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A meshless scheme for partial differential equations based on
multiquadric trigonometric B-spline quasi-interpolation*
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Based on the multiquadric trigonometric B-spline quasi-interpolant, this paper proposes a meshless scheme for some
partial differential equations whose solutions are periodic with respect to the spatial variable. This scheme takes into ac-
count the periodicity of the analytic solution by using derivatives of a periodic quasi-interpolant (multiquadric trigonometric
B-spline quasi-interpolant) to approximate the spatial derivatives of the equations. Thus, it overcomes the difficulties of
the previous schemes based on quasi-interpolation (requiring some additional boundary conditions and yielding unwanted
high-order discontinuous points at the boundaries in the spatial domain). Moreover, the scheme also overcomes the dif-
ficulty of the meshless collocation methods (i.e., yielding a notorious ill-conditioned linear system of equations for large
collocation points). The numerical examples that are presented at the end of the paper show that the scheme provides
excellent approximations to the analytic solutions.
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1. Introduction
Partial differential equations play a vital role in describing

physical, chemical, and engineering phenomena. They arise
in various fields, such as nonlinear optics, plasma physics,
particle vibrations in lattices, quantum physics, optical fiber
communication, etc. Generally, the analytic solutions of these
equations are either discontinuous or unavailable. Therefore,
the development of efficient and accurate numerical schemes
for solving differential equations is very important. Based on
whether a scheme relies on a mesh or not, there are basically
two types of schemes: the mesh-based schemes (i.e., finite
elements,[1–3] finite differences,[4] finite volume, spectral el-
ement, etc.), and the meshless schemes (such as the element
free Galerkin method,[5,6] meshless collocation methods,[7,8]

and so on).
The mesh-based schemes partition the domain of a prob-

lem into smaller subdomains. This will bring in discretiza-
tion errors and could take a long time for a solution. This
could even be hard on non-smooth and irregular domains. On
the contrary, meshless schemes only distribute scattered nodes
over the domain and thus save a lot of computation time.
Moreover, they provide more flexibility and adaptivity for the
cases that involve adaptivity and time-dependent changes of
the underlying region. Therefore, meshless schemes have at-
tracted considerable attention. Among them, collocations with

radial basis functions are popular.[9–13] However, the collo-
cation method requires us to solve a large-scale linear sys-
tem of equations, which takes a large amount of CPU time
for computation. In addition, this method may yield an ill-
conditioning system when the number of collocation points is
large. To overcome these difficulties, people usually use quasi-
interpolation (instead of collocation) to solve some differential
equations numerically.[14–19]

Quasi-interpolation gives an approximant directly with-
out solving any large-scale linear system of equations.
Moreover, some quasi-interpolants (i.e., the Bernstein’s ap-
proximant, the B-spline quasi-interpolant, the MQ quasi-
interpolant, etc) can even possess shape preserving prop-
erties. Therefore, quasi-interpolation has been widely
discussed.[20–23]

Particularly, based on MQ quasi-interpolation, a scheme
for solving some time-dependent differential equations was
proposed.[15,16,24,25] In the scheme, the spatial derivatives of
the equations were approximated by the derivatives of MQ
quasi-interpolation, while the temporal ones were approxi-
mated by divided differences.

Note that for some differential equations, the solutions
may be periodic with respect to the spatial variable.[15,16,25,26]

Then, it is more reasonable to approximate the spatial deriva-
tives of the equations with the derivatives of a periodic approx-
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imant. However, the MQ quasi-interpolant is not a periodic
function because its kernel (the MQ function) is not periodic.
Thus, they had to extend the quasi-interpolant periodically out-
side of the boundaries to approximate the analytic solutions
in the spatial domain. This requires some additional bound-
ary conditions, which may be extremely complicated for some
cases. Moreover, it also yields unwanted high-order discon-
tinuous points at the boundaries and thus destroys high-order
smoothness of the analytic solutions.

