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Cation distributions estimated using the magnetic moments of the
spinel ferrites Co1−𝑥Cr𝑥Fe2O4 at 10 K∗
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(A)[B]2O4 ferrite samples with the composition Co1−xCrxFe2O4 (0.0 ≤ x ≤ 1.0) are prepared using a hydrothermal
method, and subjected to calcining in a tube furnace with an argon-flow at 1673 K for 2 h. X-ray diffraction patterns indicate
that each of all the samples has a single phase cubic spinel structure with a space group of Fd3̄m. Magnetic measurements
show that the saturation magnetization decreases with as the Cr content x increases. The cation distribution of the samples is
estimated by fitting the dependence of the magnetic moments on x at 10 K, using the quantum mechanical model previously
proposed by our group. The calculated sum of the content values of the Cr3+ and Cr2+ cations occupying the (A) sites
increases as the value of x increases. In the fitting process, the magnetic moment directions of the Cr3+ and Cr2+ cations
are assumed to be antiparallel to those of the Fe and Co cations, respectively, which is in accordance with Hund’s rules.
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1. Introduction

Co ferrites with striking magnetic, electrical, and optical
properties have potential applications in various fields, such as
recording tapes, permanent magnets, hard disc recording me-
dia, read-write heads, magnetic drug delivery, catalysis, color
imaging, magnetic refrigeration, magnetic resonance imag-
ing (MRI) contrast enhancement, magnetic cell separation,
etc.[1–5] CoFe2O4 is a typical spinel ferrite with an (A)[B]2O4

structure. Each spinel unit cell contains eight formula units.
The large oxygen anions form a close-packed face-centered-
cubic structure with the smaller metal cations occupying the
interstitial positions. There are two types of interstitial sites
occupied by the metal cations: the tetrahedral (8a) or (A) sites,
and the octahedral (16d) or [B] sites.[6,7] In the traditional the-
ory, CoFe2O4 has an inverse spinel structure where 8 Fe3+

cations occupy the (A) sites, the other 8 Fe3+ cations and the
8 Co2+ cations occupy [B] sites. The cation magnetic mo-
ments at the [B] sites are parallel at low temperature, due to the
fact that the itinerant electrons, with a constant spin direction,
hop between neighboring cations mediated by O2p electrons.
However, the cation moments at the (A) sites are antiparallel
to those at the [B] sites, due to the superexchange interaction
between cations at the (A) sites and cations at the [B] sites,
which is mediated by oxygen anions.[6–8]

The spinel structure allows the introduction of differ-
ent metallic ions, which can change the magnetic prop-

erties considerably. However, there are obvious discrep-
ancies for the Cr cation distribution in the spinel ferrites,
as reported previously in some papers, such as Refs. [9]–
[15]. Cojocariu et al.[9] prepared samples of CoFe2O4 and
CoCr0.2Fe1.8O4. They thought that all Cr cations entered
into the [B] sites and that some of the Co cations mi-
grated to the (A) sites from the [B] sites, resulting in cation
distributions in the form of (Co0.05Fe0.95)[Co0.95Fe1.05]O4

and (Co0.17Fe0.83)[Co0.83Cr0.2Fe0.97]O4. Chae et al.[10]

thought that all Cr cations entered into the [B] sites,
while some of the Co cations migrated to the [B]
sites from the (A) sites, resulting in cation distribu-
tions in the form of (Co0.65Fe0.35)[Co0.35Fe1.65]O4 and
(Co0.33Fe0.67)[Co0.67Cr0.2Fe1.13]O4. Magalhães et al.[14] pre-
pared a series of Cr-containing magnetites, Fe3−xCrxO4 (x =

0.00, 0.07, 0.26, 0.42, and 0.51) by using a conventional
co-precipitation method. By using Mössbauer spectroscopy
and powder X-ray diffraction measurements, they determined
that the samples had spinel crystalline phases, in which only
Fe3+

oct ([B] sites) ions were substituted by Cr3+ when there
was a low Cr concentration, and both Fe2+

oct ([B] sites) and
Fe3+

tet ((A) sites) ions were substituted by chromium ions for
higher Cr concentrations. Yunus et al.[15] prepared samples of
GaxCoCrFe1−xO4 (0.0≤ x ≤ 1.0). On the basis of the anal-
ysis of neutron diffraction, they thought that a portion of the
Cr cations migrated to the (A) sites from the [B] sites due to
doping with the Ga cations. However, the sample magnetic

∗Project supported by the National Natural Science Foundation of China (Grant No. NSF-11174069), the Natural Science Foundation of Hebei Province, China
(Grant No. E2011205083), the Key Item Science Foundation of the Education Department of Hebei Province, China (Grant No. ZD2010129), and the Young
Scholar Science Foundation of the Education Department of Hebei Province, China (Grant No. QN20131008).

