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This paper studies the consensus problems for multi-agent systems with general linear and nonlinear dynamics. The
leaderless and leader-following consensus problems are investigated respectively. Contraction theory is employed to gen-
erate some sufficient conditions for testing the agents reaching consensus. Under these conditions and certain assumptions,
the trajectories of multi-agent systems in directed topology will converge to each other. Finally, two numerical examples
are given to illustrate the effectiveness of the proposed results.
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1. Introduction

Coordination control of multi-agent systems has been
widely studied for many years. Generally speaking, we al-
ways separate it into three categories: consensus problem,
rendezvous problem, and formation control.[1,2] Specially, the
consensus problem as the fundamental problem for coordina-
tion control has divided into many research branches, such as
tracking control, synchronization, flocking motion, and so on.
However, tracing the essence of consensus problem, a require-
ment that all nodes converge to a common value is the ultimate
objective. The most famous work can be found in Refs. [3]–
[5].

Recently, much attention has been focused on studying
the consensus of linear multi-agent systems. Compared with
the first-order[6,7] or second-order[8,9] multi-agent dynamics,
the linear dynamics is a more general case in which each agent
can be at any high order. So far, all kinds of results for solv-
ing the consensus of linear multi-agent systems have emerged.
Wang et al.[10] found that the consensus of linear multi-agent
systems can be achieved on condition that the adjacency graph
is frequently connected and the linear model is completely
controllable. Ni and Cheng[11] used algebraic graph theory,
the Riccati inequality, and the Lyapunov inequality to con-
sider the leader-following consensus problem of linear multi-
agent systems. Based on the partial stability method, Xi et
al.[12] solved the output consensus problem of high-order lin-
ear swarm systems. Zhao et al.[13] proved that the consensus
of linear multi-agent systems can be achieved if the underly-
ing topology contains a directed spanning tree. Li et al.[14]

discussed the consensus problems of discrete and continu-
ous linear multi-agent systems by establishing reduced-order
observer-based consensus protocols. Wen et al.[15] studied
the consensus problem for linear dynamics with discontinuous
observations. However, the methods proposed in the above
results, making linear multi-agent systems reach consensus,
were established on the assumption that the coefficient matri-
ces of the linear dynamics were stabilizable and detectable. To
the best of our knowledge, the problem of how to ensure each
agent of a linear system tends to reach consensus without this
assumption has not been comprehensively studied.

On the other hand, the theory of the synchronization of
complex networks has generated some fruitful results. For ex-
ample, De Lellis et al.[16] exploited adaptive control to reg-
ulate the time-varying coupling gains such that the synchro-
nization of networks can be achieved. Some results on pin-
ning control of different complex networks can be found in
Refs. [17] (Lurie dynamical network), [18] (scale-free dy-
namical network), and [19] (discrete-time network). Li and
Chen[20] obtained the sufficient conditions for the global
synchronization and asymptotical stability of complex net-
works based on the Lyapunov stability theorem. De Lellis
and di Bernardo[21] listed all methods including Lyapunov
techniques,[22] master stability function,[23] and contraction
analysis to deal with the synchronization problem of complex
networks. However, the most common method is to consider
the stability of some error systems, so the Lyapunov stability
technique has been the dominant position for many years. The
good property of contraction theory has been expressed since
it was proposed in Ref. [24]. Actually, contraction analysis

*Project supported by the National Natural Science Foundation of China (Grant Nos. 61473136 and 61174021), the Fundamental Research Funds for the Central
Universities of China (Grant No. JUSRP51322B), and the 111 Project (Grant No. B12018).

†Corresponding author. E-mail: xiaojiao-abc@hotmail.com
© 2014 Chinese Physical Society and IOP Publishing Ltd http://iopscience.iop.org/cpb　　　http://cpb.iphy.ac.cn

110205-1

http://dx.doi.org/10.1088/1674-1056/23/11/110205
mailto:xiaojiao-abc@hotmail.com
http://iopscience.iop.org/cpb
http://cpb.iphy.ac.cn


