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Lie symmetry theorem of fractional nonholonomic systems*
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The Lie symmetry theorem of fractional nonholonomic systems in terms of combined fractional derivatives is estab-
lished, and the fractional Lagrange equations are obtained by virtue of the d’ Alembert—Lagrange principle with fractional
derivatives. As the Lie symmetry theorem is based on the invariance of differential equations under infinitesimal trans-
formations, by introducing the differential operator of infinitesimal generators, the determining equations are obtained.
Furthermore, the limit equations, the additional restriction equations, the structural equations, and the conserved quantity
of Lie symmetry are acquired. An example is presented to illustrate the application of results.
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1. Introduction

The research on the symmetries and the conserved quan-
tities of mechanical systems has not only got important mathe-
matical significance, but also a profound physical background.
There are three kinds of symmetries: Noether symmetry, Lie
symmetry, and Mei symmetry.!'~'?! The symmetry theory has
been approved to be a powerful tool to solve differential equa-
tions, to study constrained mechanical systems, to discuss
controllable dynamical systems, to investigate mechanico-
electrical systems and to establish the properties of their so-
lution space.!13-23

In recent years, the fractional Noether symmetry theories
have been described in many of the references.?->°! There-
fore, the study on the symmetries of fractional dynamical sys-
tems has become a hot topic. Although the fractional Euler—
Lagrangian equations and the fractional Hamiltonian equa-
tions have been studied and won wide development,39-37]
there are few papers discussing the fractional Lie symmetry of
Lagrangian systems and Hamiltonian systems. In this paper,
the fractional Lagrange equations of nonholonomic systems in
terms of combined fractional derivatives are obtained. By in-
troducing infinitesimal transformations, we study the Lie sym-
metry of the system, and the corresponding conserved quantity
is obtained.

The present paper is organized as follows. In Section 2,
some basic definitions and properties of fractional derivatives
are introduced. In Section 3, the fractional Lagrange equa-
tions of nonholonomic systems in terms of combined frac-
tional derivatives are obtained by virtue of the d’Alembert—
Lagrange principle with fractional derivatives. In Section 4,
the infinitesimal transformations and the determining equa-
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tions of Lie symmetry are given. Section 5 gives the limit
equations and the additional restriction equations. The struc-
tural equations and the conserved quantity are given in Sec-
tion 6. An example is presented to illustrate the application
of results in Section 7. Finally, Section 8 is dedicated to our
conclusion.

2. Definitions and properties of fractional
derivative

In this section, we briefly review some basic definitions
and properties in terms of the left and right Riemann—Liouville
fractional derivatives.

The left Riemann-Liouville fractional derivative is de-
fined as

D10 =y (57) [ =0y = ro)0. )

and the right Riemann-Liouville fractional derivative is de-
fined as

DY) = (d)"/tbwr)"—“—lf(e)de,(z)

- @

where « is the order of the derivative, n— 1 < ax <n,n €N,
and a # 0. If « is an integer, these derivatives are defined in
the usual sense, i.e.,

o5 = () 10

0810 = (-5 ) 10 a=12e @

Let f and g be two smooth functions defined on the inter-
val [a,b]. Then, for ¢ € [a,b], the following fractional integra-
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tion by parts formula holds:

b b
| wprrosmar= [ s wgsoar. @

If the condition f(a) = f(b) = 0 for the left and right
Riemann-Liouville fractional derivatives holds, respectively,
then the left and right Riemann—Liouville fractional derivative
equal to the left and right Caputo fractional derivatives, and
the condition provides that

d d

aan‘f()— DY

t dl‘f(t), aD;szO,

where c is a constant. [28]
Zhang!*?! gave a combined left and right Riemann—
Liouville fractional derivatives operator

DYP p(r) =

where y € [0,1]. From Eq. (5), we have

YDEF()+ (1) (~1)"DE (1), (5

y=1:DFP f(1) = DEF (1), ©)
y=0:D¢P £(r) = (—1)" D} f(0), ()
y= 5 DEEF(E) = 5 (WDEF(0) + (1) DE £ (1)
:§Dbf(t), ®)
y= %(1+zu) i=vV-1,uecC:

DEP a0 = 5 (D) + (1) D )