†Corresponding author. E-mail: tanggd@mail.hebtu.edu.cn
© 2014 Chinese Physical Society and IOP Publishing Ltd http://iopscience.iop.org/cpb　　　http://cpb.iphy.ac.cn

107503-1

http://dx.doi.org/10.1088/1674-1056/23/10/107503
mailto:tanggd@mail.hebtu.edu.cn
http://iopscience.iop.org/cpb
http://cpb.iphy.ac.cn


Chin. Phys. B Vol. 23, No. 10 (2014) 107503

moments they calculated using their cation distributions were
significantly higher than the corresponding experimental val-
ues. Given the conflicting results obtained in these systems,
it is clear that the Cr cation distribution in the spinel ferrites
requires to be further investigated.

In previous reports, we proposed a quantum-mechanical
potential barrier model for estimating the cation distribution in
spinel ferrites.[16–19] We then proposed a method of estimating
the ionicity of spinel ferrites[20] by comparing with the method
from Phillips.[21] On the basis of these studies, we estimated
the cation distributions in the spinel ferrites Co1+xFe2−xO4

(0.0 ≤ x ≤ 2.0) by using the magnetic moments of the sam-
ples at 10 K.[22] The Co ion content values at the (A) sites
that we estimated are close to the corresponding experimen-
tal results reported by Ferreira et al., who used the Mössbauer
spectra.[23]

For the spinel ferrite samples CrxFe3−xO4 (0.0≤ x≤1.0),
the assumption that the magnetic moments of Cr2+ and Cr3+

cations are antiparallel to those of the Fe cations in the sam-
ples was made,[24] and the dependence of the cation distribu-
tion on the Cr doping was estimated by using a method similar
to that of Ref. [22]. We then estimated the cation distribution
on the basis of the dependence of the saturation magnetization
of NiCrxFe2−xO4 (0.0 ≤ x ≤ 1.0) at 10 K on Cr doping level
x.[25] The estimated concentration of Cr cations at the (A) sites
increased with increasing Cr doping level x, and the concentra-
tions were found to be close to the experimental results from
neutron diffraction, as reported by Ghatage et al.[26]

In this paper, we prepare the spinel ferrite samples
Co1−xCrxFe2O4 (0.0 ≤ x ≤ 1.0), and estimate, on the basis
of our previous work,[17,18,24,25] the cation distribution by fit-
ting the dependence of the saturation magnetization at 10 K,
on the Cr doping level. Our estimated Co cation content at
the (A) sites in the sample CoFe2O4 (x = 0.0) is 0.24, result-
ing in the structure (Co0.24Fe0.76)[Co0.76Fe1.24]O4. We note
that the value 0.24 lies between the values 0.05 and 0.65 ob-
tained by Cojocariu et al.[9] and Chae et al.,[10] respectively.
It is also noteworthy that our estimated Cr cation content at
the (A) sites increases with increasing the Cr doping level x,
up to 0.36 when x = 1.0. This tendency is similar to those
of the experimental results for the samples NiCrxFe2−xO4

(0.0 ≤ x ≤ 1.0) obtained from the neutron diffraction results
reported by Ghatage et al.[26]

2. Experiment
2.1. Sample preparation

Ferrite powder samples Co1−xCrxFe2O4 (0.0 ≤ x ≤ 1.0)
were prepared by a hydrothermal method. The chemicals
used for synthesizing the cobalt ferrite were cobalt nitrate

(Co(NO3)2·6H2O), iron nitrate (Fe(NO3)3·9H2O), chromium
chloride (CrCl3·6H2O), and sodium hydroxide (NaOH). All of
these chemicals were of analytical grade. The hydrothermal
reactions were carried out in a stainless-steel autoclave with
a teflon liner (150-ml total capacity) under autogenous pres-
sure. In the synthesis process, the metal salts were taken in
stoichiometric ratios for each value of x and dissolved in 40-
ml deionized water. The solutions were stirred at a constant
temperature of 343 K. The the pH value of the solution was
adjusted to 11.0 by adding 3-molar NaOH solutions, drop-by-
drop, and then stirring for 30 min. A homogeneous solution
was obtained. The solution was transferred into the autoclave.
The autoclave was sealed and maintained at 423 K for 24 h.
The resulting products were then washed several times with
deionized water to remove the Na+, NO−3 , and Cl− ions. A
black precipitate was collected by filtration, and dried in air
for 24 h at 363 K, and then for 24 h at 423 K in a drying cab-
inet. The dried precipitate was ground in an agate mortar for
30 min to obtain a fine powder, and then calcined for 2 h at
1673 K in a tube furnace with argon flow. The final samples
were obtained after 30-min grinding, again in the agate mortar.

2.2. Sample characterization

The crystal structures of the samples were identified by
X-ray diffraction (XRD) using an X’pert Pro X-ray diffrac-
tometer with Cu Kα (λ = 1.5406 Å) radiation at room tem-
perature. The data were collected in a 2θ range of 15◦–120◦

in steps of 0.01671◦. Micrographs of the particles in the sam-
ples were observed using an S-4800 scanning electron micro-
scope (SEM). The composition of the samples was analyzed
through the X-ray energy-dispersive spectrum (EDS), which
was obtained using an INCA PentaFETx3 system, with an
accelerating voltage of 20 kV. The magnetization measure-
ments were performed using a vibrating sample magnetometer
(VSM, Quantum Design Corporation, PPMS, USA, 9T) in an
external field of up to 3 T at temperatures of 10 K and 300 K.

