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Bäcklund transformations for the Burgers equation via localization
of residual symmetries∗
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We obtain the non-local residual symmetry related to truncated Painlevé expansion of Burgers equation. In order to
localize the residual symmetry, we introduce new variables to prolong the original Burgers equation into a new system.
By using Lie’s first theorem, we obtain the finite transformation for the localized residual symmetry. More importantly,
we also localize the linear superposition of multiple residual symmetries to find the corresponding finite transformations.
It is interesting to find that the n-th Bäcklund transformation for Burgers equation can be expressed by determinants in a
compact way.
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1. Introduction
The integrable equation has wide applications in the field

of nonlinear science, like nonlinear optics, the theory of deep
water waves, plasma physics, etc. It is well known that there
are many ways to obtain explicit solutions of integrable equa-
tions, such as the inverse Scattering transformation,[1] the Hi-
rota technique,[2–5] symmetry reduction,[6–8] Bäcklund trans-
formation (BT) and Darboux transformation (DT),[9–12] the
algebra-geometric method, etc. Among these methods, the BT
and DT are the most direct and efficient approach for the con-
struction of exact solutions (see, e.g., Ref. [13] and [14]). It is
interesting that, through iterations, compact representations in
terms of special determinants such as the Wronskian or Gram-
mian for N-soliton solutions can be obtained. The essential
idea of BT or DT is to construct the solution of integrable
equations by the seed solutions, which means that there ex-
ist underlying symmetries related to these transformations for
the equations under consideration.

One of the most powerful methods to prove the integrabil-
ity of a model is the Painlevé analysis developed by Weiss, Ta-
bor, and Canvela (WTC). For many Painlevé integrable equa-
tions, one can obtain the corresponding truncated Painlevé ex-
pansion, which serves as a BT for the original equation. It
is known that to search for non-local symmetries is of con-
siderable interest. Recent studies[15,16] have found that the
symmetries related to the truncated Painlevé expansion is just
the residue of the expansion with respect to singular manifold,
so it is called residual symmetry. Like other symmetries re-
lated to BT, the residual symmetry is nonlocal and great ef-
fort has been made to construct new solutions by using these
symmetries. One of the direct ways is to prolong the original

equation to localize the nonlocal symmetries and then obtain
new symmetry reduction solutions by the standard Lie sym-
metry approach.[17] In this paper, we will derive the BT for
the Burgers equation by localizing the residual symmetry and
then generalize the procedure to find the n-th BT.

The Burgers equation

ut +uux = νuxx, (1)

with viscosity coefficient ν , is one of the most simplest inte-
grable equations. It serves as a fundamental equation in the
field of fluid mechanics and also occurs in various areas of
applied physics such as modeling of gas dynamics and traffic
flow. The exact solutions of the Burgers equation have been
studied extensively.[18–21] In Ref. [22], the infinite many sym-
metries and exact solutions of the Burgers equation are ob-
tained by the repeated symmetry reduction approach.

The paper is organized as follows. In Section 2, we obtain
the non-local residual symmetry of the Burgers equation and
then localize it in a new prolonged system. Consequently, the
corresponding finite transformation group is obtained by using
Lie’s first theorem. In Section 3, we first localize the linear
superposition of multiple residual symmetries by introducing
various new variables, then derive the n-th BT of the prolonged
Burgers system formulated in terms of determinants.

2. Localization of residual symmetry and re-
lated Bäcklund transformation
As the Burgers equation (1) is Painlevé integrable, we

search for the truncated Painlevé expansion in the general form

u =
α

∑
i=0

uiφ
i−α , (2)
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where uα is an arbitrary solution of the discussed equation
while uα−1,uα−2, . . . ,u0 are all related to derivatives of φ . Af-
ter substituting u ∼ u0φ α into Eq. (1) and balancing the non-
linear and dispersion terms, we obtain the truncated Painlevé
expansion as

u =
u0

φ
+u1, (3)

where u0 and u1 are to be determined.
Now substituting Eq. (3) into Eq. (1), we have

u1t +u1u1x−νu1xx +φ
−1(u0u1x +u1u0x +u0t −νu0xx)

+φ
−2(−u0φt +2νu0xφx +νu0φxx +u0u0x−u1u0φx)

−φ
−3

φxu0(2νφx +u0) = 0, (4)

Vanishing the coefficients of φ−3 and φ−2, we have

u0 =−2νφx, (5)

and
u1 =

−φt +νφxx

φx
. (6)

While from the coefficients of φ 0 and φ−1, we find that u0 is a
symmetry of the Burgers equation (1) with a solution of u1.

