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In this paper, third-order nonlinear differential operators are studied. It is shown that they are quadratic forms when
they preserve invariant subspaces of maximal dimension. A complete description of third-order quadratic operators with
constant coefficients is obtained. One example is given to derive special solutions for evolution equations with third-order

quadratic operators.
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1. Introduction

It is well known that seeking explicit solutions of non-
linear partial differential equations (PDEs) is one of the most
important topics in the study of mathematical physics prob-
lems. There are various techniques to construct exact solu-
tions of PDEs, which involve the Lie point symmetry,[!! the
conditional symmetry, %! the direct method, ! the generalized
conditional symmetry, -] the nonlocal symmetry,!”! the sign-
invariant method, -1 the invariant subspace method,!'-%?]
and so on.[23-27]

The invariant subspace method, introduced in Refs. [11]
and [12], plays an important role in finding exact solutions
of nonlinear PDEs. In fact, various invariant subspaces to
nonlinear evolution equations arising from fields of mathemat-
ics, mechanics, and physics have been derived. In Ref. [16],
Galaktionov and Svirshchevskii offered a systematic and ad-
vanced approach to investigate invariant subspaces of nonlin-
ear equations and obtained many applications and interesting
results.

Consider the general evolution equation
up = Ful, ey

where F[u] is a kth-order nonlinear differential operator, and
Flu] = F(x,u,uy, iy, ...) is a sufficiently smooth function of
its arguments. The n-dimensional linear subspace

Wn = Z{fl ()C),fz(x),. .. vfn(x)} = {iclﬁ(x”Cl € R} »(2)
i=1

(a linear hull of linearly functions
{filx), f2(x),..., fu(x)}) is invariant with respect to the op-

erator F if F[W,] C W, then F is said to preserve or admit W,,.

independent
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This means

™=

F

%(C17C2?"' ,Cn)fj<X>

Xn: Cifi(x)
i=1

i=1

for any C = (C1,Cs,...,Cy) € R", where {¥;} are the expan-
sion coefficients of F[u] € W, in the basis {f;}. Equation (1)
has solutions of the form

u(x,t) =

Gi(t) fi(x), ©)

™=

i=1

where the coefficients {C;(¢) } fulfill the n-dimensional dynam-
ical system

Cl(1) = W(C1 (1), Ca(0),...Calt)), i=1,2,....n.

Suppose that the invariant subspace W,, is defined as the
space of solutions to a linear nth-order ordinary differential
equation (ODE)

Ly = Y fa, (x)y(”fl) +odar (x)y +ap(x)y =0. (4)
Then the invariant condition with respect to F takes the form
LIF[ul]|m) =0, 5

where [H] denotes the equation L[u] = 0 and its differential
consequences with respect to x.

The invariant condition (5) means that the invariant
subspace method is closely related to the conditional Lie—
Bécklund symmetry. On the other hand, using the invariant
condition (5), one can obtain the maximal dimension of the
invariant subspaces preserved by an arbitrary kth-order non-
linear differential operator F[u], which is described by the fol-
lowing theorem.
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Theorem 1 If a linear subspace W, is invariant under a
nonlinear ordinary differential operator F of order k, then

n<2k+1.

In Ref. [13], the author studied the nonlinear differen-
tial operators of first and second order possessing invariant
subspaces of maximal dimension, and showed that they are
quadratic in y. For the third-order nonlinear differential oper-
ators, according to Theorem 1, we know that the dimension of
invariant subspaces cannot exceed 7. When the dimension of
invariant subspaces preserved by the third-order nonlinear dif-
ferential operators (6) is less than 7, the classification results
corresponding to Eq. (1) include KdV-type equations. Does
this hold in the case of invariant subspaces of the maximal di-
mension 7?

The purpose of the paper is to characterize the nonlin-
ear differential operators of third order possessing invariant
subspaces with the maximal dimension 7. In Section 2, we
claim that these operators are quadratic in sy, Uyy, 4, and u.
A complete description of the quadratic operators with con-
stant coefficients is given in Section 3. The last section gives
the concluding remarks.