3. Results and discussion
3.1. Structural analysis

The X-ray diffraction (XRD) patterns for the samples
Co1−xCrxFe2O4 (0.0≤ x≤ 1.0) are shown in Fig. 1, and indi-
cate the presence of a single phase, cubic spinel structure with
a space group Fd3̄m. The X-ray diffraction pattern data for
the samples are fitted by using the Rietveld powder diffraction
profile fitting technique[27] using the X’Pert HighScore Plus
software. The Rietveld fitting parameters for the samples are
listed in Table 1. It can be seen that the various error param-
eters, the profile factor, Rp, the weighted profile factor, Rwp,
and the goodness of fit indicator, s, are all acceptable. The
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crystal lattice constant a, the distances from the O anion to the
cations at the (A) and [B] sites, dAO and dBO, the distance from
the cations at the (A) sites to those at the [B] sites, dAB, as ob-
tained in the fitting process are also listed in Table 1. For the
cubic spinel structure, the ideal values of dAO, dBO, and dAB

are
√

3a/8, a/4, and
√

11a/8. However, for all of our sam-
ples, the observed values of dAO and dBO in Table 1 are 1.066
and 0.968 times the ideal values, respectively, while the value
of dAB is equal to its ideal value; that is,

dAO = 1.066×
√

3
8

a, dBO = 0.968× 1
4

a, dAB =

√
11
8

a. (1)

Figure 2 shows the variation of crystal lattice constant
with Cr-doping level x. It can be seen that there is a minimum
value of the crystal lattice constant when x= 0.4. A reasonable
representation of the variation of the lattice constant a with Cr
concentration x can be given in the form of two straight lines
intersecting at x = 0.4:

a = 8.3840−0.0582x, (x≤ 0.4),

a = 8.3370+0.0588x, (x > 0.4). (2)

This variation of the lattice constant will be discussed in Sub-
section 3.6.
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Fig. 1. (color online) X-ray diffraction patterns for the samples
Co1−xCrxFe2O4 (0.0≤ x≤ 1.0).

The results from the X’Pert HighScore Plus software also
indicate that the volume-averaged diameter of the crystallites
in all of the samples is larger than 100 nm, so that the surface
effects of the crystallites are expected to be very weak in all of
the samples.

Table 1. Rietveld fitted results for the XRD diffraction patterns of the samples Co1−xCrxFe2O4 (0.0 ≤ x ≤ 1.0), where s, Rp, and Rwp
are the goodness of fit indicator, profile factor, and weighted profile factor, respectively; a is the lattice parameter; dAO and dBO are the
distances from the O anion to the cations at the (A) and [B] sites, respectively; dAB is the distance from the cations at the (A) sites to those
at the [B] sites.

x a/Å dAO/Å dBO/Å dAB/Å s Rp/% Rwp/%

0.0 8.385 1.936 2.029 3.476 0.96 1.43 1.91

0.2 8.371 1.933 2.026 3.470 0.95 1.54 2.09

0.4 8.361 1.930 2.023 3.466 1.02 1.76 2.30

0.6 8.380 1.935 2.028 3.474 1.13 1.53 1.86

0.8 8.383 1.935 2.029 3.475 1.27 1.85 2.13

1.0 8.394 1.938 2.031 3.480 1.27 2.93 3.37
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Fig. 2. Variation of the crystal lattice constant with Cr-doping level x in
Co1−xCrxFe2O4 (0.0≤ x≤ 1.0).

3.2. Scanning electron microscopy analysis

Scanning electron micrographs of the Co1−xCrxFe2O4

(0.0≤ x≤ 1.0) samples are shown in Fig. 3. From Figs. 3(c)–
3(e), it may be seen that the particles are octahedral with
sizes of about 0.5 µm–2 µm. Therefore, these samples are
monocrystal powders. In Figs. 3(a), 3(b), and 3(f), there are
no distinct octahedral particles, indicating that these samples
are polycrystal powders.

3.3. X-ray energy dispersive spectrum analysis

The X-ray energy dispersive spectra (EDS) of the samples
are shown Fig. 4(a), from which the content values of various
elements in the samples may be determined. The results are
shown in Fig. 4(b). It can be seen from Fig. 4(b) that the sam-
ple compositions measured by EDS (points) are very close to
the nominal compositions (line). Therefore, the nominal com-
positions are used in the following discussion.
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(e) (f)

Fig. 3. Scanning electron micrographs of the samples Co1−xCrxFe2O4: (a) x = 0.0, (b) x = 0.2, (c) x = 0.4, (d) x = 0.6, (e) x = 0.8,
(f) x = 1.0.
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Fig. 4. (color online) (a) EDS patterns for the samples Co1−xCrxFe2O4 (0.0≤ x≤ 1.0); (b) the nominal content values (lines) and the
observed values (points) from EDS for Co, Fe, and Cr.