To overcome these difficulties, it is better to take into ac-
count the periodicity and use a quasi-interpolant whose kernel
itself is also periodic in these cases.

Lyche, Schumaker, and Stanley constructed a trigono-
metric B-spline quasi-interpolant with periodicity 2π and dis-
cussed its approximation orders for high-order derivatives.[27]

Recently, by using a multiquadric trigonometric function
as the kernel, a multiquadric trigonometric B-spline quasi-
interpolant was constructed in Ref. [17]. Later, approximation
orders for high-order derivatives and shape preserving proper-
ties of the quasi-interpolant were discussed in Ref. [28].

Based on the multiquadric trigonometric B-spline quasi-
interpolant, this paper proposes a scheme to solve some time-
dependent differential equations (whose analytic solutions are
periodic with respect to the spatial variable). This scheme
consists of three steps. First, the temporal derivatives of the
differential equations are approximated by the divided differ-
ences. Second, we approximate the spatial derivatives by the
derivatives of the multiquadric trigonometric B-spline quasi-
interpolant. These in turn yield an iterative formula for ap-
proximations of the analytic solutions at the discrete centers.
Finally, solving the iterative formula step by step gives these
approximations. This scheme is meshless and does not require
us to solve any large-scale linear system of equations.

This paper is organized as follows. To make the pa-
per self-contained, some preliminaries about multiquadric
trigonometric B-spline quasi-interpolation are presented in
Section 2. Based on the quasi-interpolation, a scheme for
some time-dependent differential equations is proposed in
Section 3. Numerical examples are provided in Section 4. A
discussion and conclusions are given in Section 5.

2. Preliminaries
The construction of multiquadric trigonometric B-spline

quasi-interpolation consists of three steps.[17]

First, the kernel (multiquadric trigonometric function) is
constructed

φ(x) =
√

c2 + sin2 x
2
,

where c is a positive shape parameter.
Second, with respect to the kernel, the multiquadric

trigonometric B-splines can be given in the form

ψ j(x) =
φ(x− x j+1)− cos

x j+1 − x j

2
φ(x− x j)

2sin
x j+1 − x j

2
sin

x j+1 − x j−1

2

−
cos

x j − x j−1

2
φ(x− x j)−φ(x− x j−1)

2sin
x j − x j−1

2
sin

x j+1 − x j−1

2

. (1)

Finally, with these {ψ j(x)} being the basis, the multi-
quadric trigonometric B-spline quasi-interpolation can be con-
structed as

Q f (x) =
N

∑
j=1

sin
x j+1 − x j−1

2
f (x j)ψ j(x), (2)

where 0 = x0 < · · ·< xN = 2π < xN+1 = 2π + x1.
Moreover, the quasi-interpolant approximates high-order

derivatives well and thus can be applied in the numerical solu-
tions of partial differential equations.[28]

In the following section, based on the quasi-interpolant,
we shall propose a scheme to solve some time-dependent dif-
ferential equations whose solutions are periodic with respect
to the spatial variable.

3. Main scheme
This section proposes a scheme for solving some

time-dependent differential equations based on multiquadric
trigonometric B-spline quasi-interpolation.

Without loss of generality, we show the scheme using
a simple example; however, it can be generalized to several
kinds of time-dependent problems, that is

ut(t,x) = uxx(t,x)+ p(t)u(t,x)+ϕ(t,x),

(t,x) ∈ (0, T ]× [0, 2π], (3)

with the initial condition

u(0,x) = u0(x), 0 ≤ x ≤ 2π,

and boundary conditions

u(t,0) = u(t,2π) = g(t), 0 ≤ t ≤ T.

Such a type of equations arise in many physical phenom-
ena. Examples include heat conduction processes, chemical
diffusion, thermoelasticity, control theory, and so on. For more
details about the equations, we refer our readers to Ref. [25].