2. Third-order operators possessing invariant
subspaces of maximal dimension

In this section, we discuss the invariant subspaces of the
maximal dimension 7 for the third-order nonlinear operator

F[u} EF(xvuvux;uxxyuxxx)a (6)

which is defined by the following ODE:

7

L) = 37 +as(x)y' +as (x)y™ + a4 (x)y + a3 (x)y
+ ax(x)y" +ay (x)y +ap(x)y =0. @)

In terms of Eq. (5), the corresponding invariant condition with
respect to F[u] takes the form

D'F +ag(x)D°F + as(x)D°F + as(x)D*F + a3 (x) D’ F
+ ay(x)D°F + a, (x)DF + ag(x)F |, =0, ®)

where

R R N R R )
~ox TMou uz&ul u38u2 u48u3 u58u4

0
+ u6a—u5 — [ae(x)ue + as(x)us + as(x)us + az(x)us

d
+ ay(x)up +ay (x)u; +ao(x)u]a—u6.

For simplicity, we use the notation u; = (d'u)/(dx') (i =
1,2,..).
lowing theorem.

From the invariant condition (8), we have the fol-

Theorem 2 The operator (6) preserving a seven-
dimensional invariant subspace can be expressed in the form
of

Flu] = F[u] + Fi [u] + Folu],
where

Blu] = F(x) gy + P (x)ttaxttex + Fo1 (X) prtty
+ Fop 12 (X)hrctt + Fy3 (X1, + Fioo (X) it
+ Fio12 (%) et + Fi13(x)u2 + Fiio (x)ugu
+ Fiu(x)u?,

Filu] = For11 (%)t + Fio11 (0) e + Fr121 ()t
+ Fiina(x)u,

Folu] = Fiini(x).

Proof The left-hand side of Eq. (8) is a polynomial in the
variables uy4, us, and ug, whose coefficients should be zero.
Observing the coefficient of u6u§, we find that

Fiyuzus = 0. ©))
Then the coefficient of ug becomes
Fuuzu; = 0. (10)
By virtue of Egs. (9) and (10), the coefficient of u§u4 yields
3Fuusus +4Fupunu, = 0.

Meanwhile, the coefficient of ué, on differentiation in u,, leads
to

2F uzu3 + Fuyuyus = 0.
The above two equalities imply that
Fuyuzus = Fupupuy = 0. (11)
Thus, F has the form
F = F3(x,u)u3 + [Foo (x,u,u1 s
+ By (x,u,uy)us + Fi (x,u,up,uz). (12)

Substituting Eq. (12) into Eq. (8) and differentiating the coef-
ficient of ué in u; and the coefficient of ugus in uy, we have
oF; oF» oF; 0F» 83F1

140 —+35—— =0, 420— +301——+35 =0
qu TP 0 0 T G e T

and the coefficient of ugu4u3 implies that

d°F
+=0.

duy

From the above equalities, we obtain dF3/du = 0,

0F5/du; =0, 93F /du3 = 0. Then we can see that the co-
efficient of ué turns into

F F
364253 + 553912 +105
du duy

35F5 (x,u) — 50ag(x)Fs(x) + 14F; (x) = 0,
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which, on differentiation with respect to u, leads to dF» /du =
0. Moreover, collecting the coefficients of ui and usuquz re-
spectively yields
9°Fy; ’F
70 + 105 =0,
814% Juy 8u§
9% F d3F

350 + 455 =0,
3u% 8141814%

which means that 82F21/8u% =0, 83F1/8u18u% =0. Thus

F =85 (x)u% + [Fzz(x)uz +F212(x,u)u1 +F211(x,u)]u3
+ Fi3(x,u)u3 + Fio (x,u,u1 )uy + Fyy (x,u,up). (13)
Inserting Eq. (13) into Eq. (8), we find that the left-hand side

of Eq. (8) is a polynomial in the variables uy,us3,uq,us,uq,
and collecting the coefficients of usu4uy and us u% respectively

leads to
JF3 9%Fy, oF 12
2 462 =
53a+8oauf+6au 0,
oF3 9*Fin P12
322 210 266 =0.
du + (9u% + du
Differentiating the coefficient of u% with respect to u, we ob-
tain
oF 0%F, oF
14051 4352 11267222 =0,
du aul du
which leads to dFy3/du =0, 82F12/(9u% =0,and dF;1/du=