Chin. Phys. B Vol. 23, No. 11 (2014) 110205

is motivated by the element property that considering the sta-
bility does not require us to know the initial conditions and
temporary disturbances. Wang and Slotine[25] extended the
contraction analysis to a more general case: partial contrac-
tion theory. For the relations between the network and the
graph theory, some results on the synchronization of complex
networks can be extended to multi-agent systems. From this
unified viewpoint, Li et al.[26] proposed a distributed observer-
type consensus protocol and gave the consensus region for dis-
cussing the consensus problem of linear multi-agent systems.
Li et al.[27] used an adaptive law via adjusting the time-varying
coupling weights to consider the distributed consensus prob-
lems for multi-agent systems with general linear and Lipschitz
nonlinear dynamics. Li et al.[28] considered the consensus
problem of linear multi-agent systems without or with a leader
via designing two different adaptive dynamic protocols. Liu et
al.[29] constructed two different protocols to analyze the syn-
chronization problem of multi-agent systems with a leader in
an undirected topology. Zhang et al.[30] studied cooperative
tracking control for general linear systems and showed that
a networked system can achieve synchronization on arbitrary
graphs containing a spanning tree in unbounded synchroniza-
tion regions, by only adjusting the coupling gain c. Scardovi
and Sepulchre[31] investigated the synchronization problem of
discrete identical linear networks. Ding et al.[32] provided a
novel Lyapunov–Krasovskii functional to discuss the leader-
following consensus for a distributed multi-agent system with
time delay. However, all these results are established on the
Lyapunov stability theory for discussing the consensus or syn-
chronization problem of multi-agent systems.

Motivated by the above work, we mainly use partial con-
traction to consider the consensus problem of multi-agent sys-
tems originated from Ref. [27]. Without assuming the coeffi-
cient matrices of these systems are stabilizable and detectable,
the consensus problem of multi-agent (actual) systems is re-
placed by studying the contracting behaviors of some virtual
systems. At the same time, for the Lipschitz nonlinear dy-
namics, the limitation on the function f (x) is eliminated in
the leaderless consensus problem. By employing contraction
theory, some conditions for the consensus problems are given.
These conditions mainly depend on the topology of the net-
work, system parameters, and the coupling strength.

The structure of this paper is organized as follows. In Sec-
tion 2, some preliminaries about the contraction theory and
graph theory are introduced. Then, the main results of this
paper are shown in Section 3. In Section 4, we verify the ef-
fectiveness of our method. Finally, conclusions are drawn in
Section 5.

2. Preliminaries
For the sake of better understanding, some basic knowl-

edge about the contraction analysis and graph theory is intro-
duced in this section.

2.1. Contraction theory
2.1.1. Contraction analysis

Consider a nonlinear system

𝑥̇= 𝑓(𝑥, t), (1)

where 𝑥 ∈ 𝑅n is a state vector, and 𝑓(𝑥, t) is assumed to be
an n×1 continuously differentiable vector function. Defining
δ𝑥 as a virtual displacement between two different neighbor-
ing trajectories, we have

d
dt

(δ𝑥T
δ𝑥)≤ 2δ𝑥T

δ 𝑥̇

= 2δ𝑥T ∂𝑓

∂𝑥
δ𝑥≤ 2λ max(𝑥, t)δ𝑥T

δ𝑥, (2)

where λ max is the largest eigenvalue of the symmetric part of
the Jacobian J = ∂𝑓/∂𝑥. By path integration at fixed time
in inequality (2), ‖δ𝑥‖ ≤ ‖δ𝑥0‖e

∫ t
0 λ max(𝑥,t)dt can be easily

obtained. Hence, if λ max(𝑥, t) is uniformly strictly negative,
any infinitesimal length ‖δ𝑥‖ will converge exponentially to
zero. This means that all solutions of system (1) converge
exponentially to a single trajectory, independent of the initial
conditions.[25]

Definition 1[24] Uniformly negative definiteness (UND)
of Jacobian ∂𝑓(𝑥, t)/∂𝑥 means that there exists a scalar α >

0,∀𝑥,∀t ≥ 0 s.t. ∂𝑓/∂𝑥≤−αI < 0. As all matrix inequalities
will refer to the symmetric part of the square matrix involved,

we can further write 1
2 (

∂𝑓
∂𝑥

+ ∂𝑓
∂𝑥

T
)≤−αI < 0.

2.1.2. Partial contraction analysis

Partial contraction theory is a very important method for
studying synchronization behaviors of dynamics. Compared
to the contraction theory, it is more straightforward and more
practical. Therefore, in this paper we mainly use partial con-
traction theory to obtain our results.

Lemma 1[25] Consider a nonlinear system of the form

𝑥̇= 𝑓(𝑥,𝑥, t), (3)

and assume that the auxiliary system

𝑦̇ = 𝑓(𝑦,𝑥, t) (4)

is contracting with respect to 𝑦. If a particular solution of the
auxiliary 𝑦-system verifies a smooth specific property, then all
trajectories of the original 𝑥-system verify this property expo-
nentially. The original system is said to be partially contract-
ing.
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2.2. Graph theory

Let 𝒢 = (𝒱,ℰ) be a weighted digraph denoted a multi-
agent network of order N, with a set of nodes 𝒱 =

