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We propose a theorem for the quantum operator that corresponds to the solution of the Helmholtz equation, i.e.,∫∫∫
V (x1,x2,x3) |x1,x2,x3〉〈x1,x2,x3| d3x =V (X1,X2,X3) = e−λ 2/4 : V (X1,X2,X3) :,

where V (x1,x2,x3) is the solution to the Helmholtz equation ∇2V +λ 2V = 0, the symbol : : denotes normal ordering, and
X1,X2,X3 are three-dimensional coordinate operators. This helps to derive the normally ordered expansion of Dirac’s radius
operator functions. We also discuss the normally ordered expansion of Bessel operator functions.
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1. Introduction
Due to the fundamental commutative relation [X ,P] = ih̄,

where h̄ is the reduced Planck constant and set to be 1 in
this paper, X is the coordinate operator, and P is the momen-
tum operator, the correspondence between the quantum me-
chanical operators and their classical counterparts has been
a major topic since the birth of quantum mechanics. A di-
rect correspondence between an operator F (X) and its classi-
cal correspondence F (x) can be established by using Dirac’s
representation,[1] ∫ ∞

−∞
dx |x〉〈x| = 1, here |x〉 is the coordinate

eigenstate of the position operator X , i.e.,

F (X) =
∫

∞

−∞

dxF (x) |x〉〈x| . (1)

In Refs. [2]–[7], we have introduced the technique of integra-
tion within an ordered product (IWOP) of operators and recast
the completeness relation of coordinate eigenvector |x〉 into a
normally ordered Gaussian integration∫

∞

−∞

dx |x〉〈x|=
∫

∞

−∞

dx√
π

: e−(x−X)2
:= 1,

X = (a+a†)/
√

2, (2)

where a and a† are creation and annihilation operators, re-
spectively, satisfying

[
a,a†

]
= 1, and a and a† are permutable

within : :. Thus

F (X) =
∫

∞

−∞

dx√
π

F (x) : e−(x−X)2
: . (3)

For example, when F (X) = Hn (X) , the Hermite polynomial
of operator X is

Hn (X) =
∫

∞

−∞

dx√
π

Hn (x) : e−(x−X)2
:= 2n : Xn :, (4)

which converts Hn (X) into normal ordering. For operator
function G(X ,P), Weyl[8] proposed a correspondence rule[2]

through the integration with the kernel being the Wigner oper-
ator ∆ (x, p)[9]

G(X ,P) =
∫∫

dxd p∆ (x, p)g(x, p) . (5)

Fan[10,11] found that the normal ordering form of ∆ (x, p) is

∆ (x, p) =
1
π

: e−(x−X)2−(p−P)2
: . (6)

In this work, we will study the quantum operators that corre-
spond to the classical solution of the Helmholtz equation. Our
motivation lies in that some special functions are solutions to
the Helmholtz equation, so we may derive their operator func-
tion’s normally ordered expansions. Here we propose the fol-
lowing theorem.

Theorem 1 Suppose that V (x1,x2,x3) satisfies the
Helmholtz equation

∇2V +λ
2V = 0, (7)

then the quantum operator corresponding to V (x1,x2,x3) is∫∫∫
V (x1,x2,x3) |x1,x2,x3〉〈x1,x2,x3| d3x
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= V (X1,X2,X3) , d3x = dx1 dx2 dx3, (8)

and its normally ordered expansion is

V (X1,X2,X3) = e−λ 2/4 : V (X1,X2,X3) : . (9)

We will employ the IWOP technique to derive the above
theorem. As its application, we can directly derive the nor-
mally ordered expansion of Dirac’s radius operators. We also
find J0 (λ r̂) = e−λ 2/4 : J0 (λ r̂) :, where J0 is the Bessel func-
tion.

2. Proof of the theorem
Since V (x,y,z) is a solution of the Helmholtz

equation (7), it is obvious that Uα,β ,γ (x1,x2,x3) =

V (x1 +α,x2 +β ,x3 + γ) also satisfies the Helmholtz equa-
tion

∇2U +λ
2U = 0, (10)

where α,β ,γ are real. By introducing the spherical coordi-
nates x1 = r sinθ cosϕ, x2 = r sinθ sinϕ, and x3 = r cosθ , the
Laplace operation is given by

∇2 =
1
r2

∂

∂ r

(
r2 ∂

∂ r

)
+

1
r2

(
∂ 2

∂θ 2 + cotθ
∂

∂θ
+

1
sin2

θ

∂ 2

∂ϕ2

)
=

1
r2

∂

∂ r

(
r2 ∂

∂ r

)
− L2

h̄2r2
, (11)

where L is the angular momentum operator, and the eigenvalue
of L2 is l (l +1) . Now let µ = cosθ , we can reform Eq. (10)
as

1
r2

[
∂

∂ r

(
r2 ∂U

∂ r

)
+

∂

∂ µ

((
1−µ

2) ∂U
∂ µ

)
+

1
1−µ2

∂ 2U
∂ϕ2

]
+λ

2U = 0. (12)