Now, we present the numerical scheme to solve the
equations by multiquadric trigonometric B-spline quasi-
interpolation.

Let M and N be two given positive integers. Denoted by
{(tn,xk)}, n = 0,1, . . . ,M, k = 0,1, . . . ,N, the scattered centers
satisfy

0 = t0 < t1 < t2 < · · ·< tM−1 < tM = 1,

0 = x0 < x1 < x2 < · · ·< xN−1 < xN
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= 2π < xN+1 = 2π + x1.

Let un
k be approximations of u(t,x) at the centers (tn,xk). The

scheme to solve the equation consists of three steps.
First, discretizing the equation

ut(t,x) = uxx(t,x)+ p(t)u(t,x)+ϕ(t,x)

in time with the first-order forward divided differences yields

un+1
k = un

k +(tn+1 − tn)[(uxx)
n
k + p(tn)un

k +ϕ(tn,xk)],

n = 0,1, . . . ,M−1.

Second, using the second-order derivative of the multi-
quadric trigonometric B-spline quasi-interpolant to approxi-
mate (uxx)

n
k gives

un+1
k = un

k +(tn+1 − tn)

×
[ N

∑
j=1

un
j sin

x j+1 − x j−1

2
ψ

′′
j (xk)

+ p(tn)un
k +ϕ(tn,xk)

]
.

Note that u0
k = u0(xk) for k = 0,1, . . . ,N. This implies that the

approximations {un+1
k } at the time step tn+1 can be obtained

by those at the time step tn through the iterative formula.
Finally, solving the iterative formula step by step gives the

approximations un
k of the analytic solution u(t,x) at the centers

(tn,xk).
Consequently, we have proposed a scheme for some time-

dependent differential equations. This scheme does not re-
quire us to solve any linear system of equations. Moreover, for
a given x, we only need to compute the second-order derivative
ψ ′′

j (x), j = 1,2, . . . ,N, one time.
Besides, based on Eq. (1), ψ ′′

j (x) can be given analytically
as

ψ
′′
j (x) =

φ ′′(x− x j+1)− cos
x j+1 − x j

2
φ ′′(x− x j)

2sin
x j+1 − x j

2
sin

x j+1 − x j−1

2

−
cos

x j − x j−1

2
φ ′′(x− x j)−φ ′′(x− x j−1)

2sin
x j − x j−1

2
sin

x j+1 − x j−1

2

,

where

φ
′′(x) =

c2(c2 +1)−φ 4(x)
4φ 3(x)

.

Based on Theorem 3.1 in Ref. [28] and the Theorem
4.2 in Ref. [29], the truncation error of this scheme is
about 𝒪(∆t + (∆x)2/3), where ∆t = max{tn+1 − tn}, ∆x =

max{xk+1−xk}. Moreover, according to Theorem 3.4 and Re-
mark 3.5 in Ref. [30], the scheme is much stabler and simpler
than the divided differences that are used to solve high-order
differential equations with respect to the spatial variable.

Furthermore, by constructing a multivariate quasi-
interpolant with the tensor product method[29] for the uniform
centers, or the method in Ref. [31] for the scattered centers,
this scheme can be used to solve equations with two or more
spatial variables.

In the following section, we shall present some numerical
examples to illustrate the validity of this scheme.

4. Numerical examples

In this section, we assume that the centers are equidistant;
that is, ∆t = tn+1 − tn = 1/M, ∆x = xk+1 − xk = 2π/N.

4.1. Example 1

The first example is the above equation. As an example,
we let

ϕ(t,x) =−t(t +2)e−t2
(cosx+ sinx),

u0(x) = cosx+ sinx,

p(t) = 1+ t2, and g(t) = e−t2
, such that the analytic solution

of the above problem is u(t,x) = e−t2
(cosx+ sinx). Besides,

we set ∆t = (∆x)2/4 and c = 0.15(∆x)1/3.
Moreover, to demonstrate the efficiency of the scheme,

we compare our scheme with that based on the multiquadric
quasi-interpolant that was proposed in Ref. [25] for solving
these equations. Table 1 shows the numerical results of our
scheme, while Table 2 shows the corresponding results of the
scheme proposed in Ref. [25].