3.4. Magnetic properties analysis

Figures 5(a) and 5(b) show the magnetic hysteresis loops

for the samples Co1−xCrxFe2O4 (0.0 ≤ x ≤ 1.0) measured at

10 K and 300 K. The specific saturation magnetization (σ s),

remanent magnetization (σ r), and coercive field (Hc) of the
samples at 10 K are listed in Table 2. It can be seen that σ s

decreases with increasing the Cr-doping level x at 10 K. In
Table 2, µexp is the magnetic moment per formula of sample,
calculated from σ s at 10 K.
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Fig. 5. (color online) Magnetic hysteresis loops for the samples Co1−xCrxFe2O4 (0.0≤ x≤ 1.0) measured at 10 K (a) and 300 K (b).

Table 2. Values of specific saturation magnetization σ s, remanent magnetization σ r, and coercive field µ0Hc for the samples
Co1−xCrxFe2O4 measured at 10 K. µexp is the magnetic moment per formula of sample, calculated from σ s.

x σ s/(A·m2/kg) σ r/(A·m2/kg) µ0Hc/mT µexp/(µB/formula)
0.0 81.25 35.09 1441 3.34
0.2 69.60 40.04 1824 3.02
0.4 60.35 38.41 1548 2.77
0.6 54.69 56.92 2257 2.63
0.8 43.43 38.62 672 2.44
1.0 29.89 15.54 210 2.04

3.5. Cation distribution and magnetic structure for
Co1−xCrxFe2O4 (0.0≤ x≤ 1.0)1−xCrxFe2O4 (0.0≤ x≤ 1.0)1−xCrxFe2O4 (0.0≤ x≤ 1.0)

As pointed out in the Introduction, there are issues re-
garding the Cr cation distribution in the spinel ferrites. In our
opinion, a very important characteristic of Cr cations, which is
different from those of Fe, Co, Ni, and Cu, has been neglected
in all previous reports: the numbers of 3d electrons in Cr3+

and Cr2+ are 3 and 4, respectively, which result in the mag-
netic moments of Cr cations being antiparallel to those of Fe
in CrxFe3−xO4.[24]

In order to better understand the magnetic ordering mech-
anism of the ferrites MxFe3−xO4 (M = Cr, Mn, Fe, Co, Ni, Cu;
0.0 ≤ x ≤ 1.0), our group proposed a new magnetic ordering
model,[24] in which three factors were considered simultane-
ously. Firstly, the O2p electrons serve as intermediaries for
the itinerant 3d electrons between the cations; secondly, mag-
netic ordering in spinal ferrites is dependent on the number
of 3d electrons, including local and the itinerant 3d electrons
in the cations, subjected to constraints arising from Hund’s
rules; and, thirdly, the spin directions of the itinerant electrons
remain constant in the hopping process between the cations.
This can be understood as follows.

(i) There is a certain probability of finding 2p electrons
with opposite spin directions in the outer orbits of the oxygen
anions (taking into consideration the ionicity), which serve
as intermediaries for the itinerant 3d electrons between the

cations. Therefore, the metal cations around an oxygen anion
are divided into two groups with opposite spin direction itin-
erant electrons. Those cations with the same bond lengths and
bond angles between the oxygen anion and the metal cations
will constitute a single group, in order to minimize the energy
change of the system when the itinerant electron, with con-
stant spin direction, hops between the cations. For example,
the spin directions of itinerant electrons in the (A) sublattice is
opposite to those in the [B] sublattice in spinel ferrites because
the distance between cation and anion in the (A) sublattice is(√

3/8
)

a, while the distance between the cation and anion in
the [B] sublattice is a/4, where a is the lattice constant of the
spinel unit cell.

(ii) In a group of metal cations, the spin direction of the
itinerant electron remains constant when it moves to any cation
and the spin directions of the 3d electrons (including itiner-
ant and local 3d electrons) are constrained by Hund’s rules.
Hence, the directions of cation magnetic moments are deter-
mined.

By Hund’s rules, the spins of electrons in a subshell of
a free atom tend to align in one direction until the maximum
multiplicity is attained. After that, the electron spins will align
in the opposite direction. Thus, in the 3d subshell of free tran-
sition metal atoms, a maximum of five electrons can have their
spins aligned in one direction.[28]

In Co1−xCrxFe2O4 spinel ferrites, the 3d electron num-
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bers of Cr3+, Cr2+, Fe3+, Fe2+, Co3+, Co2+ cations are 3, 4,
5, 6, 6, 7, respectively. It is easy to see that the number, nd,
of 3d electrons in Cr3+ and Cr2+, in that nd ≤ 4, differs from
that of the other ions in that nd ≥ 5. Therefore, when an itin-
erant electron hops to a Cr3+ or Cr2+ cation in a spinel ferrite,
the spin direction of this itinerant electron will be parallel to
that of the local 3d electron (major spin). However, when an
itinerant electron hops to an Fe or Co cation (with nd ≥ 5), the
spin direction of this itinerant electron will be antiparallel to
that of the local 3d electron (major spin). Thus, at the [B] sites
[or (A) sites] of the spinel ferrite, the magnetic moment direc-
tions of Cr3+ and Cr2+ cations will be antiparallel to those of
Fe and Co cations, due to the fact that the spin direction of the
itinerant electron remains constant in the hopping process.