0. In view of the above results, considering the coefficients of
uﬁuz, u4u§, and vanishing them, we have

9?Fay 9*Fp, 9*Fiy
350 70 =0
u? + Judu; + au% ’

9’Fyy 9%Fy, 9*Fiy
105 455 105 =0
u? + Judu; + 814% ’

105

and the coefficient of ug, on differentiation in u, implies that

%Py J*F»
21 35 =0
2 P ougu

then we have 9%Fy/du*> = 0,
83F11/8u?

82F12/8u8u1 = O,
= 0. Therefore, F' can be expressed as follows:

F = B(x)u3 + [Fo(x)uz + Fia(x)uy + Fayp2(x)u
+ o111 (x)Juz + Fi3(x)u3 + [Fioo (x)uy + Fiag (x,u)]ua
+ Fiiz(x,u)ud 4 Fiia(x, u)uy + Fiyp (x,u). (14)

Substituting Eq. (14) into Eq. (8) and equating the coefficients
of usuzuy and u3 to zero, we have
9*Fin dF13

1 =
3507 5+ +910=2 =0,

9*Fia1 dF13
70 210 =0
ou? + u ’

which means thatFm(x,u) =F1212(X)M+F1211(x), F113(x,u) =
Fi13(x). Finally, noting that with the coefficients of u%uz

and usu%, we have 82F112/8u2 =0, 33F111/8u3 = 0, then

Fiia(x,u) = Frin(x)u+ Fiioi(x), Fin(x,u) = Fius(x)u? +

Fii12(x)u+ Fii11(x). This completes the proof.

3. Third-order quadratic operators preserving
maximal-dimensional invariant subspaces

Now we discuss the third-order quadratic operators with
constant coefficients

F [M] = by u,%xx + Dottty + D3ttty + Dattttyy, + bSu)zgx

+ bttty 4 bttty + bgu® + bouu, + byou®, (15)

preserving seven-dimensional invariant subspaces, given by
Eq. (7), where b; = const, i =1,2,...,
of the invariant condition (8) leads to the following statement.

10. Further analysis

Lemma 1 If the subspace defined by Eq. (7) is invari-
ant with respect to operator (15), then the coefficients a;(x)
(i=0,1,...,

This lemma can be verified similarly as done in Refs. [19]
and [20].

The next theorem gives a complete description of opera-

6) of Eq. (7) are independent of x.

tor (15) possessing the invariant subspaces defined by Eq. (7).

Theorem 3 The operators (15) with constant coefficients
preserving seven-dimensional invariant subspaces given by
Eq. (7) belong to the following list:

D
Flu] = Filu] 4+ baF>u],
77 232
Fi[u] u)zm 4 100Uy + Sthyyrlty + ?u)zcx - ?uxxux
192 772 5, 96 1728 2
T e R T
Polu] = ~theeclty + heeelt — =12, — Euu
2 —4xxxx XXX Sxx 2O)cxx
_~_§ 33 2 8 24 5
5 T gt TS TS
—2x

Wy = Z{l,e ¥ e ¥ e
Y7 = —7y0 7,0 1354 4 56y — 28y — 48y,

—X 2x
’e 7e7e }7

where b4 is an arbitrary constant;

D
47 15
F[u] = | U +O0U + — U+ —u
4 2
X +4 +£ 2
Uxxx Uxx 4 Uy 2” ;
W, = 3{176—5)(/2 e—Zx —3x/2 e—x7e—x/27ex/2}
35 35 49 77 15
@) — g6 355 35w 49w T, 15
Y A R TR T R
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(IIT)

Flu] = (teee+ 171 — 5181, — 5880u)
X (thxxe — Titxe — 6861 +8232u),
_ g{l 6728)6 efl4x 677)( e7x e14)( e2IX}
= 7y 1 833y1%) 11715y — 153664y
— 67228y" + 5647152y’