From Eq. (12), we can see∫ 1

−1

∫
π

−π

1
r2

∂

∂ r

(
r2 ∂Uα,β ,γ

∂ r

)
dµ dϕ

= λ
2
∫ 1

−1

∫
π

−π

U dµ dϕ

− 1
r2

∫ 1

−1

∫
π

−π

[
∂

∂ µ

((
1−µ

2) ∂U
∂ µ

)
+

1
1−µ2

∂ 2U
∂ϕ2

]
dµ dϕ. (13)

By defining the average of Uα,β ,γ (x1,x2,x3) over the θ–ϕ

space

uα,β ,γ (r) ≡
∫

π

0

∫
π

−π

Uα,β ,γ (x1,x2,x3)sinθ dθ dϕ

=
∫ 1

−1

∫
π

−π

Uα,β ,γ (x1,x2,x3) dµ dϕ

=
∫ 1

−1

∫
π

−π

V (x1 +α,x2 +β ,x3 + γ) dµ dϕ, (14)

then from Eq. (13) we know that uα,β ,γ (r) obeys the radial
equation

1
r2

∂

∂ r

(
r2 ∂uα,β ,γ (r)

∂ r

)
+λ

2uα,β ,γ (r) = 0. (15)

Here uα,β ,γ (r) can also be viewed as the solution of Eq. (10)
for l = 0. The solution to Eq. (15) is

uα,β ,γ (r) = uα,β ,γ (0)
sinλ r

λ r
= 4πV (α,β ,γ)

sinλ r
λ r

. (16)

Note
√

2/πsinλ r/r is the normalized spherical Bessel func-
tion

2
π

∫
∞

0

sinλ r
r

sinλ ′r
r

r2 dr = δ
(
λ −λ

′) . (17)

Assuming that V (x′,y′,z′) satisfies the Helmoltz equation (7),
then using Eq. (16), we can calculate the following integration:∫∫∫

V
(
x′,y′,z′

)
× exp{−p2[

(
α− x′

)2
+
(
β − y′

)2
+
(
γ− z′

)2
]}dx′dy′dz′

x′−α=x′′, y′−β=y′′, z′−γ=z′′
=

∫∫∫
V
(
x′′+α,y′′+β ,z′′+ γ

)
× exp{−p2 [x′′2 + y′′2 + z′′2

]
}dx′′dy′′dz′′

from x′′,y′′,z′′ to r′′, θ ′′, ϕ ′′
=

∫
∞

0
r′′2 dr′′ e−p2r′′2

×
∫ 1

−1

∫
π

−π

Uα,β ,γ

(
x′′,y′′,z′′

)
dµ
′′dϕ

′′

=
∫

∞

0
r′′2 dr′′ e−p2r′′2uα,β ,γ

(
r′′
)

= uα,β ,γ (0)
∫

∞

0
r′′2 dr′′ e−p2r′′2 sinλ r′′

λ r′′
. (18)

Due to ∫
∞

0
r′′2 e−p2r′′2 sinλ r′′

λ r′′
dr′′

=
1
2

∫
∞

−∞

t2 e−p2t2 sinλ t
λ t

dt

=
1

2λ
Im
∫

∞

−∞

t e−p2t2+iλ t dt

=
1

2λ
Im

∂

i∂λ

∫
∞

−∞

e−p2t2+iλ t dt

=
1

2λ
Im

∂

i∂λ

(√
π

p2 e
− λ2

4p2

)
=

√
π

4p3 e
− λ2

4p2 , (19)

we obtain the integration formula for the Helmholtz equation’s
solution V (x′,y′,z′)∫∫∫

V
(
x′,y′,z′

)
exp{−p2[

(
α− x′

)2

+
(
β − y′

)2
+
(
γ− z′

)2
]}dx′dy′dz′

= uα,β ,γ (0)
√

π

4p3 e
− λ2

4p2 =
π3/2

p3 e
− λ2

4p2 V (α,β ,γ) . (20)
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Now using the completeness relation of 3D coordinate repre-
sentation∫

d3r |𝑟〉〈𝑟| =
∫ d3r

π3/2 : exp{−[(x1−X1)
2

+ (x2−X2)
2 +(x3−X3)

2]} := 1,

|𝑟〉 ≡ |x1,x2,x3〉 , (21)

where

Xi =
ai +a†

i√
2

, [ai,a
†
j ] = δi, j, i, j = 1,2,3, (22)

and using Eq. (20), we have

V (X1,X2,X3)

=
∫ d3r

π3/2

∫∫∫
V (x1,x2,x3)

: exp{−[(x1−X1)
2 +(x2−X2)

2 +(x3−X3)
2]} :

= e−
λ2
4 : V (X1,X2,X3) : . (23)

Thus the theorem is proved.