+ it (D7)~ (1) DE ) =P, 9)

where ®D? f(#) denotes the Riesz fractional derivative,**! and
denotes the fractional derivative given by Cresson. ]
The formula of fractional integration by part for the com-

bined Riemann—Liouville fractional derivatives can be written
[32]
as

INGEOTTE

where the function f or g and its derivatives up to order n — 1

1 [0 (Dh%e)ar, (10)

with respect to ¢ are all zero at the ends t = a and t = b. Espe-
cially, when 0 < ¢, B < 1, it follows Egs. (5) and (10) that

DYP (1) = yuDEf (1) — (1-7).D} £ (1), (1)
/ab (Dgﬁf(z)g(;)dz - —/abf(t) ( DE (e )) dr. (12)

3. Equation of motion of fractional nonholo-
nomic systems

Let us consider a constrained mechanical system whose
configuration is determined by n generalized coordinates

gs(s=1,2,...,
the ideal bilateral nonholonomic constraint of Appell-Chetaev
type

n). The motion of the system is subjected to

f (rna:07%q) =0, (13)
the Appell-Chetaev condition gives
d
]; 6gs =0. (14)
aDy qs

The fractional Lagrange equation of holonomic conservative

systems was given by!3?!

JL B.a oL
D)% —— =0. (15)
das T op%P g,

Assuming that the kinetic energy function of the sys-
tem is T = T(t,qS,D?’ﬁqs), and the Lagrangian is L =
L(t, qS,D;i"l3 gs), then equation (15) becomes

aT ga OT ,
2 _pF —0, 16
92, YaD"‘ﬁ + 0 (16)
where Q) =
V (t,45) is the potential energy function.

—dV /dg;s is the conservative force, and V =

For holonomic nonconservative systems, the equation of
motion can be written as
oT B oT

5D, ——5— +9s=0, a7
aCIs yaD?’qu

where Q; is the generalized force, which contains conservative
force Q) and nonconservative force Q.

Now we consider the d’Alembert—Lagrange principle
with fractional derivatives

<8T ppa T oT

ﬁ_ ygDO‘ﬁ +Q>6qs:O. (18)

Introducing the Lagrange multiplier A, and multiplying A
on both sides of Eq. (14), we obtain

PR

6qs, =0. (19)
8D?"ﬁqs

Adding Egs. (18) and (19) yields

aT ga 0T af
(3%_1) REY e e, &P

) 8g; = 0. (20)

Using Lagrange’s method of undetermined multiplier of
nonholonomic systems, we obtain

oT ﬁa oT af
+0s+A——5— =0, 21
8qs “7ap 0‘[5 oD ;‘ﬁqs

where O, = 0} + 0/,
Then we have

and Q7 is the nonconservative force.

oT oT oV J
R AL TR
qs 8Dy’ qs 4s aDy7 qs
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Since the function V only depends on generalized coordi-
nates, we have
av

——=0. (23)
aDyP g,
Using Eq. (23), we change Eq. (22) into

8(T—V) ﬁaa(T V)
aq.f y& (xﬁ

af

aDY‘ﬁqS

+ 07+ 2 =0. (24)
Introducing Lagrangian L = T —V, we rewrite Eq. (24)
as
JL g OL . af
—Dj +O/+A———— =0, (25)
(9 qs Y oD a ﬁ $ Dgﬁ gs
which is the generalized fractional Lagrange equations of
nonholonomic systems in terms of the combined Riemann—
Liouville fractional derivatives.
Now we come to study some important cases of Eq. (25).
Case 1 If we choose ¥ = 1, and the fractional Lagrangian
is L(t,qs,,Dqs), then equation (25) changes into

o, A, . df
9g, TP 3.pdg O TG by,

=0. (26)

Case 2 If we choose ¥ =0, and the fractional Lagrangian
is L(t,qs, ,Df gs), then equation (25) becomes
JL

B
2= 4D
3qs+“ !

oL +07 -2 afg =0. 27)
atDbQS

Dy qs
Case 3 If we choose Yy =1/2, B = «, and the fractional
Lagrangian is L (t qs,an qy) then equation (25) becomes

L ., OL , of
Sa. 4Df sipig T A gpeg 0 @)
(14ip)/2.i=v—1,ueC,

and the fractional Lagrangian is L(t,qS,Dg’ﬁ gs), then equa-

Case 4 If we choose 7=

tion (25) becomes

oL oL 0
-pPy PR +0)+ aj;
gy 8D 8D”’ qs

=0. (29)