According to the quantum mechanical model proposed by
our group[16–19] for estimating the cation distribution in spinel
ferrites, there are three important factors that affect the cation
distribution in spinel ferrites doped with magnetic cations.

Firstly, in an oxide, the probability with which a cation
losses an electron should relate to the ionization energy of the
electron and the distance from this cation to its adjacent oxy-
gen anion. We estimate this by assuming that there is a square
potential barrier between the cation and the anion in cation-
anion pair. The height and width of the potential barrier relate
to the ionization energy of the last ionized electron, as well
as the distance between neighboring cations and anions. The
probability ratio (R) of the different cations therefore relates
to the probability of their last ionized electrons transmitting
through the potential barrier, and takes the form,[16,17]

R =
TC

TD
=

VD

VC
exp
[
10.24

(
rDV 1/2

D − crCV 1/2
C

)]
, (3)

where nanometers (nm) and electron-volts (eV) are used as
the units of length and energy; TC (TD) represents the proba-
bility with which the last ionized electron of the C (D) cations
jumps to the anion through a potential barrier with height VC

(VD) and width rC (rD); VC and VD are the ionization energies

of last ionized electron of the cations C and D, respectively;
and, rC and rD are the distances from the cations C and D to
the anions, respectively. The parameter c is a barrier shape
correcting constant relating to the extent to which the shapes
of the two potential barriers deviate from a square barrier. It is
obvious that parameter c = 1 when VC = VD and rC = rD. In
the following discussion, we let c = 1.

Secondly, the Pauli repulsion energy of the electron cloud
between neighboring cations and anions must be considered.
This can be taken into account by using the effective ionic
radius:[29] smaller ions should be located at the sites with
smaller available space in the lattice. For instance, the vol-
umes of the (A) sites are smaller than those of the [B] sites in
the spinel ferrites.

Thirdly, a tendency toward charge density balance forces
a part of the M2+ ions (with large effective ionic radius) to en-
ter into the (A) sites from the [B] sites (with larger available
space) by jumping an equivalent potential barrier VBA in the
thermal treatment process prepared samples. The VBA arises
from the Pauli repulsion energy of the electron cloud as well
as from the magnetic ordered energy. In addition, VBA is re-
lated to the ionization energies.

In addition, due to the fact that there are both ionic and
covalent bonds in oxides, it is useful to consider the ionicity
defined as the fraction of ionic bonds.[21] A method to esti-
mate ionicity for spinel ferrites was proposed by our group.[20]

In Ref. [20], the calculated ionicity of Fe3O4 was found to be
0.8790, indicating that the total valence per formula is 7.032
and that the total number of trivalent cations per formula is
1.032, rather than 2.000 (from the traditional theory). We
therefore consider that the ionicity of Fe is 0.8790 in spinel
ferrites. Similarly, we also estimate the ionicities of Co and Cr
in spinel ferrites, and obtain the values of 0.8314 and 0.8726,
respectively.[20]

Subject to the above constraints, the cation distributions
in the Co1−xCrxFe2O4 (0.0 ≤ x ≤ 1.0) samples can be repre-
sented by the formula,

(Fe3+
y1 Cr3+

y2 Co3+
y3 Fe2+

y4 Cr2+
y5 Co2+

y6 )[Fe2+
2−y1−y4−z1Cr2+

x−y2−y5−z2Co2+
1−x−y3−y6−z3Fe3+

z1 Cr3+
z2 Co3+

z3 ]O4. (4)

It can be seen from Eq. (2) that,

y1 + y2 + y3 + y4 + y5 + y6 = 1, (5)

y1 + y2 + y3 + z1 + z2 + z3 = N3, (6)

where N3 is the number of trivalent cations per formula and

N3=(8/3) [ fCo (1.0− x)+ fCrx+ fFe2.0]−6.0, (7)

where fCo, fCr, and fFe, which represent the ionicities of the
Co, Cr, and Fe ions, are 0.8314, 0.8726, and 0.8790, respec-

tively. Also, from Eq. (4), we have,

RA2
x
2
=

y2

y1
, RA3

1− x
2

=
y3

y1
, RA4 =

y4

y1
,

RA5
x
2
=

y5

y1
, RA6

1− x
2

=
y6

y1
, (8)

RB2
x− y2− y5

2− y1− y4
=

z2

z1
,

RB3
1− x− y3− y6

2− y1− y4
=

z3

z1
. (9)
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The content ratios RA2, RA3, RA4, RA5, and RA6 of the Cr3+,
Co3+, Fe2+, Cr2+, and Co2+ to the Fe3+ ions at the (A) sites,
and the ratios RB2 and RB3 of the Cr3+ and Co3+ to the Fe3+

ions at [B] sites are discussed in what follows.
From Eqs. (5) and (8), we have,

y1 = 2/[2+RA2x+RA3(1− x)+2RA4

+RA5x+RA6(1− x)]. (10)

From Eqs. (6) and (9), we have the result that

z1 =
N3− [1+0.5RA2x+0.5RA3(1− x)]y1

1+RB2 ·
x− y2− y5

2− y1− y4
+RB3 ·

1− x− y3− y6

2− y1− y4

. (11)