{v1,v2, . . . ,vN} and an edge set ℰ ⊂ 𝒱 ×𝒱 which is a set of
ordered pairs of nodes. In this graph, the node vi stands for
an agent i and an edge (vi,v j) denotes that agent j can ob-
tain information from agent i. The set of neighbors of node
vi is defined as Ni = {v j|(v j,vi) ∈ ℰ}. A graph 𝒢 is called
undirected, if (vi,v j) ∈ ℰ means (v j,vi) ∈ ℰ . Meanwhile, self-
edges (vi,vi) are not allowed in this paper. For a given graph,
its corresponding adjacency matrix 𝒜 = (ai j)N×N is defined
as ai j = 1 if (v j,vi) ∈ ℰ , and is equal to 0 otherwise. The
Laplacian matrix L = (li j)N×N of graph 𝒢 has the property of

lii =
N

∑
j=1, j ̸=i

ai j and li j =−ai j for i ̸= j. The degree of node vi

is defined as deg(i) =
N

∑
j=1, j ̸=i

ai j, i = 1,2, . . . ,N.

A (directed) path between nodes vi and v j is a sequence of
(ordered) edges in the form (vi,vi1),(vi1 ,vi2), . . . ,(vim ,v j). A
directed graph is strongly connected if there is a directed path
from every node to every other node. An undirected graph is
connected if there is a path between any pair of distinct nodes.
A graph contains a directed spanning tree if there exists at least
one node such that it can reach any other nodes with directed
paths. The reader can refer to Ref. [33] for other basic notions
on graph theory.

3. Main results
3.1. Consensus of multi-agent systems in leaderless case
3.1.1. Consensus of multi-agent systems with general

linear dynamics

Consider a group of N identical agents, each of them is
described by a general linear model

𝑥̇i =𝐴𝑥i +𝐵𝑢i, i = 1,2, . . . ,N, (5)

where 𝑥i ∈𝑅n is agent i’s state, and 𝑢i ∈𝑅m is agent i’s con-
trol input. 𝐴 and 𝐵 are constant matrices with compatible
dimensions.

To solve the consensus problem, a static consensus proto-
col proposed in Ref. [26] is presented as follows:

𝑢i = c𝐾
N

∑
j=1

ai j(𝑥i −𝑥 j), i = 1,2, . . . ,N, (6)

where c > 0 is the coupling strength, 𝐾 ∈𝑅m×n is the feed-
back gain matrix to be designed, and 𝒜 = (ai j)N×N is the ad-
jacency matrix of the graph 𝒢.

Based on the definition of Laplacian matrix L, we can
know that

𝑢i = c𝐾
N

∑
j=1

ai j(𝑥i −𝑥 j) = c𝐾
N

∑
j=1

li j𝑥 j. (7)

Then system (5) can be simplified into the following equation:

𝑥̇i =𝐴𝑥i +𝐵c𝐾
N

∑
j=1

li j𝑥 j. (8)

Definition 2 System (5) is said to achieve consensus if
there is a state feedback 𝑢i such that

lim
t→∞

‖𝑥i(t)−𝑥 j(t)‖= 0, ∀i, j. (9)

Our objective of this paper is to select a suitable 𝐾 in
Eq. (8) such that equation (9) holds. Before presenting our
results, some assumptions must be given first.

Assumption 1 The graph associated with the multi-agent
network has a directed spanning tree. This can efficiently en-
sure lii ̸= 0.

For the discussion of the consensus of the linear multi-
agent system {

𝑥̇i = 𝐴𝑥i +𝐵𝑢i,
𝑦i = 𝐶𝑥i, i = 1,2, . . . ,N,

(10)

the following instructions are necessarily given to illustrate the
superiority of our method.

Remark 1 In the existing results, to make system (10)
reach consensus, some sufficient conditions must be given be-
fore the consensus algorithm begins to perform. If the consen-
sus is only related to the state variable, (𝐴,𝐵) is required to be
stabilizable. Moreover, if the output variable 𝑦i(t) is also con-
sidered in the consensus problem, such as the output feedback
control and observer-based consensus, and so on, the require-
ments that (𝐴,𝐵) is stabilizable and (𝐴,𝐶) is observable (de-
tectable) must be satisfied at the same time. However, these
sufficient conditions can be removed by using our method. On
the other hand, a sufficient condition for the communication
graph is indispensable, as in the previous work. That is, in the
undirected case, the graph is assumed to be connected. In the
directed case, the graph is assumed to have a spanning tree.
Therefore, all our results for the consensus problems are es-
tablished on Assumption 1.

Following the principles of the contraction analysis, our
main results are subsequently given in this section.