Case 5 In these cases mentioned above, if we choose
o, — 1, then equation (25) gives the classical Lagrange
equations of nonholonomic systems

oL doL ., .of
aCIs_aaC]s—'_Qs—’_laq.s_

(30)

Assuming that the system (25) is a nonsingular system,
that is

2
L
A:det< ?

) #0, s,k=1,2,...,n. (31)
aDy qﬂDy gk

Before integrating the equations of motion, we can deter-
mine the Lagrange multiplier A, equation (25) can be written
as

13 a OL oL
TopiPg,  das

= 0] + Ay, (32)

where A; = A (t 45, Dy’ ﬁq;) = laf/z?Dy qs-
In order to simplify our calculations, we consider the La-
grangian

L=1(1,q,05%) =3 (05%4) -V ing), 33

and the fractional nonholonomic constraint

f= asD?ﬁCIs +X (tvch) =0, (34)
where a; are constants.
From Egs. (32)-(34), we obtain

i (D§Pq,) = 0+ hay = 57 = hslt, 40,07 P ). (35)

av
g5

Equation (35) is called the equation of motion of holo-
nomic systems corresponding to the nonholonomic sys-
tems (13) and (25). If the initial conditions satisfy Eq. (13),
the solution of Eq. (35) gives the motion of the nonholonomic
systems.

From Egs. (34) and (35), we can obtain the Lagrange mul-
tiplier A as

2 — nl Z <8V
Z a% s=1 aqs

4. Infinitesimal transformations and the deter-
mining equations of the Lie symmetry

- Q§’) a;— D% (x (t,qs))} - (36)

Introducing the infinitesimal transformations in terms of
time and generalized coordinates

" =t4+At, qi(t") = gs(t) + Ags, 37)
and their expansion formulae are

=1+ (1,405  q,),

g: (") = a5(0) +ens(1,0, D7 P ), (38)

where € is a small parameter, and &, 7, are generating func-
tions of the infinitesimal transformations.
Introducing the differential operator of infinitesimal gen-

erator
>:5§z+"qu; (39)
we have the fractional first-order extended X (1)140]
)=éi+ns£s+ﬁ§”a fﬁ " (40)
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where
S(1) _ B ap (e \_ 4 ap
Ns * = Dy ns+Dy (éqs> dl‘Dy (é%)
d
+ (dtD?*qu> 13 (41)

Assuming that the condition f (a) = f (b) = O for the left
and right Riemann—Liouville fractional derivatives holds, then
equation (41) becomes

5 : d o
" = DfPn+DfP (q,) - 07 (€a,)

dr
d
+ <dt ?lﬁ%)é

=09 (n- 5 €0+ Eac) + (5:0070.)

a . d o
= 0§ (n.-a)+ (5,074 ) & @)

Therefore, the fractional first-order extended X (1) has the
form of

- d d d
X(l) = §E+ns£+ |:D7(f, (n.Y_QS‘g)+ <dtD)O/CﬁQS) §:|

d

x —2 (43)
oD% g

If the fractional second-order extended operator f]s(z) is

given by the prolongation formula defined in the usual sense
1 = pfani*P —piae.plapyPy,

d
= pfiog? (n-a8)+ (5074 )

- DY 4E DDy Py, (44)
then the fractional second-order extended X has

o _ d
X —xOp®_ 2
ale;a ?’ﬁqs

d d d
= 65 ng+ [0 -ad)+ (50804, ) ¢]

d
x m + {D?’_‘xy [D?’ﬁ (s —ds6)
y 4s
d
p)

X — . 45)
8Df’_"‘ g’ﬁqs

It should be emphasized that the operators ﬁs(l), f]s(z),
XM and X@ differing from the operator are defined in the
usual sense.

The basic idea of the Lie symmetry is to keep the differ-
ential equation (35) invariant under the infinitesimal transfor-
mations (38), if and only if

2 [0 (05°) htcanofad] <0,

the differential equation (35) has the infinitesimal transforma-
tions.
Therefore, we have

x® [D?;O;, (D?ﬁ%) - hs(t,qx,Dg’ﬁqs)]

d
= D D (- af) + (070 ) ¢

- Df e DR DY g — X (ny)

=0, 47)
namely,

D?ﬂz {quf’ﬁ (ns - %é) + (((;ID?’ qs> é}
— D% DY P g, =X (ny). (48)

Equation (48) is called the determining equation that the
generating functions & and 1, should satisfy.