As indicated in the above discussion, the magnetic mo-
ment directions for Cr2+ (nd = 4) and Cr3+ (nd = 3) ions will
be antiparallel to those of Fe3+ (nd = 5), Fe2+ (nd = 6), Co3+

(nd = 6), and Co2+ (nd = 7) in the same sublattice ([B] sub-
lattice or (A) sublattice). Therefore, the magnetic moments
of Cr3+, Cr2+, Fe3+, Fe2+, Co3+, and Co2+ are represented
by −3, −4, 5, 4, 4, and 3 µB. We can calculate the average
magnetic moments per formula in samples of Co1−xCrxFe2O4

(0.0≤ x≤ 1.0) from Eq. (4) to be

µC = µBT−µAT,

µAT = 5y1−3y2 +4y3 +4y4−4y5 +3y6,

µB1 = 4(2− y1− y4− z1)+5z1

= 4(2− y1− y4)+ z1,

µB2 =−4(x− y2− y5− z2)−3z2

=−4(x− y2− y5)+ z2,

µB3 = 3(1− x− y3− y6− z3)+4z3

= 3(1− x− y3− y6)+ z3,

µBT = µB1 +µB2 +µB3,

(12)

where µAT and µBT are the magnetic moments of the (A) and
[B] sublattices, respectively, and µB1, µB2, and µB3 are the
magnetic moments of Fe, Cr, and Co ions at the [B] sites, re-
spectively.

By using the quantum mechanical model proposed by our
group[17–20] to estimate the cation distribution in ferrites, the
content ratios RA2, RA3, RA4, RA5, and RA6 of the Cr3+, Co3+,
Fe2+, Cr2+, and Co2+ ions to the Fe3+ ions at the (A) sites,
and the ratios RB2 and RB3 of the Cr3+ and Co3+ ions to the
Fe3+ ions at the [B] sites, can be derived as

RA2 =
T (Cr3+)

T (Fe3+)
=

V (Fe3+)

V (Cr3+)

× exp
{

10.24dAO
[
V (Fe3+)1/2−V (Cr3+)1/2]}, (13)

RA3 =
T (Co3+)

T (Fe3+)
=

V (Fe3+)

V (Co3+)

× exp
{

10.24dAO
[
V (Fe3+)1/2−V (Co3+)1/2]}, (14)

RA4 =
T (Fe2+)

T (Fe3+)
=

V (Fe3+)

V (Fe2+)
exp
{

10.24
[
dAOV (Fe3+)1/2

−dAOV (Fe2+)1/2−dABVBA(Fe2+)1/2]}, (15)

RA5 =
T (Cr2+)

T (Fe3+)
=

V (Fe3+)

V (Cr2+)
exp
{

10.24
[
dAOV (Fe3+)1/2

−dAOV (Cr2+)1/2−dABVBA(Cr2+)1/2]}, (16)

RA6 =
T (Co2+)

T (Fe3+)
=

V (Fe3+)

V (Co2+)
exp
{

10.24
[
dAOV (Fe3+)1/2

−dAOV (Co2+)1/2−dABVBA(Co2+)1/2]}, (17)

RB2 =
T (Cr3+)

T (Fe3+)
=

V (Fe3+)

V (Cr3+)

× exp
{

10.24dBO
[
V (Fe3+)1/2−V (Cr3+)1/2]}, (18)

RB3 =
T (Co3+)

T (Fe3+)
=

V (Fe3+)

V (Co3+)

× exp
{

10.24dBO
[
V (Fe3+)1/2−V (Co3+)1/2]}. (19)

Here, V (Fe2+) = 16.18 eV, V (Co2+) = 17.06 eV, V (Cr2+) =

15.50 eV, V (Fe3+) = 30.65 eV, V (Co3+) = 33.5 eV, and
V (Cr3+) = 30.96 eV are the second and third ionization en-
ergies of Fe, Co, and Cr, respectively. The distances from
the anion to cations at the (A) sites and the [B] sites, dAO

and dBO, and the distance between the cations at the (A) sites
and the [B] sites, dAB, are the observed values in Table 1 de-
rived from XRD patterns. Finally, VBA(Fe2+), VBA(Cr2+), and
VBA(Co2+) are the heights of the equivalent potential barriers,
each with width dAB, which must be jumped over by the Fe2+,
Cr2+, and Co2+ ions from the [B] to the (A) sites.