74 40 \?
= uxxx"‘suxx""?ux'i‘?u )

g{l’ ef2x7 675x/3’ ef4x/37 efx’ 672X/3, efx/3}’
175 245
N C) BN C))
97 "9
196, 80,
27 81’

~
=
|

,\

~
3
Il

—7y0) —
1624 ,,

81

119

xxx + 100ty + —= 32 UxxxUx —

245 25725

— —— Uy Uy — Wuxxu —

8
12005 13865775 ,
512 M Tes536 U

245

32
409199

4096

245
e 25 )
gy

_ o807,
1024

(VD

1715 ( )

64
1764735

65536

170471 ,,
4096

784

243
570752 ,

6561

Flu] = 2+ 10yt + g Mol — oot +21u2,

2156 5488

— ——— Uy Uy — 3 ——— Uy U —

81
268912 6722800 2
159049

19683
g{l’ efl4x/3 677)‘/3, efl4)c/97 677)‘/9, e7)c/97 e14x/9}
637 1715 206486
_7y6 _ 37 5 (4) %
T I 81 6561
|28, 941192
6561° 59049

(VII)

21 686 2744
= <uxxx =+ ?uxx + ﬁux - 1125”)
X (uxxx+ §uxx %ux 6664”)

5 225 1125
L1, o5 oIS (TS /15,

—7x/15 7x/15
e /,e / 1

3871 3773 )

225”7 " 225”
67228 1882384

16875° ' 1265625°

153664 ,,
50625

5 _

_7y(6) _

3{17673&/8 6721X/8 677x/4 677)(/8,67)6/8,67)(/4},

3

(VIII)

4
Flu] = S,
Wy = f{l,x,xz,x3,x4,x5,x6},

Y=o,

2
Uy T b3 (uxxxux -

where b3 is an arbitrary constant;

(IX)
F[u] = F][u]+b3F2[ ],
46 9 99 243
Filul = 2 2 2 2,
] = e 350+ sttt To6 i+ 3351
9 1 9
Flu] = ety — g”xx+ 35uxxu T x—i—%uz
W7 = £<1,sin 14x cos 14x sin 14x cos 14x
T A VI 14’ 7 7
sin 3v 14x cos 3v 14x
14 14 ’
1 9
(7 — _ (5) /// 7
4 Y e
where b3 is an arbitrary constant;
(X)
32 2 64
Flu] = u)zcxx—i-ﬁuuxux—i—m u? —l—mumu
L 256 5, 512
441" 961"
Vi V21 221
Wy = Z{l sin 21x,cos 21x,sin X x7
cos 2v21x sin 4/21x cos 4+/21x
21 "’ 21 21 ’
4 64
7N — &) T PO
Y R TRARETIe
(XI)
4 9 1 9
Flu] = tyeey guxx+ gumu* ﬁu)chr%uz
V14 V14 V14
W = £< 1,sin x,cos x,sm x,
14 14 7
V1dx | 3V14x  3y/14x
cos ,sin ,COS ,
7 14 14
1 9 48
(7) _ (5) mo, 7 /.
Y Y e T Ti7eas”
(XII)
Pl — L4 4, 11
U] = UxxxUx 7uxxxu 5 Uy 35Mxxux
—|—Euu 662 32uu % u?
35 T 045" T 1715 T 12005
Wy = 3{17 e—4x/7’ e 3x/7’ e 2)(/77 e—)c/77 €X/7, er/7}’
1 5 8 4
() BN () BT ) I .3 R N RN/
Y YUY T 49" 7343y T a0
+ i !
117649°
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Proof According to Lemma 1, we investigate opera-
tors (15) preserving seven-dimensional invariant subspaces de-
fined by the following ODE:

Lly] = 37 +aey® +asy® + agy® + asy”
+ azy” + a1y’ + apy
=0, (16)

where a; (i =0,1,...,6) are constants. Then the correspond-
ing invariant condition is

D'F +agD°F +asD’F + asD*F + a3 D°F
+ aD*F + a1 DF +agF |, = 0. (17)