Table 1. L∞-error between the analytic solution and the numerical so-
lution of our scheme.

t N = 64 N = 128 N = 256
0.1 7.4424×10−6 5.7792×10−6 5.3258×10−6

0.2 1.3319×10−5 9.1892×10−6 8.0306×10−6

0.3 1.5607×10−5 1.0415×10−5 8.9827×10−6

0.4 1.5853×10−5 1.0405×10−5 8.9071×10−6

0.5 1.4945×10−5 9.6247×10−6 8.2711×10−6

0.6 1.3471×10−5 8.6697×10−6 7.3694×10−6

0.7 1.1735×10−5 7.5373×10−6 6.3817×10−6

0.8 9.9901×10−6 6.3912×10−6 5.4125×10−6

0.9 8.3960×10−6 5.3541×10−6 4.5182×10−6

1.0 6.9329×10−6 4.4088×10−6 3.7248×10−6

Based on these two tables, we can find that our scheme
provides more accurate approximations than that based on the
multiquadric quasi-interpolation in Ref. [25]. Moreover, it
also costs less in terms of computation time. The computa-
tion time of our scheme is about 27.545611 s, 559.532856 s,
and 8957.363822 s, under N = 64, N = 128, and N = 256,
respectively, while the corresponding time of the scheme pro-
posed in Ref. [25] is about 39.301494 s, 600.588628 s, and
9576.600206 s, respectively.
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Table 2. L∞-error between the analytic solution and the numerical so-
lution of the scheme proposed in Ref. [25].

t N = 64 N = 128 N = 256
0.1 7.9387×10−5 5.7794×10−6 4.7435×10−6

0.2 1.7355×10−4 1.3521×10−5 8.7708×10−6

0.3 2.6804×10−4 2.1622×10−5 1.6933×10−5

0.4 3.6094×10−4 2.9724×10−5 2.4931×10−5

0.5 4.5193×10−4 3.7781×10−5 3.2761×10−5

0.6 5.4080×10−4 4.5789×10−5 4.0420×10−5

0.7 6.2740×10−4 5.3747×10−5 4.7906×10−5

0.8 7.1158×10−4 6.1656×10−5 5.5219×10−5

0.9 7.9319×10−4 6.9514×10−5 6.2358×10−5

1.0 8.7211×10−4 7.7320×10−5 6.9323×10−5

4.2. Example 2

The second example is the telegraph equation,[23] which
is

utt(t,x)+ut(t,x) = uxx(t,x)+u(t,x),

(t,x) ∈ [0, 1]× [0, 2π), (4)

with the initial conditions ut(0,x) = −sinx and u(0,x) =

u0(x) = sinx for 0 ≤ x < 2π . The analytic solution is u(t,x) =
e−t sinx.

Discretizing the temporal derivatives of the equation

utt(t,x)+ut(t,x) = uxx(t,x)+u(t,x),

with centered divided differences yields

un+1
k =

[2+(∆t)2]un
k − (1−0.5∆t)un−1

k +(∆t)2(uxx(t,x))n
k

1+0.5∆t
. (5)

Observe that

u0
k = u0(xk) = sinxk, k = 0,1, . . . ,N.

Moreover, to get {u1
k}, we use the first-order forward di-

vided difference to approximate ut(0,x); that is, u1
k = u0

k(x)+
t1ut(0,xk) = (1− t1)sinxk, k = 0,1, . . . ,N.

We also compare our scheme with the centered divided
differences. Table 3 shows the numerical results of our scheme
under ∆t = 0.01 and c = 0.15(∆x)1/3, while Table 4 demon-
strates those of centered divided differences.