Substituting Eq. (6) into the coefficient of φ 0 in Eq. (4),
we obtain the Schwarz form of the Burgers equation as

Kt −KKx−2νKxx +ν
2{φ ;x}x = 0, (7)

where the Schwarzian derivative {φ ;x} = φxxx/φx −
3φ 2

xx/(2φ 2
x ) and K = φt/φx are all invariant under the Mobious

transformation, i.e.,

φ → a1φ +b1

a2φ +b2
, a1a2 6= b1b2. (8)

From the properties of any Schwarzian equation,[23] equa-
tion (7) possesses three symmetries σφ = d1, σφ = d2φ , and

σ
φ = d3φ

2

with arbitrary constants d1, d2, and d3.
Since u0 is a non-local symmetry related to the BT (3),

one can naturally believe that it can be localized to a Lie point
symmetry such that we can use the Lie’s first theorem to re-
cover the original BT. To this end, we prolong the Burgers
equation into the following system:

ut +uux−νuxx = 0, (9a)

u =
−φt +νφxx

φx
, (9b)

g = φx, (9c)

and obtain the localized Lie point symmetry

σ
u = g, (10a)

σ
g =

φg
ν
, (10b)

σ
φ =

φ 2

2ν
, (10c)

where d3 is fixed as 1/2ν . It can be easily verified that equa-
tion (10) indeed satisfies the linearized form of Eq. (9)

σ
φ
x −σ

g = 0, (11a)

σ
u
t +σ

uux +uσ
u
x −νσ

u
xx = 0, (11b)

σ
φ
x φt −σ

u
φ

2
x +(νσ

φ
xx−σ

φ

t )φx−νσ
φ
x φxx = 0. (11c)

The result (10) indicates that the residual symmetry (5)
is localized in the properly prolonged system (9) with the Lie
point symmetry vector in the form of

V = g∂u +
φg
ν

∂g +
φ 2

2ν
∂φ . (12)

Now we can obtain the finite transformation of Lie point
symmetry (12) straightforwardly, which can be stated in the
following theorem.

Theorem 1 If {u,g,φ} is a solution of the prolonged sys-
tem (9), then so is {û, ĝ, φ̂} with

û = u− 2ενg
𝜖φ −2ν

, (13a)

ĝ =
4ν2g

(𝜖φ −2ν)2 , (13b)

φ̂ =− 2νφ

𝜖φ −2ν
, (13c)

where 𝜖 is an arbitrary group parameter.
Proof Using Lie’s first theorem on vector (12) with the

corresponding initial condition as follows:

dû(𝜖)
d𝜖

= ĝ(𝜖), û(0) = u, (14)

dĝ(𝜖)
d𝜖

=
φ̂(𝜖)ĝ(𝜖)

ν
, ĝ(0) = g, (15)

dφ̂(𝜖)

d𝜖
=

φ̂ 2(𝜖)

2ν
, φ̂(0) = φ , (16)

one can easily obtain the solutions of the above equations in
Theorem 1. Thus, the theorem is proved.

3. Bäcklund transformation related to multiple
residual symmetries

From the expression (5), we know that the residual sym-
metry depends only on the solution of the original equa-
tion in Schwarz form, i.e., Eq. (7), for the Burgers equation.
Hence, there exist an infinite number of residual symmetries
expressed by different solutions of the Schwarzian equation
and any linear superposition of these symmetries takes the
form

σ
u
n =

n

∑
i=1

ciφi,x, (17)

for arbitrary positive integer n, where φi (i= 1,2, . . . ,n) are dif-
ferent solutions of Eq. (7). It should be pointed out that such
residues are not symmetries of the original equation since it
satisfies the linearized equation only for a single solution.[24]

We can also localize the symmetry (17) by prolonging the
Burgers system (9) further, which can be stated in the follow-
ing theorem.