The left-hand side of the invariant condition (17) turns into a
polynomial in variables  and u; (i = 1,2,...,6), namely,

(35by — 50aghy )uz + (12byaZ + 56b3 + 70bs — 92ash,

— 21byag)ugus + (—12agbg — 13asby + 56bg — 16agb3

+ 6aghias + Thyak — T6asby +42by — 2bya} )uguy

+(42b7 — Tagbe — 4asbs + 42bg — byag + 3bragas

— 70b1a3 + 2bsat — 11bzas — 3bray + 6b3a2 — 15agby ) ugu3
+ (6byag — 3aghs — 11asby — 2aghg + 3bsagas — T0bya;
— b3ai +28bg — 6aghy + beag — 2asbe)uguy + (bra’

— 3byay + 3aghsas — agho — 2asby — byai + 14byg

— T0a1b1 )ugu; — T0byagueu + (21by — 46asb, + 12agb 1 as
— 36a4b; + 15agb3 +20aghs + 35bg )u2 + (21aghy

— 27b3as — T4byay + 35aghs + 4by a2 — 22asbs + 56b;

+ Thyagas — 2byazas + 14aghiag +70bg — 50byas )usuy
+ (—13asbg — 6asbs — 42byas + agbras + 2agbsas

+ 12byagas + 2bya? + 56bg + 30aghs + 26agh7 — 15a4b3
+ 6bzagas — 25as5by — bgaéas — 60bya3)usuz + (—bgaéaS
+ 6agbsas + byagas — 4bzas — 15bsay + 12b1agar

+ 2lagbg — 56bra; + bgagas — 11asb7; — 4asbg — 3bgay

+ 42b10 4 2b3a2 — 42a, by usuy + (aghsas — 3ashr

— 56a1by + 12agb1o + 2bsa? + aghras — 42apby — 2asbo
— 4bsaz — b4aéa5 + 12bjaga )usu; + (12byagag

— 56byaq)usu+ (—12bjay + 10asbg + 15agh7 + 35bg

+ dasbiag — 2bjatay — 36asbs — 38asbs + Taghray

+ 20agbg + 2b1agas + Sasby — 25byaz )uj + (15asbs

+ 20asbg +70b10 + 2b1agasz 4+ 35aebg + 2brasas — S0bsas
+ 6b3agas — 14a1by + 2aegbsas — 2b1aéa3 — bgaga4