Because it is difficult for a divalent cation with a high ion-
ization energy and large effective radius to enter into the (A)
sites, we assume that

VBA(Co2+)

= VBA(Cr2+) ·V (Co2+) · r(Co2+)/[V (Cr2+) · r(Cr2+)], (20)

VBA(Fe2+)

= VBA(Cr2+) ·V (Fe2+) · r(Fe2+)/[V (Cr2+) · r(Cr2+)], (21)

where r(Cr2+), r(Co2+), and r(Fe2+) are the effective radii of
the Cr2+, Co2+, and Fe2+ cations, respectively.[29]

There are 20 independent expressions in Eqs. (5)–(9) and
Eq. (12)–(21) for each Cr-doping level x. However, there
are 21 parameters altogether: y1–y6, z1–z3, N3, RA2, RA3,
RA4, RA5 and RA6, RB2 and RB3, VBA(Fe2+), VBA(Cr2+), and
VBA(Co2+), and µC. Therefore, we need to obtain a value
for at least one parameter in order to solve or fit the sys-
tem of equations. The most direct approach is to fit experi-
mental data for the magnetic moments. We also assume that
VBA(Cr2+) varies linearly with increasing the Cr-doped level x,
we then have only two independent parameters in the set of all
the VBA(Fe2+), VBA(Cr2+), and VBA(Co2+) for 0.0 ≤ x ≤ 1.0.
In this manner, if we can obtain the values of VBA(Cr2+) at
x = 0.2 and x = 0.8, then we can calculate all of the other val-
ues of VBA(Co2+) and VBA(Fe2+) by using Eqs. (20) and (21).
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By using the above equations and parameters to fit the
observed magnetic moment values of the samples at 10 K, we
obtain the values of VBA(Cr2+) of the samples x = 0.2 and
x = 0.8 to be 1.146 eV and 0.932 eV, respectively. This al-

lows us to obtain all other values of parameters VBA(Cr2+),
VBA(Co2+), and VBA(Fe2+), the dependence on the Cr-doping
level of the magnetic moments, and the cation distributions for
Co1−xCrxFe2O4 (0.0≤ x≤ 1.0) as shown in Table 3.

Table 3. Fitted results for the dependence on the Cr content of the cation distributions and the fitted magnetic moments µC of the
samples. VBA(Fe2+), VBA(Cr2+), and VBA(Co2+) are the heights of the equivalent potential barriers which must be jumped over by
the Fe2+, Cr2+, and Co2+ ions from the [B] to the (A) sites. N3 is the total concentration of trivalent ions.

x 0.0 0.2 0.4 0.6 0.8 1.0

N3 0.9051 0.9270 0.9490 0.9710 0.9930 1.0149

VBA(Cr2+)/eV 1.2173 1.1460 1.0747 1.0033 0.9320 0.8607

VBA(Co2+)/eV 1.2477 1.1746 1.1015 1.0284 0.9553 0.8822

VBA(Fe2+)/eV 1.2390 1.1664 1.0938 1.0212 0.9486 0.8760

A site

Fe3+ 0.4396 0.4029 0.3677 0.3341 0.3018 0.2708

Cr3+ 0.0000 0.0377 0.0689 0.0939 0.1131 0.1268

Co3+ 0.1221 0.0896 0.0614 0.0372 0.0168 0.0000

Fe2+ 0.3181 0.3284 0.3387 0.3486 0.3584 0.3680

Cr2+ 0.0000 0.0420 0.0865 0.1334 0.1827 0.2343

Co2+ 0.1201 0.0993 0.0769 0.0527 0.0271 0.0000

B site

Fe2+ 1.0174 1.0049 0.9898 0.9726 0.9532 0.9320

Cr2+ 0.0000 0.0969 0.1909 0.2816 0.3683 0.4507

Co2+ 0.6393 0.5014 0.3681 0.2400 0.1172 0.0000

Fe3+ 0.2249 0.2637 0.3038 0.3446 0.3865 0.4291

Cr3+ 0.0000 0.0234 0.0537 0.0911 0.1359 0.1881

Co3+ 0.1184 0.1097 0.0936 0.0701 0.0389 0.0000

µC/(µB/formula) 3.2661 3.1200 2.9157 2.6577 2.3508 1.9982
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2.0
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Cr content x

Fig. 6. (color online) Variation of the magnetic moment with Cr-doping
concentration x for samples Co1−xCrxFe2O4 (0.0 ≤ x ≤ 1.0). Here,
the µexp (points) denotes the experimental magnetic moments, and µC
(curve) the fitted magnetic moments.

Figure 6 shows the dependence on the Cr-doping level x
of the experimental magnetic moment, µexp (points), and the
fitted curve, µC (curve). It can be seen that the fitted results
are close to the experimental values, which indicates that our
assumption concerning the magnetic moment directions of Cr
cations is reasonable. Figures 7(a)–7(c) show the curves of
the Cr, Co, and Fe cation distributions at the (A) and [B] sites
versus x, and figure 7(d) shows the dependences of the dis-
tribution of the total numbers of different valence cations per
formula on x. It can be seen that the concentration of Cr2+

cation at the [B] sites is clearly larger than that of Cr3+ at the

[B] sites. It can also be seen from Table 3 that the content

sum of the Cr3+ and Cr2+ cations occupying the (A) sites in-

creases from 0.0769 when x = 0.2 to 0.3619 when x = 1.0,

which is similar to the variation trend of the experimental re-

sults for the Cr cation distribution obtained by neutron diffrac-

tion in NiCrxFe2−xO4 (0.0 ≤ x ≤ 1.0) as reported by Ghatage

et al.[26] and shown in Fig. 8.