Theorem 2 The symmetry (17) is localized to a Lie point
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symmetry

σ
u
n =

n

∑
i=1

cigi, (18a)

σ
φi =

ci

2ν
φ

2
i +

1
2ν

n

∑
j 6=i

c jφ jφi, (18b)

σ
gi =

ci

ν
giφi +

1
2ν

n

∑
j 6=i

c j(giφ j +g jφi), (18c)

where {u, φi, gi} is a solution of the enlarged system

ut +uux−νuxx = 0, (19a)

u =
−φi,t +νφi,xx

φi,x
, (19b)

gi = φi,x. (19c)

Proof We write down the linearized form of the enlarged
system (19)

σ
u
t +σ

uux +uσ
u
x −νσ

u
xx = 0, (20a)

σ
u =

νσ
φi
xx −σ

φi
t

φi,x
−

(νφi,xx−φi,t)σ
φi
x

φ 2
i,x

, (20b)

σ
gi = σ

φi
x , i = 1,2, . . . ,n, (20c)

and the explicit form of the linearized equation for gi can be
obtained based on Eqs. (7) and (20c).

To prove this theorem, we first consider the special case,
i.e., for any fixed k, ck 6= 0 while c j = 0 ( j 6= k) in Eq. (17). In
this case, we obtain the localized symmetry for u, φk, and gk

from Eq. (10)

σ
u = ckgk, (21a)

σ
φk =

ckφ 2
k

2ν
, (21b)

σ
gk =

ckφkgk

ν
. (21c)

For j 6= k, we eliminate u through Eq. (19b) by taking i = k
and i = j, respectively. Then we have

φ j,xx =−
φ j,xφk,t

νφk,x
+

φ j,xφk,xx

φk,x
+

φ j,t

ν
. (22)

Substituting Eq. (21a) into Eq. (20b) with i = j and vanishing
φ j,xx through Eq. (22), we have

ckφ
2
k,xφ j,x = νφk,xσ

φ j
xx −φk,xσ

φ j
t +σ

φ j
x φk,t −νσ

φ j
x φk,xx. (23)

It can be easily verified that equation (23) has the solution

σ
φ j =

1
2ν

ckφkφ j. (24)

By using Eq. (7), the symmetry for g j can be easily obtained
from Eq. (20c) with i = j

σ
g j =

1
2ν

ck(g jφk +gkφ j). (25)

From the linear superposition property of symmetry, we derive
the desired result (18) by taking the linear combination of the
above results for k = 1,2, . . . ,n, the theorem is thus proved.

Now, we can obtain the finite transformations according
to the localized symmetry (18) by using the Lie’s first theorem
and the corresponding initial value problem takes the form

dU(𝜖)

d𝜖
=

n

∑
j=1

c jΦ j,x(𝜖), (26a)

dΦi(𝜖)

d𝜖
=

ci

2ν
Φ

2
i (𝜖)+

1
2ν

n

∑
j 6=i

c jΦ j(𝜖)Φi(𝜖), (26b)

dGi(𝜖)

d𝜖
=

ci

ν
Gi(𝜖)Φi(𝜖)

+
1

2ν

n

∑
j 6=i

c j(Gi(𝜖)Φ j(𝜖)+G j(𝜖)Φi(𝜖)), (26c)

U(0) = u, Φi(0) = φi, Gi(0) = gi, i = 1,2, . . . ,n. (26d)

By solving Eq. (26), we obtain the following n-th Bäcklund
transformation theorem.

Theorem 3 If {u, φi, gi, i = 1,2, . . . ,n} is a
solution of the prolonged Burgers system (19), so is
{U(𝜖), Φi(𝜖), Gi(𝜖), i = 1,2, . . . ,n} where

U(𝜖) = u−2ν(ln∆)x, (27a)

Φi(𝜖) =−2ν
∆i

∆
, (27b)

Gi(𝜖) = Φi,x(𝜖), (27c)

with ∆ and ∆i being the determinants of

c1
2ν
𝜖φ1−1 c1𝜖µ1,2 · · · c1𝜖µ1, j · · · c1𝜖µ1,n

c2𝜖µ1,2
c2
2ν
𝜖φ2−1 · · · c2𝜖µ2, j · · · c2𝜖µ2,n

...
...