— 31bgaq + 4asbiasz + 8bragaz — 18bgas — 33byan

— 60b3az)ugus + (—bgaém +30agb1o + 4asbian

— 2bjatay + beasas — dbgaz — 18byaz + 15asby

+ 6agbsay + agbzaz — 15a4b7 + Taghrar — 42bsay

— 47b3zay — 6asbg + 2asbzas — 14apgb; — 28a1 by

+ 2byagay )usuy + (agbras + agbaas + 2byasag — 28brag

+Tbraga; +2asbsas — 42a1bs + 4biasa; + 10asbyg

— 42a1b3 — 2bjatay — 4braz — Shyay — byazay

— 3agbg)ugu; + (—2b1agao +Tbyagay — 42aobs

— 42bsag + 4basag ))uau + (6asbg — 12bsay + 10asby

+ 2bsagaz + 2asbyaz +20aeb1g — apby + 4asby — bgaéa3

+ agbrap + 6agbzaz — 21bzar — 35bsaz — Ta by

— 25bgas)u3 + (—bzaéag — 56b4ay +20as5byg + 2asbran

+ bgagaz — 14a1bs — 8bgas + 2bsagay — 28a1bs — 18ba3

— bgaéa3 +2asbzaz — 33bgar 4+ 10a4bg + 6agbsaz — 8bray

+ Tagbzaz + braga) )usuy + (6bzaga) + 2bsaga; + bragag

+ 2byasay — 22bzag — 14apbs + agbaar + agbraz — 4boas

— 42bgay —28a1bg — baagas +2asbsas — Shyazy — baaga

+ 8asbio)uzu; + (2brasap — bgaéao + 2bsagag — 28beag

— 36baag + 6bszagag )uzu+ (—Ta1be + 6asbio + 2asbzay

+ 3bgaz — 12bgay — apgbs — Thzag + bgagas + 6agbsas

— byaas — 21byay + byagay — 21byaz)u3 + (—5boay

+ Tbsaga; — bw%az +2asbyar —28a1b7 + agbra; — 14abg

— 8bgay — 28bsay + beaga; — bgaéal + 6b19as + bzasag

+ 2bzasay )upuy + (—14apbg + 6bsagag — b3aéao 4 2bzasag

+ beasag — 22brap ) uau + (baasag — Ta1by + 2bsasa;

- b4a%a1 —byagar — Tbrag — agbg + 2b10a2)u%

+(2bsasag + bragap — 8aphg — b4a%ao)u1 u—apbiou*. (18)
Equating all the coefficients to zero yields an algebraic system
fora;, bj (i=0,...,6,j=1,...,10). To solve the system, first,
we deduce from the coefficients of u% that by = 10agb1 /7, so
we need to discuss the following two cases: b; # 0 and b; = 0.

Case (i) b; # 0. For convenience, let by = 1, then
ag = 7by/10. Here we distinguish two subcases: b, # 0 and
by, =0.
Subcase (i.1) b, # 0. Using the scaling in x means

by = 10. Then solving the system, we derive the following
seven solutions:

