M J 2010

Nat. Phys. 6 118
[7] Desyatnikov A S, Buccoliero D, Dennis M R and Kivshar Y S 2012

Sci. Rep. 2 771
[8] Faddeev L and Niemi A J 1997 Nature 387 58
[9] Battye R A and Sutcliffe P M 1998 Phys. Rev. Lett. 81 4798

[10] Kawaguchi Y and Ueda M 2012 Phys. Rep. 520 253
[11] Kawaguchi Y, Kobayashi M, Nitta M and Ueda M 2010 Prog. Theor.

Phys. Suppl. 186 455
[12] Zhang C, Guo W A, Feng S P and Yang S J 2013 Chin. Phys. B 22

110308
[13] Gladikowski J and Hellmund M 1997 Phys. Rev. D 56 5194
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