3. Application of the theorem
For the classical radius variables, it is Dirac[1] who first

introduced the radius operator r̂ in 3-dimensional coordinate
space

r =
√

X2
1 +X2

2 +X2
3 , r |𝑟〉= r |𝑟〉 , |𝑟〉 ≡ |x1,x2,x3〉 , (24)

the eigenvalues of r go from 0 to ∞, so

rn =
∫

d3rrn |𝑟〉〈𝑟| . (25)

Since sinλ r/(λ r) is the solution of the Helmholz equation, it
then follows from the theorem that

sinλ r
λ r

=
∫∫∫ sinλ r

λ r
|𝑟〉〈𝑟| d3r

=
1

π3/2

∫∫∫ sinλ r
λ r

: exp
[
−(𝑟− r)2

]
: d3r

= e−λ 2/4 :
sinλ r

λ r̂
: . (26)

This is the normally ordered expansion of sin(λ r)/(λ r), a re-
markable operator identity.

On one hand, we note the Taylor expansion

sinλ r
λ r

=
∞

∑
n=0

(−1)n
λ 2nr2n

(2n+1)!
, (27)

on the other hand, we have

e−λ 2/4 :
sinλ r

λ r
:=

∞

∑
l=0

(−1)l
λ 2l

4l l!
:

sinλ r
λ r

:

=
∞

∑
l=0

∞

∑
m=0

(−1)m+l
λ 2m+2l

4l(2m+1)!l!
: r2m :

=
∞

∑
l=0

∞

∑
n=l

(−1)n
λ 2n

(2n+1)!
(2n+1)!

4l(2n+1−2l)!l!
: r2n−2l :

=
∞

∑
n=0

(−1)n
λ 2n

(2n+1)!

n

∑
l=0

(2n+1)!
4l(2n+1−2l)!l!

: r2n−2l : . (28)

Comparing Eqs. (27) and (28), we have the normal ordering
expansion of the power of the radial coordinate

r2n =
n

∑
l=0

(2n+1)!
4l(2n+1−2l)!l!

: r2n−2l : . (29)

The above result coincides with that in Refs. [12] and [13].
For instances,

r2 = : r2 : +3/2,

r4 = : r4 : +5 : r2 : +15/4. (30)

4. Two-dimensional case
In the two-dimensional case, the Helmhpoltz equation is

∂ 2Ψ

∂x2
1
+

∂ 2Ψ

∂x2
2
+λ

2
Ψ = 0, (31)

where we have used the cylindrical coordinates x1 = r cosθ

and x2 = r sinθ . Simply completeing the integral over z′ in
Eq. (20), we have∫∫

Ψ
(
x′,y′

)
exp{−p2[

(
x− x′

)2
+
(
y− y′

)2
]}dx′dy′

=
π

p2 e
− λ2

4p2
Ψ (x,y) . (32)

Then we have the operator expansion

Ψ (X1,X2) =
∫∫

dx1 dx2Ψ (x1,x2) |x1,x2〉〈x1,x2|

=
∫∫ dx1 dx2

π
Ψ (x1,x2)

× : exp{−[(x1−X1)
2 +(x2−X2)

2]} :

= e−λ 2/4 : Ψ (X1,X2) : . (33)

The basic solution of the 2D Helmholtz equation is
Jn (λ r)(Acosnθ +Bsinnθ), where Jn (λ r) is the Bessel func-
tion. For n = 0, using the IWOP technique and Eq. (32), we
have the operator identity in the 2D case

J0 (λ r̂) =
∫∫

J0
(
λ r′
)
|x1,x2〉〈x1,x2| dx1 dx2

=
1
π

∫∫
J0
(
λ r′
)

: exp{−[(X1− x1)
2

+(X2− x2)
2]}dx1 dx2 :

= e−λ 2/4 : J0 (λ r̂) : . (34)

According to the power-series definition

J0 (λ r̂) =
∞

∑
l=0

(−1)l

22l (l!)2 λ
2l r̂2l , (35)
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on the other hand, we have

e−λ 2/4 : J0 (λ r̂) :

=
∞

∑
l=0

(−1)l

22l l!
λ

2l :
∞

∑
s=0

(−1)s

22ss!2 λ
2sr̂2s :

=
∞

∑
l=0

(−1)l
λ 2l

22l

l

∑
s=0

:
r̂2s

(l− s)!s!2 : . (36)

Comparing Eqs. (28) and (29), we find that in the 2D case, the
normally ordered expansion of the radius operator r̂2l is

r̂2l = (l!)2
l

∑
s=0

:
r̂2s

(l− s)!s!2 : . (37)

For instance,

r̂2 = : r2 : +1,

r̂4 = : r̂4 : +4 : r̂2 : +2. (38)

5. Conclusion
In summary, for those quantum-mechanical operators that

correspond to the radial solution of the Helmholtz equation,

we find their normally-ordered expansion formulas. Both the
cases in 2-dimensional and 3-dimensional coordinate spaces
are considered. In so doing, Dirac’s radius-operator function
theory is further developed.
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