CZ():O7 Cl1:48, a2:287 413:_567 Cl4:—35,
1
a5:77 (16:7, b1:17 b2:10a b3:8+1b45

77 1 11 232
bs=———-bs, bg =——by— —
5= 5 504 D6 0% 50
192 21 772 33
bj=——+—by, bg=—— — —
7 5 5 4, U8 5 10 4,
8 96 1728 24
bg=——bs+—, bjp=————
9 3 4+ 5 D10 5 5 04
with an arbitrary constant by,
PN £ R/ A
ap =Y, a3 = 8, az = 16’ a3_167
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35 35 4 46
a4:7, 61527, ag=17, by=1, by =10, ag=0, by=1, bp=0, by =0, b5:—§b3+ga5
29 127 9 9 1 99
by = o> bs=5, bs =24, bg= - by = 15, be =0, by = gza3as+ 245a%, bg = 14b3a5+ 06 a2,
517 35 75 9 243
by =2l bo= -2 big=—"2; = a3
8= 1g 1 Do T bg =0, bio= 245b3a5+3430 55 (19)
ao =0, a; = —5647152, a = 67228, a3 = 153664, with arbitrary constants as and b3;
as=—1715, as=—833, ag=7, by =1, by =10, . 64 . . 4 0
ag=0, a —az, a , a —a? . a
by = —1204, by =12352, bs=—119, bs = —8036, 0 = 9617 @70 BT % M7
32 2
b7 = 181104, bg = 355348, bg = —230496, ac =0, by =1, by =0, b3 = 7% by =0, bs= 7%
bio = —48404160; 64 5, 256 ,
o e 80 19 1624 245 be=0. b1 =y b= %
0—VY, 1_817 2_277 3= 81 , U4 — 9, b O b 512 3 (20)
a—E ag=7, by=1, by =10 b—ﬁ o 9261
ST g ST h A e e T BT g with an arbitrary constant as.
bo= 0 p 25 pg— 20, 400 Inserting the solution (19) into Egs. (15) and (7), we ob-
9’ 9 9"’ tain
547 2 1600
py = 2310, 92, 1600, F 46 , 99 243 55
81 81 81 Flu] = 245615””)0("‘35“5” 196 a3 ﬁﬁ su
Lo g 1764735 16807 170471 .,
@O=5 A= T65536 0 T 1024 T T 4096 + b3 sty — ~ 12, + — asuityy
1715 245 >3
a4 = — y A5 = 75 ag =17, b1:17 bzzloa 1 9
o4 32 I L 2)
s5Uy + asu” |,
b — 119 245, 315 245 14 245
3= 75y ba=——75, bs=——, be = ———,
32 32 16 8 ET) ) Lom, 9 3,
25725 409199 12005 LD] =y +asy® 4 qasy" + gacasy’ =0
TT TS BT T 4006 0 P T s12 If as = 0, we have case (8) of the theorem. If a5 # 0, further
0= 13865775 analysis of Egs. (19) and (20) leads to results (9) and (10) in
65536 the theorem.
ap=0, a1 = M a = @ az = 206486 Case (ii) b; = 0. Then the solutions of the system for g;
07 YT 50049 2T 6561 T 6561 b, e Y ’
1715 637 anc b; are
a4:_ﬁa aSZHa a6:77 blzla b2:105 9 1
196 784 2156 a =0, a1 = 686“5’ @ =0, a3 = Z“g’ as =0,
b3:7a b4:_77 b5:217 bﬁz_iv
81 243 81 46 =0, by =0, by—0. bs—0. bs——bs
b 5488 570752 268912 ’ ’ ’ ’ 577
2437 6561 19683’ _ _9 1
6722800 be =0, b1 = szbsas, by =~ bsas,
10= oo >
59049 _ _ 22
o g _ 1882384 67228 153664 bo =0, bio = 75bsds,
0= T 2656257 T 168757 0 50625 with arbitrary constants as and b3;
3773 3871
a4 = == 05:7706:77 blzla b2:107 — _ 48 6 _ 4 5 _ 8 4
225 225 ap=0, a1 = m%, ap = maa az = 343615;
3052 784 609 13916 s X !
3T 05 T 5 T 250 0T o5 @y == 5G5, as= a5, b1 =0, by=0, bs=zashs,
60368 1623076 76832 4 11 12
7= , U8 = y V9= — 555 _ _ _ 2
5625 50625 10125 bs = —2b3, be = —7zaehs, by = Zbsag,
18286016 > 3 3
0= 7265625 =L pa2 b 32 )@ b= o adb
1265625 8= To4573% D9 =T 534 67 10 = = 72005 %673
Plugging these solutions into Eqs. (15) and (7), we obtain re- ~ Wwith arbitrary constants as and b3.
sults (1)—(7) in the theorem. Inserting these two solutions into Egs. (15) and (7), we
Subcase (i.2) b, = 0. In this subcase, solving the system  Obtain cases (11) and (12) in the theorem. This completes the
yields proof of Theorem 3.
Example 1 Consider the equation
9 1
ap =0, a @aé, ay =0, a3 = Za§7 as =0, U = 12y, 1)
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with the simple third-order quadratic operator in Theorem 3; it
has solutions on the invariant subspace of maximal dimension
7

W; = f{l,x,xz,xS,x4,x5,x6},
u(x,t) = Ci(t) +Cat)x + C3(2)x* + Cy(1)x°
+ Cs(£)x* 4 C(£)x° + C7(1)x°. (22)
|

Substituting Eq. (22) into Eq. (21) gives the following system
of ODEs:

C) =36C3, Ch=288C,Cs, Cy="720C4Cs+576C2,
Cl, = 1440C4C7 +2880CsCs, Ck = 5760C5C7 + 3600C2,
Ci = 14400C4C;, Cy = 14400C3.

We find equation (21) has the special solution

(C —6x)(C —30C*x — 72C3x* — 4752C%x% — 7072Cx* —7776x7)

u(x,t) =

where C is an arbitrary positive constant, and 7 > 0 is the finite
blow-up time. This solution blows up as the time t = T'/14400.

4. Concluding remarks

In this paper, we have investigated the nonlinear differ-
ential operators of third order possessing invariant subspaces
with the maximal dimension 7. Under the invariant condition,
we have shown that these operators are quadratic in uyyy, Uy,
uy, and u. Moreover, we have completely characterized the
third-order quadratic operators with constant coefficients.

There are still some interesting topics to be considered.
For instance, what is the form of the third-order nonlinear dif-
ferential operators possessing invariant subspaces with lower
dimensions? How can we verify the general assertion that any
nonlinear differential operator of kth order preserving invari-
ant subspaces with the maximal dimension is quadratic?
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