It should be noted that we have used only two indepen-

dent fitting parameters in the process of fitting the magnetic

moments of the six samples Co1−xCrxFe2O4 (0.0 ≤ x ≤ 1.0),

the values of VBA(Cr2+) of the samples for x= 0.2 and x= 0.8,

indicating that our assumptions and fitting method are reason-

able.
It should be also noted that we have taken into account the

values of ionicity ( fi) of Fe ( fi = 0.8790), Cr ( fi = 0.8726),
and Co ( fi = 0.8314) obtained in our previous work.[20] Tak-
ing into account the ionicities causes the number of trivalent
cations per formula of the samples Co1−xCrxFe2O4 (0.0≤ x≤
1.0), N3, to increase from 0.9051 for x = 0.0 to 1.0149 with
x = 1.0, as shown in Table 3, rather than to have a constant
value of 2.0, as in the traditional view.
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Fig. 7. (color online) Plots of Cr (a), Fe (b), and Co (c) ion content values and the total numbers of divalent and trivalent cations (d) at
the (A) and [B] sublattice sites versus Cr-doping level x in the samples Co1−xCrxFe2O4 (0.0≤ x≤ 1.0).

Cr content x
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Fig. 8. (color online) Plots of Cr content values at the (A) sites in the
samples Co1−xCrxFe2O4, estimated in this work and result for the sam-
ples NiCrxFe2txO4, obtained from neutron diffraction as reported by
Ghatage et al.,[26] versus Cr-doped level x.

3.6. Explanation for the variation trend of the lattice con-
stant for the samples Co1−xCrxFe2O4Co1−xCrxFe2O4Co1−xCrxFe2O4 (0.0≤ x≤ 1.0)(0.0≤ x≤ 1.0)(0.0≤ x≤ 1.0)

As discussed in Subsection 3.1 and shown in Fig. 2, as
the Cr-doped level x increases, the crystal lattice constant de-
creases when x < 0.4, whereas it increases when x > 0.4. Ac-
cording to the above cation distributions, this dependence of
the lattice constant a on Cr-doping level x can be explained as
a competition between the following two factors.

(i) The magnetic moments of Fe and Co cations are par-
allel, resulting in a magnetic repulsion energy. Because the
magnetic moment directions of Cr3+ and Cr2+ cations are both
opposite to the directions of the Fe and Co magnetic moments,

doping with Cr will cause the magnetic repulsion energy to re-
duce and will also cause the lattice constant a to decrease.

(ii) As shown in Subsection 3.1, the observed distance
from the O anion to the cations at the (A) sites, dAO is larger
than its ideal value, while the observed distance from the O
anion to the cations at the [B] sites, dBO, is smaller than its
ideal value, implying that the variation of the lattice constant
a is mainly determined by dAO. From Fig. 7(d), it can be seen
that the total number of divalent cations per formula at the
(A) sites increases from 0.424 when x = 0.0 to 0.613 when
x = 1.0, and that the total number of trivalent cations per for-
mula at the (A) sites decreases from 0.576 when x = 0.0 to
0.387 when x = 1.0. It is known[29] that the effective radii
of the divalent cations (0.80, 0.78, and 0.745 Å, respectively,
for Cr2+, Fe2+, and Co2+ with coordination number six) are
significantly larger than those of the corresponding trivalent
cations (0.615, 0.645, 0.61 Å). Therefore, the total number of
divalent cations per formula at the (A) sites increases, while
the total number of trivalent cations decreases, causing the lat-
tice constant of the sample to increase.

It can be seen that the energy corresponding to the factor
(i) belongs to the magnetic dipole energy, and that the energy
corresponding to the factor (ii) belongs to the Pauli repulsion
energy. In general, the magnetic dipole energy is inversely
proportional to the distance to the third power, and the Pauli
repulsion energy is inversely proportional to the ion distance
to the eighth or ninth power. Therefore, the competition be-
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tween the two kinds of energies results in the observed nonlin-
ear variation of the lattice constant.

4. Conclusions
Ferrite powder samples of Co1−xCrxFe2O4 (0.0 ≤ x ≤

1.0) are successfully synthesized using a simple hydrother-
mal process. The saturation magnetization of the samples
decreases as the Cr-doping level x increases. We obtain the
cation distributions of the samples by fitting the magnetic mo-
ments of the samples at 10 K using the quantum mechanical
model that was previously proposed by our group. The calcu-
lated sum of the content values of the Cr3+ and Cr2+ cations
occupying (A) sites increases as the value of x increases, which
is similar to the variation trend of experimental results for
the Cr cation distribution obtained from neutron diffraction in
NiCrxFe2−xO4 (0.0 ≤ x ≤ 1.0) reported by Ghatage et al. In
the fitting process, the magnetic moment directions of Cr3+

and Cr2+ cations are assumed to be antiparallel to those of
the Fe and Co cations, which is in accordance with Hund’s
rules. Using this assumption and the estimated cation distri-
bution, the mechanism behind the observation that the lattice
constant of the samples decreases as the Cr-doping level x in-
creases when x < 0.4, while the lattice constant of the samples
increases when x > 0.4, which can be clarified.
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