...
...

...
...

c j𝜖µ1, j c j𝜖µ2, j · · ·
c j
2ν
𝜖φ j−1 · · · c j𝜖µ j,n

...
...

...
...

...
...

cn𝜖µ1,n cn𝜖µ2,n · · · cn𝜖µ j,n · · · cn
2ν
𝜖φn−1


,

µi, j =
1

2ν

√
φiφ j, (28)

and



c1
2ν
𝜖φ1−1 c1𝜖µ1,2 · · · c1𝜖µ1,i−1 c1𝜖µ1,i c1𝜖µ1,i+1 · · · c1𝜖µ1,n

c2𝜖µ1,2
c2
2ν
𝜖φ2−1 · · · c2𝜖µ2,i−1 c2𝜖µ2,i c2𝜖µ2,i+1 · · · c2𝜖µ2,n

...
...

...
...

...
...

...
...

ci−1𝜖µ1,i−1 ci−1𝜖µ2,i−1 · · · ci−1
2ν

𝜖φi−1−1 ci−1𝜖µi−1,i ci−1𝜖µi−1,i+1 · · · ci−1𝜖µi−1,n
µ1,i µ2,i · · · µi−1,i

1
2ν

φi µi,i+1 · · · µi,n
ci+1𝜖µ1,i+1 ci+1𝜖µ2,i+1 · · · ci+1𝜖µi−1,i+1−1 ci+1𝜖µi,i+1

ci+1
2ν

𝜖φi+1−1 · · · ci+1𝜖µi+1,n
...

...
...

...
...

...
cn𝜖µ1,n cn𝜖µ2,n · · · cn𝜖µi−1,n cn𝜖µi,n cn𝜖µi+1,n · · · cn

2ν
𝜖φn−1


. (29)
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From Theorem 3, we can obtain an infinite number of
new solutions from any seed solutions of the Burgers equation
and its Schwarz form. Especially, one can obtain new soliton
solutions of the Burgers equation from the known ones. For
example, taking the following kink soliton as the seed solution
for the Burgers equation,[25] i.e.,

u =−2kν [1+ tanh(kx+2νk2t)], (30)

with an arbitrary constant k, we obtain the solution of the

Schwarzian Burgers equation (7) by solving Eq. (19b), which
takes the form

φi = Ai tanh(kx+2νk2t), (31)

with arbitrary constants Ai, and then

µi, j =

√
AiA j

2ν
tanh(kx+2νk2t). (32)

Substituting Eqs. (30), (31), and (32) into Theorem 3, we ob-
tain a new kink soliton solution for Burgers equation

u =−2kν [(c1𝜖A1 + c2𝜖A2−2ν) tanh(kx+2νk2t)+ c1𝜖A1 + c2𝜖A2−2ν ]

𝜖(c1A1 + c2A2) tanh(kx+2νk2t)−2ν
, (33)

for n = 2 case.

4. Conclusion and discussion
To sum up, the non-local residual symmetry of the Burg-

ers equation related to a truncated Painlevé expansion can be
localized if we introduce a new variable g to eliminate the
derivative of φ . Using the Lie’s first theorem to the Lie point
symmetry of the prolonged system {u,φ ,g}, one can obtain
the generalized BT for the Burgers system, which includes the
truncated Painlevé expansion as its special one.

Furthermore, we also obtain the finite transformations for
linear superposition of multiple residual symmetries, which is
equivalent to the n-th BT for Burgers. From Theorem 3, it is
interesting to find that the n-th BT can be constructed in terms
of determinants in a compact way and various solutions, in-
cluding soliton solutions, can be obtained through it if the seed
solutions are given. It should be noted that the commutable
property for BT or DT becomes trivial in the framework of
symmetry, because any symmetry group allows the commuta-
tivity law in the addition algorithm.

In this paper, we discuss the only procedure for the lo-
calization of residual symmetry for constructing a new BT for
the Burgers equation. It is obvious that the same procedure
can be executed for other nonlocal symmetries, such as those
obtained from Bäcklund transformation, the bilinear forms
and negative hierarchies, the nonlinearizations[26,27] and self-
consistent sources,[28] etc. We believe that the idea is rather
general and could be applied to other physically interesting
models as well.
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