Theorem 1 If Assumption 1 is satisfied and there exists a
suitable 𝐾 such that the symmetric part of the matrix

𝐽1 =𝐴+𝐵c𝐾lii (11)

is UND, then the agents in system (8) can reach consensus.
Proof From Lemma 1, to consider the convergence of

system (8), we should find an available virtual system to re-
place system (8). Thus, we first construct a virtual system as
follows:

𝑦̇i =𝐴𝑦i +𝐵c𝐾lii𝑦i +𝐵c𝐾
N

∑
j=1, j ̸=i

li j𝑥 j. (12)
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It is obvious that 𝑦i =𝑥i is a particular solution of system (12)
for all i= 1,2, . . . ,N. Denoting δ𝑦i as the virtual displacement
between different trajectories of system (12), we have

δ 𝑦̇i =𝐴δ𝑦i +𝐵c𝐾liiδ𝑦i. (13)

Then the differential of the square distance between neighbor-
ing trajectories δ𝑦T

i δ𝑦i can be expressed as follows:

d
dt

(δ𝑦T
i δ𝑦i) = 2δ𝑦T

i δ 𝑦̇i

= 2δ𝑦T
i (𝐴δ𝑦i +𝐵c𝐾liiδ𝑦i)

= 2δ𝑦T
i (𝐴+𝐵c𝐾lii)δ𝑦i

≤ 2λ 1maxδ𝑦T
i δ𝑦i. (14)

Here λ 1max is the largest eigenvalue of J1s and J1s =
1
2 (J

T
1 +

J1). If J1s is UND, λ 1max < 0. From inequality (14), we can
easily know that system (13) is globally asymptotically stable.
This means that the virtual system (12) is contracting. Hence,
system (8) also has the contracting behaviors, that is, system
(8) can reach consensus.

Remark 2 The construction of the virtual system has
more choices, such as

𝑦̇i = 𝐴𝑦i +𝐵c𝐾
N

∑
j=1

ai j(𝑦i −𝑦 j)

−K0

N

∑
j=1

𝑦 j +K0

N

∑
j=1

𝑥 j.

This virtual system can also be used to check the convergence
of the actual system. For detailed situations refer to Ref. [25].

3.1.2. Consensus of multi-agent systems with nonlin-
earity

In this section, we consider the consensus problem for a
multi-agent system consisting of N identical nonlinear agents.
The dynamics of each agent is described by

ẋi =𝐴𝑥i +𝐷𝑓(xi)+𝐵𝑢i, i = 1,2, . . . ,N, (15)

where xi ∈ 𝑅n,ui ∈𝑅m are the state and the control input of
agent i, respectively. 𝐴, 𝐵, and 𝐷 are known constant matri-
ces with compatible dimensions.

Remark 3 Here, the nonlinear function 𝑓(𝑥) is more
general. The limitation on the function in Ref. [27] can be
eliminated.

Theorem 2 If Assumption 1 is satisfied and there exists
a suitable 𝐾 such that the symmetric part of the matrix

𝐽2 =𝐴+𝐷
∂𝑓

∂𝑦i
+𝐵c𝐾lii (16)

is UND, then the agents in (15) can reach consensus.

Proof As before, the control input ui = c𝐾
N

∑
j=1

li j𝑥 j, then

equation (15) can be changed into

ẋi =𝐴𝑥i +𝐷𝑓(xi)+𝐵c𝐾
N

∑
j=1

li j𝑥 j. (17)

Following the same steps as in Theorem 1, the virtual system
of system (17) is generated as

𝑦̇i =𝐴𝑦i +𝐷𝑓(𝑦i)+𝐵c𝐾lii𝑦i +𝐵c𝐾
N

∑
j=1, j ̸=i

li j𝑥 j. (18)

Therefore, 𝑦i =𝑥i for all i = 1,2, . . . ,N is a particular solution
of system (18). Defining the virtual displacement for state 𝑦i

in system (18) as δ𝑦i, we have

δ 𝑦̇i =𝐴δ𝑦i +𝐷
∂𝑓

∂𝑦i
δ𝑦i +𝐵c𝐾liiδ𝑦i. (19)

Taking the derivative of the square distance between two
neighboring trajectories, we have

d
dt

(δ𝑦T
i δ𝑦i) = 2δ𝑦T

i δ 𝑦̇i

= 2δ𝑦T
i

(
𝐴δ𝑦i +𝐷

∂𝑓

∂𝑦i
δ𝑦i +𝐵c𝐾liiδ𝑦i

)
= 2δ𝑦T

i

(
A+𝐷

∂𝑓

∂𝑦i
+𝐵c𝐾lii

)
δ𝑦i

≤ 2λ 2maxδ𝑦T
i δ𝑦i, (20)

where λ 2max is the largest eigenvalue of J2s and J2s =
1
2 (J

T
2 +

J2). If J2s is UND, λ 2max < 0, system (19) is globally asymp-
totically stable. This indicates that the virtual system (18)
has contracting behavior, so system (15) also has the property,
reaching consensus.

