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We propose a theorem for the quantum operator that corresponds to the solution of the Helmholtz equation, i.e.,

// V (x1,02,03) |1, X0, x3) (61,50, = V (X0, X, X3) = e A /40y

where V (x1,x7,x3) is the solution to the Helmholtz equation V2V 4+ A2V =0, the symbol :

(X1,X2,X3) 1,

: denotes normal ordering, and

X1,X2,X3 are three-dimensional coordinate operators. This helps to derive the normally ordered expansion of Dirac’s radius
operator functions. We also discuss the normally ordered expansion of Bessel operator functions.
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1. Introduction

Due to the fundamental commutative relation [X, P] = if,
where 7 is the reduced Planck constant and set to be 1 in
this paper, X is the coordinate operator, and P is the momen-
tum operator, the correspondence between the quantum me-
chanical operators and their classical counterparts has been
A di-
rect correspondence between an operator F (X) and its classi-

a major topic since the birth of quantum mechanics.

cal correspondence F (x) can be established by using Dirac’s
representation,!! [*_dx|x) (x| = 1, here |x) is the coordinate
eigenstate of the position operator X, i.e.,

— [ dxF @) . (1)

In Refs. [2]-{7], we have introduced the technique of integra-
tion within an ordered product (IWOP) of operators and recast
the completeness relation of coordinate eigenvector |x) into a
normally ordered Gaussian integration

/ dx|x) (x| = jo % e X 1,
=(a+a")/V2, )

where a and a' are creation and annihilation operators, re-
spectively, satisfying [a,aw =1, and a and a' are permutable

within : :. Thus

< dx

» ﬁF(x) e X7 3)

F(X)=
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For example, when F (X) = H,, (X), the Hermite polynomial
of operator X is

< dx
e /T

which converts H, (X) into normal ordering. For operator

H, (X) = H,(x): e X" =2 x4

function G (X, P), Weyl!®! proposed a correspondence rule!?!
through the integration with the kernel being the Wigner oper-
ator A (x, p) 1!

G(X,P) / dxdpA (x,p)g (x,p). Q)
Fan!!%!!] found that the normal ordering form of A (x, p) is

1 2 2
Alxp)=—: e == (6)

In this work, we will study the quantum operators that corre-
spond to the classical solution of the Helmholtz equation. Our
motivation lies in that some special functions are solutions to
the Helmholtz equation, so we may derive their operator func-
tion’s normally ordered expansions. Here we propose the fol-
lowing theorem.
Theorem 1 Suppose that V (xj,x2,x3) satisfies the

Helmbholtz equation
V2V 4+ A%V =0, @)

then the quantum operator corresponding to V (x1,x2,x3) is

// V (x1,%2,%3) |x1,%2,%3) (x1,%2,%3| d*x
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= V(X17X2,X3), d3x: dx1 dXQdX3, (8)

and its normally ordered expansion is

2
V(X1,X,X3) = e M4V (X1, X0, X3) 1 ©)

We will employ the IWOP technique to derive the above
theorem. As its application, we can directly derive the nor-
mally ordered expansion of Dirac’s radius operators. We also
find Jo (A7) = e **/4 1 1y (A7) :,
tion.

where Jj is the Bessel func-

2. Proof of the theorem

Since V(x,y,z) is a solution of the Helmholtz

equation (7), it is obvious that Ugp y(x1,%2,%3) =
V(x14+a,x2+ B,x3+7) also satisfies the Helmholtz equa-

tion
VU + AU =0, (10)

where a, 3,y are real. By introducing the spherical coordi-
nates x; = rsin @ cos ¢, x, =rsin0sin @, and x3 = rcos 0, the
Laplace operation is given by

, 19 (,0 1 9* d 1 92
V= 28r< or + 892+C0t689 sin® 0 d¢?
19 [(,0 L2
R 8r< 8r>_hzr2’ (in

where L is the angular momentum operator, and the eigenvalue
of L2 is [(I+1). Now let 4 = cos 8, we can reform Eq. (10)

as
1 i , U _’_i (1- )8U
2or\" or u au

1 0

2
1‘waw}+lU:0 (12)

From Eq. (12), we can see

T 19 (,9Uspy
//an(?r( ar )dud(p
= Az/ Udude
—-1J-x
/ / )8U
Em au
1 U

By defining the average of Uy g, (x1,X2,x3) over the 6—¢
space

V3 T
ua’ﬁjy(r) E/O /_nUaﬁ,Y(xl,xz,)g)sin9d9d(p

1 T
= /1/ Ua_ﬁ’y(xl,xg,m)dud(p
—1J-7

1 T
= /1 V(x1+o,x+B,x3+7)dude, (14)
J-1J-x

then from Eq. (13) we know that u, g, (r) obeys the radial

Here ug g (1) can also be viewed as the solution of Eq. (10)
for [ = 0. The solution to Eq. (15) is

equation

du r
Ot;ry()> +A%uq,py (r) =0. (15)

sm?Lr

o,B,y) ——. (16)

sinAr

“a,ﬁ,y(r) =UgBy (O) Ar = 475‘/(

Note /2/msinAr/r is the normalized spherical Bessel func-
tion

sinArsinA'r ,

) e . - /
;/0 ;. ;. rdr—é(l—?t). an

Assuming that V (x',y’,7) satisfies the Helmoltz equation (7),

then using Eq. (16), we can calculate the following integration:
v
x exp{— p (Ot x/)2+ (B —y’)2 +(y- /)2}}dx/dy’dz/
Hoa=d - oyt // V(X" +a,y +B,7"+7)
x exp{—p? [x

m2 +y//2 +Z//2:| }dx// dy//dZ//
AN

from x" y" 7 tor” 0", (p" 2.2
r//2 lrl/e %4 r
0

/ / Ua ﬁ y /l’yll Z//) d'u,”d(p”
0 2 2.2
— /) // dr// pr ”a.ﬁ,y (r//)