Definition 1 If the generating functions & and 1, sat-
isfy the determining equation (48), then the symmetry is called
Lie symmetry of the fractional holonomic Lagrangian systems
corresponding to the fractional nonholonomic Lagrangian sys-
tems.

On the basis of the determining equations, we can study
two classes of problems. The first class: using the differential
equation (35), we can obtain the generating functions & and
ns of Lie symmetry. The second class: if the generating func-
tions & and 7, of Lie symmetry are given, we can obtain the
function A.

5. The limit equation and the additional restric-
tion equation

The invariance of the nonholonomic constraint equa-
tion (13) under the infinitesimal transformation (38) boils
down to the following limit equation:

£ [f (t,q,D?f’ﬁq)} —0. (49)

Definition 2 If the generating functions & and 7, satisfy
the determining equation (48) and the limit equation (49), then
the corresponding symmetry is called weak Lie symmetry of
the fractional nonholonomic systems.

If we only consider the invariance of the differential equa-
tion (35) under the infinitesimal transformation (38), then the
weak Lie symmetry is the usual Lie symmetry of the fractional
nonholonomic systems.

If we also consider the derivation process of the differ-
ential equation and the additional restrictions on the generat-
ing functions £ and 7, then we need to define additional Lie

110201-4
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symmetry. In the derivation process of Eq. (25), we used the
Appell-Chetaev condition (14), and the condition constraints
0.

Noting that

0qs = Aqs — gsAt = (N, — &), (50)

and substituting Eq. (50) into Eq. (14), we have

9f

( s—g%)th (51)
8Dy qs

which is called the additional restriction equations.

Definition 3 If the generating functions & and 7 sat-
isfy the determining equation (48), the limit equation (49), and
the additional restriction equation (51), then the corresponding
symmetry is called strong Lie symmetry of the fractional non-
holonomic systems.

6. Structural equations and conserved quantity

For the fractional nonholonomic systems, the Lie sym-
metry does not necessarily lead to the conserved quantity. The
condition and the form of conserved quantity are given by the
following theorem.

Theorem 1 If the generating functions & and 7, satisfy
the determining equation (48), and there exist gauge functions
G=G (t,qs,D;f P qs), which satisfy the following structural
equations:

LE+XW (L) + (0 +As) (Ns—E¢) +G=0.  (52)

Then the Lie symmetry conserved quantity of the fractional
holonomic system (35) corresponding to the fractional non-
holonomic systems has the following form:

1= g [ [DF a8 aB

B.a oL
CIYé)D1 ( ) :| dy+G
aDYF g
= const. (53)

+ (s

Proof We want to insert Eq. (32) into the structural equa-
tion (52). Hence, we will write the latter in a suitable form

. . oL
LE+XW (L) + (O] +As) (ny—Eds) +Gi§qs£

oL
— L e ngs 4 D (- g

+ <dt
JdL

G+é&g,—
+ éqsaqs

o.pB L " 1A &g
Y Qs) €:| 8D3’qu+(Qs+ A) (ns éq‘s)

JdL JdL d dL
ENERTE
at dgs dr 8D§"ﬁqs

. JL o.f . JdL
+ (N5 — g5 P (N — g5
( )8% y( )8Dy "
+LE+ (0 +A) (N —&4,)+ G
d . oL ap . oL
=¢—L+ s — (s — +Dy’ s — (s T
Sq bt Ms—as8) 7 -+ Dy” (1= 4s6) 20eP,,

+ LE+(Q) +A) (ny—E4y)

. JdL
+G+(n— &) DY, ( )
8Daﬁqs

d . [OL of OL
a (Lé) + (ns _C]sé) |:(9q; _Dlﬁy ()

aD%P g,

d [t oL
+Q”+A} +G+ / [ %F (ny — ¢,€)

dt Ja oDy P g

JL
+ (n.f_QSé)DllsLa () ] d’)/
v 8D)Of’ﬁqs
- 0. (54)

The second term in the last equation is the generalized frac-
tional Lagrange equations of nonholonomic systems multi-

plied by (1,

i{L5+G+/; {DW (11— 4:€)