3.2. Consensus of multi-agent systems with a leader
3.2.1. Consensus of multi-agent systems with general

linear dynamics

Suppose that a leader which has the following dynamics
is introduced into the existing multi-agent group (8):

𝑥̇0 =𝐴𝑥0. (21)

Then we use the following control law for agent i:

𝑢i = c𝐾
N

∑
j=1

ai j(𝑥i −𝑥 j)+ c𝐾di(𝑥i −𝑥0), (22)

such that all the agents can reach consensus with the leader
asymptotically, i.e., 𝑥1(t) = 𝑥2(t) = · · · = 𝑥n(t) = 𝑥0(t), as
t → +∞. Here, 𝐾 is a feedback matrix to be designed, and
di is defined to be 1 when there is a link between agent i and
the leader, and 0 otherwise. It is supposed that the following
assumption must be satisfied.
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Assumption 2 For a given graph, having a directed span-
ning tree, its root can get information from the leader.

Denote 𝑒i = 𝑥i −𝑥0, we have

𝑒̇i =𝐴𝑒i +𝐵c𝐾
N

∑
j=1

li j𝑒 j +𝐵c𝐾di𝑒i. (23)

Just as discussed in Section 3.1, we have the following con-
clusion.

Theorem 3 Based on Assumption 2, if there exists a suit-
able 𝐾 such that the symmetric part of the matrix

𝐽1 =𝐴+𝐵c𝐾lii +𝐵c𝐾di (24)

is UND, then the agents in (23) can reach consensus.
Proof Just as in Theorem 1, we constitute a virtual sys-

tem as follows:

˙̃𝑦i = 𝐴𝑦̃i +𝐵c𝐾lii𝑦̃i

+𝐵c𝐾
N

∑
j=1, j ̸=i

li j𝑒 j +𝐵c𝐾di𝑦̃i. (25)

Apparently, 𝑦̃i = 𝑒i for all i = 1,2, . . . ,N is a particular so-
lution of (25). Considering the virtual displacement δ 𝑦̃i for
system (25), we have

δ ˙̃𝑦i =𝐴δ 𝑦̃i +𝐵c𝐾iiδ 𝑦̃i +𝐵c𝐾diδ 𝑦̃i. (26)

The square distance between the neighboring solution trajec-
tories is defined as δ 𝑦̃T

i δ 𝑦̃i. From Eq. (26), we can easily
obtain

d
dt

(δ 𝑦̃T
i δ 𝑦̃i) = 2δ 𝑦̃T

i (A+𝐵c𝐾lii +𝐵c𝐾di)δ 𝑦̃i

≤ 2λ̃ 1maxδ 𝑦̃T
i δ 𝑦̃i, (27)

where λ̃ 1max is the largest eigenvalue of 𝐽1s and 𝐽1s =
1
2 (𝐽1

T
+𝐽1). If 𝐽1s is UND, λ̃ 1max < 0. The convergence

of system (23) can be guaranteed.
Remark 4 In Ref. [34], the leader-following consensus

can also be solved by Lyapunov stability theory. Following
the conclusion, the matrix 𝐼N ⊗𝐴−𝐻 ⊗𝐵𝐾 must be Hur-
witz. However, the method given by Theorem 3 considerably
reduces the amount of calculation and decreases the dimension
of the matrix. Overall, the results in the above subsection are
established on the collection of all agents, while we only con-
sider a single agent to obtain the whole motion of all agents.

3.2.2. Consensus of multi-agent systems with nonlin-
earity

Here the leader has the following form:

𝑥̇0 =𝐴𝑥0 +𝐷𝑓(𝑥0). (28)

In contrast to Section 3.1.2, the nonlinear function 𝑓(𝑥i) sat-
isfies the following assumption.

Assumption 3

k− ≤ 𝑓(α)−𝑓(β )

α −β
≤ k+,∀α,β ∈𝑅n, (29)

where k− and k+ are known constants. Then the error dynam-
ics can be described as follows:

𝑒̇i =𝐴𝑒i +𝐷𝜂(𝑒i)+𝐵c𝐾
N

∑
j=1

li j𝑒 j +𝐵c𝐾di𝑒i, (30)

where 𝜂(𝑒i) = 𝑓(𝑥i)− 𝑓(𝑥0). The nonlinear function η(x)
also satisfies

k− ≤ 𝜂(α)−𝜂(β )

α −β

=
𝑓(α)−𝑓(𝑥0)+𝑓(𝑥0)−𝑓(β )

α −β
≤ k+. (31)

Without consideration, we naturally have the following
theorem.