2 msin Ay’

= uaﬁ,Y(O)/O P2 dr e P S (18)

Due to

el _2m sinAr”
/ r//2 e P dr"
0

Ar'

1 (= 5 _2esinis
= [ e ——dt

2Lw MY

= Im/ e P g
— 7[721‘ +il[dt
Mon /

1 P T 2 N
= —Im— e 47| = 4p?
24 Imi&ﬁ, (\/ pze ' > 4p%e ' (19

we obtain the integration formula for the Helmholtz equation’s
solution V (x',y,7)

[ ——

+(B=Y) '+ (y=7)" ] dx dy d7
p3

e 4r

Vi, B,y). (20)
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Now using the completeness relation of 3D coordinate repre-

sentation
3 d3r 2
[atrinrl = [ S5 expt-ln—x)
+ (0 —X2) + (13— X3)]} =1,
|r) = |x1,%2,%3), 21
where
- a,-+a<+ o ——
Xi* ﬁl ) [aiaaj]*éi,jv 17]*132737 (22)
and using Eq. (20), we have
V (X1,X2,X3)
= /n3/2// V (x1,x2,%3)
cexp{—[(x1 —X1)?>+ (x2 = X2)* + (x3 — X3)]} :
2
— e T V(X1 X0, X5) 1 23)

Thus the theorem is proved.

3. Application of the theorem

For the classical radius variables, it is Dirac!!l who first
introduced the radius operator 7 in 3-dimensional coordinate
space

=\/X?+ X7+ X3, rlr)=rr), |r) = |x1,02,x3), (24)

the eigenvalues of r go from 0 to oo, so
= / a*r|r) (r|. (25)

Since sinAr/(Ar) is the solution of the Helmholz equation, it
then follows from the theorem that

sinAr sinAr 3
Fra /// |r) (r|d°r
ES/Z///smlr exp (r—r)z} - d3r

LY sinAr
TR

(26)

This is the normally ordered expansion of sin(Ar)/(Ar), a re-
markable operator identity.
On one hand, we note the Taylor expansion

sinAr & (—1)" A%
Ar = (2n+1) 7

n

27)

on the other hand, we have

24 SINAF i (=1)' 22 sindr
CAr 4 Ar
oo oo m—+l1
_ Z ) + 2{2m+21 m
A 2m+ 1)\

[=0m=0

_ Z 'A% (2n+1)! 22l
& 2n+ ) 4 (2n+1—20)1!
)" AP & (2n+1)! 2n-21
= T 28
Z 2n+l & Ao+ 1—20 " (28)

Comparing Eqgs. (27) and (28), we have the normal ordering
expansion of the power of the radial coordinate

2n C (21’! + 1)‘ 2n—21
—y e 29
" ;)41(2n+1—21)!l! " 9

The above result coincides with that in Refs. [12] and [13].
For instances,

P =:r:43)2,

=t 45 415/4. (30)

4. Two-dimensional case
In the two-dimensional case, the Helmhpoltz equation is

82'1’ PRd

Fr 82 +A2P =0, (31)

where we have used the cylindrical coordinates x; = rcos 6
and x, = rsin@. Simply completeing the integral over z’ in
Eq. (20), we have

//‘P x,y) exp{—p*[(x— x) + (y

= ?e 4P2 ¥ (x,y). (32)

2
—Y) X' dy

Then we have the operator expansion
¥ (X1,X) = / dxy dxa'¥ (x1,x2) |x1,x2) (x1,%2]

= // dxldxz‘f’(xl,XQ)
T
x zexp{—[(x1 — X1)* + (x2 — X2)*]} :

= e MwxX):. (33)

The basic solution of the 2D Helmholtz equation is
Ju(Ar) (AcosnB + Bsinn®), where J, (Ar) is the Bessel func-
tion. For n = 0, using the IWOP technique and Eq. (32), we
have the operator identity in the 2D case

Jo(AF) = / Jo (Ar) Jx1,x2) (1, x2] iy iy

%//Jo (lr') sexp{—[(Xi fxl)z
+ (X2 —XQ)Z]}dxl dx; :
= e Mg ;. (34)

According to the power-series definition

i ( 21/\217 (35)

= 22[
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on the other hand, we have

e**z/4 : Jo (A7) :

- (2D 20ar
= Z 2211; Zzzs |2)b T
oo 121 ?25

(36)

= Z 221

P A =)

Comparing Egs. (28) and (29), we find that in the 2D case, the

21

normally ordered expansion of the radius operator 7' is

7= (1) ZSZ l_szs,s,z 37)
For instance,
P=1r4,
=t P (38)

5. Conclusion

In summary, for those quantum-mechanical operators that
correspond to the radial solution of the Helmholtz equation,

we find their normally-ordered expansion formulas. Both the
cases in 2-dimensional and 3-dimensional coordinate spaces
are considered. In so doing, Dirac’s radius-operator function
theory is further developed.
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