Table 3. L∞-error between the analytic solution and the numerical one
of our scheme.

t N = 64 N = 128 N = 256
0.1 6.1527×10−5 4.3294×10−5 2.9319×10−5

0.2 2.7362×10−4 1.9253×10−4 1.3039×10−4

0.3 6.0861×10−4 4.2823×10−4 2.9000×10−4

0.4 0.0010 7.3262×10−4 4.9612×10−4

0.5 0.0015 0.0011 7.3846×10−4

0.6 0.0021 0.0015 0.0010
0.7 0.0027 0.0019 0.0013
0.8 0.0034 0.0024 0.0016
0.9 0.0040 0.0028 0.0019
1.0 0.0047 0.0033 0.0022

The two tables demonstrate that the centered divided
difference scheme yields more accurate approximations than
our scheme. In addition, the centered divided difference
scheme costs less computation time. The computation time of
the centered divided difference scheme is about 0.105903 s,
0.172105 s, and 0.253865 s, under N = 64, N = 128, and
N = 256, respectively, while the one of our scheme is about
6.435605 s, 25.446588 s, and 105.592014 s, respectively.
However, our scheme is stabler than the centered divided dif-
ference scheme, as shown in Tables 5 and 6.

Table 4. L∞-error between the analytic solution and the numerical so-
lution of centered divided differences.

t N = 64 N = 128 N = 256
0.1 2.7465×10−6 7.0794×10−7 1.9815×10−7

0.2 1.2214×10−5 3.1482×10−6 8.812×10−7

0.3 2.7164×10−5 7.0019×10−6 1.9599×10−6

0.4 4.6469×10−5 1.1978×10−5 3.3527×10−6

0.5 6.9164×10−5 1.7828×10−5 4.9901×10−6

0.6 9.4430×10−5 2.4340×10−5 6.8129×10−6

0.7 1.2157×10−4 3.1336×10−5 8.7710×10−6

0.8 1.5000×10−4 3.8664×10−5 1.0822×10−5

0.9 1.7923×10−4 4.6198×10−5 1.2931×10−5

1.0 2.0886×10−4 5.3833×10−5 1.5068×10−5

Table 5. L∞-error between the analytic solution and the numerical so-
lution of our scheme under the case that the initial conditions contain
Gaussian white noise with variance 0.01.

t N = 128 N = 256 N = 512 N = 1024
0.2 0.0088 0.0174 0.0265 0.0246
0.4 0.0132 0.0154 0.0200 0.0253
0.6 0.0174 0.0147 0.0229 0.0262
0.8 0.0145 0.0158 0.0193 0.0232
1.0 0.0114 0.0134 0.0176 0.0252

Table 6. L∞-error between the analytic solution and the numerical solu-
tion of centered divided differences under the case that the initial con-
ditions contain Gaussian white noise with variance 0.01.

t N = 128 N = 256 N = 512 N = 1024
0.2 0.0164 0.0190 0.0326 Nay
0.4 0.0168 0.0184 0.0229 Nay
0.6 0.0183 0.0143 0.0233 Nay
0.8 0.0124 0.0153 0.0246 Nay
1.0 0.0140 0.0127 0.0217 Nay

5. Concluding remarks
This paper proposes a numerical scheme for some par-

tial differential equations whose analytic solutions are peri-
odic with respect to the spatial variable. Unlike previous
schemes, which were based on quasi-interpolation,[15,16,25]

this scheme takes into account the periodicity of the analytic
solution. Thus, it requires no additional boundary conditions
and does not yield unwanted high-order discontinuous points
at the boundaries in the spatial domain. Moreover, the scheme
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also overcomes the difficulty of the meshless collocation meth-
ods (i.e., yielding a notorious ill-conditioned linear system of
equations for large collocation points). Our numerical results
demonstrate that the scheme possesses fair approximation ac-
curacy.
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