Theorem 4 Based on Assumptions 2 and 3, if there exists
a suitable K such that the symmetric part of the matrix

𝐽2 = A+𝐷
∂𝜂

∂ 𝑦̃i
+𝐵c𝐾lii +𝐵c𝐾di. (32)

is UND, then the agents in (30) can reach consensus.
Proof Construct a virtual system of system (30) as fol-

lows:

˙̃𝑦i = 𝐴𝑦̃i +𝐷𝜂(𝑦̃i)+𝐵c𝐾lii𝑦̃i

+𝐵c𝐾
N

∑
j=1, j ̸=i

li j𝑒 j +𝐵c𝐾di𝑦̃i. (33)

Then the virtual displacement of system (33) in differential
form can be presented as

𝛿 ˙̃𝑦i =𝐴δ 𝑦̃i +𝐷
∂𝜂

∂ 𝑦̃i
+𝐵c𝐾liiδ 𝑦̃i +𝐵c𝐾diδ 𝑦̃i. (34)

Therefore, the square distance between neighboring trajecto-
ries has the following differential form:

d
dt

(δ 𝑦̃T
i δ 𝑦̃i) = 2δ 𝑦̃T

i

(
𝐴+𝐷

∂𝜂

∂ 𝑦̃i
+𝐵c𝐾lii +𝐵c𝐾di

)
δ 𝑦̃i

≤ 2λ̃ 2maxδ 𝑦̃T
i δ 𝑦̃i, (35)

where λ̃ 2max is the largest eigenvalue of 𝐽2s and 𝐽2s =
1
2 (𝐽2

T
+𝐽2). If 𝐽2s is UND, λ̃ 2max < 0. The result is eas-

ily obtained.

4. Numerical examples
In this section, some simulation examples are given to

check the utility of the theoretical results in Section 3, and the
communication graphs are shown in Fig. 1.
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v1 v4

v2 v3

v1

v2 v6

v5v4v3

Fig. 1. (a) Communication graph in example 1.
(b) Communication graph in example 2.

Example 1 Consider system (5) with parameters 𝐴 =(
2 0
1 −1

)
, 𝐵 =

(
1
0

)
. Without loss of generality, the com-

munication graph is shown in Fig. 1(a), then the corresponding
Laplacian matrix can be written as

𝐿=


1 0 0 −1
−1 1 0 0
−1 −1 2 0
−1 0 0 1

 .

Applying Theorem 1, we can deduce the following re-
sults:

𝐽1 = 𝐴+𝐵c𝐾lii =
(

2 0
1 −1

)
+

(
clii
0

)(
k1
k2

)T

=

(
2+ cliik1 cliik2

1 −1

)
,

𝐽1s =

 2+ cliik1
1+ cliik2

2
1+ cliik2

2
−1

 .

To ensure that 𝐽1s is UND, the following conditions must be
satisfied:

2+ cliik1 < 0; − (2+ cliik1)−
(1+ cliik2)

2

4
> 0.

Therefore, any values of the feedback gain matrix 𝐾 satisfy-
ing the above conditions would ensure the contracting behav-
iors of the virtual system. Then the agents in system (5) will
achieve consensus. After calculation, we have

cliik1 <−2− (1+ cliik2)
2

4
. (36)

Therefore, the selection of the feedback gain matrix K depends
on the coupling strength and the degree of the nodes. Since
c > 0, we choose

lii = min(deg(i)) = 1.

The initial values for system (5) are selected randomly
as 𝑥1(0) = (0.9223,0.5612)T, 𝑥2(0) = (0.6523,0.7727)T,
𝑥3(0) = (0.1062,0.0011)T, and 𝑥4(0) = (0.5418,0.0069)T.

With c = 1, k1 = −3, k2 = −1, the errors between agent i
(i = 2,3,4) and agent 1 of system (5) are shown in Fig. 2.

Moreover, we introduce a leader into this system with
d1 = 1 and any others di = 0(i = 2,3,4). From Theorem 2,
we have

𝐽1s =

 2+mk1
1+mk2

2
1+mk2

2
−1

 ,

where m = clii+cdi. All trajectories of system (5) will be con-
sistent with the trajectory of the leader, provided that the ma-
trix 𝐽1s is UND. After calculation, we know that the following
conditions can guarantee the UND property of the matrix 𝐽1s.

i) 2+mk1 < 0, ii)− (2+mk1)−
(1+mk2)

2

4
> 0.