— ¢5&). Therefore, we have
o
dD 3713%

o dL
— 4,&) D} ¥ <3Daﬁq> } dY} =0, (59

oL
aD5P g

+ (1
that is,

e+ [0 -

+ (g —qsi)Dﬁ o (a — > } dy+ G = const. (56)

Theorem 2 If the generating functions & and 1) satisfy
the determining equation (48) and the limit equation (49), and
there exist gauge functions G = G (t,qx,Dgf P qx), which sat-
isfy the structural equation (52), then the fractional nonholo-
nomic systems have the weak Lie symmetry conserved quan-
tity (53).

Theorem 3 If the generating functions & and 1) satisfy
the determining equation (48), the limit equation (49), and
the additional restriction equation (51), and there exist gauge
functions G = G (t,qS,DJO,’ P qs), which satisfy the structural
equation (52). Then the fractional nonholonomic systems have
the strong Lie symmetry conserved quantity (53).

For the three kinds of Lie symmetry, we can obtain
the conserved quantities only when the gauge function G =
G(t, qMD;),‘ B gs) is given by the structural equation (52).

110201-5
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7. An example

The Lagrangian of a fractional mechanical system is

L= {(D?"*ql)ﬁ (Dg’ﬁm)z} —q1, Q=03 =0,(57)

and the nonholonomic constraint is
f=D%Pq+D%P g —gr—0. (58)
The equations of motion are given by Eq. (25)

D?Lay (D?‘ﬁ%) =A-1,

(59)
Dl (D§Pq:) = 1.
Using Eqgs. (58) and (59), we have
B,o
1+D5"
_ flﬂ? (60)

Therefore, the equation of motion (59) can be written as

—14+D8%;
Df’,o;, (D?ﬁql) T E— =,
61
8 B 1+D?’aqz o
o (Ha, _ -
D]—y (D’y 6]2) =5
From Egs. (32), (35), and (61), we obtain
A= 14D . 14+ 0% g5
2 b 7 2 b 7 ©2)
B = —1 +D\ 22 L= 1+D\ g
2 ’ 2 '
The determining equation (48) becomes
B.a o,B . d a,p
Dl—y Dy (nl 7(’]15)4’ aDy q1 é
B,a
—1+D7" g2
- ———-iE =0, (63)
: d a
le’_o;, [D?’ﬁ (M —¢28) + (dtD?'ﬁ%) 4
B,o
1+D\ g2
- ——=Ditg =o. (64)

Assuming that the condition f (a) = f(b) = 0 for the left
and right Riemann—Liouville fractional derivatives holds, and
choosing ¥ = 1, then we obtain the following solutions:

620, T’lzl, T]zz—l. (65)

Substituting the generating functions into the limit equa-
tion (49) and the additional restriction equation (51), we have

X f(t,q5,aD%qs)] =140, (66)

and
af . o o
P) Daq (ns_€QS):aDz q1_aDt 6]2750~ (67)
a™~t 4s
Therefore, the symmetry is only the fractional Lie symmetry
of Eq. (61).

Inserting the generating functions into the structural equa-
tion (52), we obtain

0 =LE+ XD (L) + (Q! +As) (N —E¢y) + G
— 146G (68)

Therefore, the gauge function has the form of
G=t. (69)

Substituting Egs. (65) and (69) into Eq. (53), we obtain
the conserved quantity

' Mo aL
I =LE +/a [“Dx (M —4s8) daD%qs
JL
— —q b\ 5 e
(T’S q‘vé)th <aaDng) :| e+ o

t
= / (—xDg g2+ 2D ;D% qr)dx+1 = const.  (70)
a

8. Conclusions

In this paper, we study the Lie symmetry of the fractional
nonholonomic systems in terms of combined fractional deriva-
tives. Especially, we obtain the determining equations that the
infinitesimal transformation groups of the Lie symmetry have
to satisfy. The infinitesimal transformation groups are used
for the limit equations and the additional restriction equations
which generate the weak Lie symmetry and strong Lie symme-
try of the fractional nonholonomic systems, respectively. Fur-
thermore, the infinitesimal transformation groups also satisfy
the structural equations, which generate the conserved quan-
tity of Lie symmetry for the fractional nonholonomic systems.
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