As usual, lii and di are taken as the minimum values. With
c= 1,k1 =−4,k2 =−1, the errors between the system’s states
and the leader are shown in Fig. 3. Here, the initial states are
taken as

𝑥1(0) = (0.0149,0.2882)T, 𝑥2(0) = (0.8167,0.9855)T,

𝑥3(0) = (0.0174,0.8194)T, 𝑥4(0) = (0.6211,0.5602)T,

𝑥0(0) = (0.2440,0.8220)T.

     
↩.

↩.



.

.

.

t/s

t/s

x
↼i

↽↩
x
↼

↽

     
↩.



.

.

.

x
↼i

↽↩
x
↼

↽

x22↩x12
x32↩x12
x42↩x12

x21↩x11
x31↩x11
x41↩x11

(a)

(b)

Fig. 2. Relative state trajectories of agent i (i = 2,3,4) to agent 1.
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Example 2 Consider system (15) with parameters

𝐴=

 −1 1 0
−1 −1 1
0 0 −1

 , 𝐵 =

 0
1
0

 ,

𝐷 = 𝐼3, 𝑓(𝑥i) =

 0
0

0.3sin𝑥i3

 .

Here 𝑥i = (𝑥i1,𝑥i2,𝑥i3)
T ∈ 𝑅3. Then the communication

graph is given in Fig. 1(b) and its corresponding Laplacian
matrix is shown as follows:

𝐿=


3 0 0 −1 −1 −1
−1 1 0 0 0 0
−1 −1 2 0 0 0
−1 0 0 1 0 0
0 0 0 −1 1 0
0 0 0 0 −1 1

 .

e
i


e
i


0 4 8 12 16 20
-0.2

0

0.2

0.4

0 4 8 12 16 20

-0.4

-0.2

0

0.2

0.4

t/s

t/s

(a)

(b)

x11↩x01

x21↩x01

x31↩x01

x41↩x01

x12↩x02

x22↩x02

x32↩x02

x42↩x02

Fig. 3. Error states between the leader and each agent.

Following the procedures in Example 1, we can conclude
that

𝐽2 = 𝐴+𝐷
∂𝑓

∂𝑦i
+𝐵c𝐾lii =

 −1 1 0
−1 −1 1
0 0 −1


+

 0 0 0
0 0 0
0 0 0.3cos𝑥i3

+

 0
clii
0

 k1
k2
k3

T

=

 −1 1 0
−1+ cliik1 −1+ cliik2 1+ cliik3

0 0 −1+0.3cos𝑥i3

 .

Thus, we have

𝐽2s =


−1

cliik1

2
0

cliik1

2
−1+ cliik2

1+ cliik3

2

0
1+ cliik3

2
−1+0.3cos𝑥i3

 .

In order to guarantee the matrix J2s to be UND, some con-
ditions need to be fulfilled.

(i) −1 < 0;

(ii) − (−1+ cliik2)−
(cliik1)

2

4
> 0;

(iii) (−1+ cliik2)(1−0.3cos𝑥i3)+
(1+ cliik3)

2

4

+(1−0.3cos𝑥i3)
(cliik1)

2

4
< 0.

0 4 8 12 16 20
-2

0

2

t/s

t/s

t/s

0 4 8 12 16 20
-1

0

1

2

0 4 8 12 16 20

-0.5

0

0.5

x
i

↩
x
1
3

x
i

↩
x
1
2

x
i

↩
x
1
1 (a)

(b)

(c)

Fig. 4. Relative state trajectories of agent i (i = 2, . . . ,6) to agent 1.

0 4 8 12 16 20
-2

0

2

t/s

0 4 8 12 16 20
-1

0

1

2

t/s

0 4 8 12 16 20

-0.5

0

0.5

t/s

x
i

↩
x
1
3

x
i

↩
x
1
2

x
i

↩
x
1
1 (a)

(b)

(c)

Fig. 5. Relative state trajectories of agent i (i = 2,3, . . . ,6) to agent 1.
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From (ii), (iii) and 1−0.3cos𝑥i3 > 0, we can obtain

cliik2 < 1− (cliik1)
2

4
;

cliik2 < 1− (cliik1)
2

4
− (1+ cliik3)

2

4(1−0.3cos𝑥i3)
.

Therefore, the contracting region is

𝒞1 =

{
𝑥i|cliik2 < 1− (cliik1)

2

4
− (1+ cliik3)

2

4(1−0.3cos𝑥i3)

}
, (37)

where 𝑥i ∈𝑅3. For convenience, we always let 1+cliik3 = 0,
then we have cliik2 < 1− (cliik1)

2/4. When 1− (cliik1)
2/4 >

0, we take lii = max(deg(i)) = 3, c = 1, and 𝐾 =
(

0 1
5 − 1

3

)
.

Figure 4 lists the relative state trajectories of agent i (i =
2,3, . . . ,6) to agent 1 of system (15). Moreover, when 1 −
(cliik1)

2/4 < 0, we take lii = min(deg(i)) = 1,c = 1 and
𝐾 =

(
−3 −2 −1

)
. Then the error behaviors between agent i

(i = 2,3, . . . ,6) and agent 1 of system (15) are shown in Fig. 5.
In all simulation experiments, the initial conditions are

selected randomly as follows:

𝑥1(0) = (0.5913,−0.6436,0.3803)T,

𝑥2(0) = (−1.0091,−0.0195,−0.0482)T,

𝑥3(0) = (0.0000,−0.3179,1.0950)T,

𝑥4(0) = (−1.8740,0.4282,0.8956)T,

𝑥5(0) = (0.7310,0.5779,0.0403)T,

𝑥6(0) = (0.6771,0.5689,−0.2556)T.

From these simulations, we can see that, as long as the pa-
rameters of system (15) meet the condition (37), it can reach
consensus. Furthermore, if a leader is introduced in this ex-
ample with d4 = 1 and any others di are zero, then based on
Theorem 4 we have

𝐽2s =


−1

mk1

2
0

mk1

2
−1+mk2

1+mk3

2

0
1+mk3

2
−1+M

 ,

where m = clii + cdi,M = ∂η3/∂ 𝑦̃i3. From Assumption 3, we
have −1 ≤ M ≤ 1. To ensure the UND property of the matrix
𝐽2s, the following conditions must be satisfied:

i) −1 < 0;

ii) − (−1+mk2)−
m2k2

1
4

> 0;

iii) (−1+mk2)(1−M)+
(1+mk3)

2

4
+(1−M)

m2k2
1

4
< 0.

As discussed in the leaderless case, the convergence region is

𝒞2 =

{
𝑥i|mk2 < 1− m2k2

1
4

− (1+mk3)
2

4(1−M)

}
, (38)

where 𝑥i ∈ 𝑅3. The selection method of the feedback ma-
trix is similar to system (15) in the leaderless case. Let
1+mk3 = 0, if 1−m2k2

1/4 > 0, 𝐾 =
(

0 −1 − 1
4

)
and c = 1,

figure 6 lists the error behaviors of all agents to the leader
of system (15). On the side, when 1−m2k2

1/4 < 0, we take
𝐾 =

(
−4 −4 −1

)
and c = 1. Then the errors between the

leader and each agent of system (15) are shown in Fig. 7.

e
i


e
i


e
i


0 4 8 12 16 20

-1
0
1
2

t/s

0 4 8 12 16 20
-2

0

2

t/s

0 4 8 12 16 20
-2

0

2

t/s

(a)

(b)

(c)

Fig. 6. Error states between the leader and each agent.

-1

0

1

2

-2

0

2

0 4 8 12 16 20
-2

0

2

t/s

0 4 8 12 16 20
t/s

0 4 8 12 16 20
t/s

e
i


e
i


e
i


(a)

(b)

(c)

Fig. 7. Error states between the leader and each agent.

Here the initial conditions are chosen randomly as

𝑥1(0) = (−0.0891,−2.0089,1.0839)T,

𝑥2(0) = (−0.9812,−0.6885,1.3395)T,

𝑥3(0) = (−0.9092,−0.4129,−0.5062)T,

𝑥4(0) = (1.6197,0.0809,−1.0811)T,

𝑥5(0) = (−1.1245,1.7357,1.9375)T,

𝑥6(0) = (1.6351,−1.2559,−0.2135)T,

𝑥0(0) = (−0.1989,0.3075,−0.5723)T.
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Therefore, provided that the parameters of system (15) satisfy
condition (38), it will reach the leader consensus.

Remark 5 In Examples 1 and 2, the selection of
lii is different. In Example 1 we get cliik1 < −2 −
(1+ cliik2)

2/4, while in Example 2 we get cliik2 < 1 −
(cliik1)

2/4− (1+ cliik3)
2/4(1−0.3cos𝑥i3). Hence, the value

of lii depends on the sign of the right inequality. If the
right-hand number is less than zero then lii = min(deg(i)),
whereas if the right-hand number is greater than zero then
lii = max(deg(i)).

5. Conclusion
In this paper, we have studied the leaderless and leader-

following consensus problems for multi-agent systems with
general linear and nonlinear dynamics. In the case of di-
rected fixed network topologies, we have shown that the multi-
agent systems can achieve consensus by adjusting the coupling
strength and feedback matrix when the network graph has a
directed spanning tree. Two numerical examples have been
given to verify the results. This note only considers the con-
sensus problem of a linear multi-agent system without time
delay. The consensus problem with time delay will be our fu-
ture work.
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