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Electron states scattering off line edges on
the surface of topological insulator∗
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We study the local density of states (LDOS) for electrons scattering off the line edge of an atomic step defect on the
surface of a three-dimensional (3D) topological insulator (TI) and the line edge of a finite 3D TI, where the front surface
and side surface meet with different Fermi velocities, respectively. By using a δ -function potential to model the edges, we
find that the bound states existed along the step line edge significantly contribute to the LDOS near the edge, but do not
modify the exponential behavior away from it. In addition, the power-law decaying behavior for LDOS oscillation away
from the step is understood from the spin rotation for surface states scattering off the step defect with magnitude depending
on the strength of the potential. Furthermore, the electron refraction and total reflection analogous to optics occurred at
the line edge where two surfaces meet with different Fermi velocities, which leads to the LDOS decaying behavior in the
greater Fermi velocity side similar to that for a step line edge. However, in the smaller velocity side the LDOS shows a
different decaying behavior as x−1/2, and the wavevector of LDOS oscillation is no longer equal to the diameter of the
constant energy contour of surface band, but is sensitively dependent on the ratio of the two Fermi velocities. These effects
may be verified by STM measurement with high precision.
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1. Introduction
Topological insulators (TIs),[1,2] which are a recently dis-

covered new phase of quantum matter, have been extensively
studied theoretically[3–6] and experimentally[7–11] due to the
distinct surface states and potential relevance for spintronic
applications.[12,13] The three-dimensional (3D) TIs are char-
acterized by the gapped bulk and gapless surface states, which
are protected by the time-reversal symmetry (TRS).[6] In a
3D TI, the electron has strong spin–orbit coupling, and the
surface states are described by a low-energy effective mass-
less Dirac equation in which the spin orientation is deter-
mined by its momentum vector.[6] Several important features
of these Dirac surface states on the surface of a 3D TI, such
as Majorana fermions,[14,15] magnetic monopole,[15] quan-
tum phase transitions,[17–19] magnetic proximity effects,[20]

electron–electron interactions,[21] and spin polarization,[22]

and charge transmission[23] in confined states, etc., have been
investigated.

Scanning tunneling microscopy (STM) provides a direct
way to study surface states, which is highly relevant for future
attempts to design nanoelectronic and spintronic devices based
on these materials, through probing the local density of states
(LDOS) in the vicinity of impurities or defects. Experiments
on STM and theories describing the quasiparticle interference
patterns induced by nonmagnetic point impurities[24–28] or

atomic step line edges[29–40] on 3D TI surfaces and nanofilms,
have recently been formulated. The LDOS oscillations away
from a step edge on both surfaces of Bi2Se3 with nearly
isotropic Dirac cone and Bi2Te3 with strongly warped sur-
face band, show a power-law decay x−3/2 in the low energy
case,[35] with x being the distance from the step edge. This
faster decay, in contrast with the x−1/2 decay seen in a conven-
tional two-dimensional electron gas (2DEG),[41] is believed to
result from the suppression of backscattering on surface of a
3D TI, where the wave vector of LDOS oscillation is equal to
the diameter of the constant-energy contour (CEC). This has
been used to confirm the linear dispersion and infer the Fermi
velocity on the Dirac cone in Bi2Te3 crystal.[24] However, the
LDOS behavior very near a step edge on the surface strong 3D
TI observed experimentally is not well explained. On the other
hand, a finite strong 3D TI may have front and side surfaces
with (111) and (221) in Miller indices of the rhombohedral
bulk structure, respectively. A number of works[42–44] have
predicted that there exist chiral side surface states and refrac-
tive transport across the line edge where the two surfaces meet
with different Fermi velocities. However, the LDOS near the
edge line has not yet been considered. This is also important
for a further understanding the nature of 3D TI surfaces.

In this work, by adding a δ -function model potential to
the effective low-energy surface Hamiltonian for a 3D TI, we
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study the decaying behavior of LDOS oscillations both near
and away from an atomic step line edge on a single surface
of a semi-infinite strong 3D TI and a line edge of a finite
3D TI where two surfaces meet with different Fermi veloci-
ties, respectively. Firstly, for the step line edge on a single
TI surface, we find that the bound states existed along the step
edge[33,40,45] significantly contribute to the LDOS in the vicin-
ity of the step defect. However, this contribution of bound
states has not been taken into account for LDOS because it
does not modify the decay exponent of the LDOS oscillat-
ing behavior away from the step edge. In addition, the spin
rotation for surface states across the step edge,[36] with the
magnitudes depending on the strength of the δ -function po-
tential. Secondly, for a line edge, the electron refraction and
total reflection phenomenons analogous to optics occur across
the edge where the two surfaces meet with different Fermi
velocities.[42] This has been also studied at the junction be-
tween the surfaces of two TIs in Ref. [44]. Our work is mainly
concerned with the distributions of LDOS near the line edges.
Especially, we get a new decaying behavior at corner bound-
ary of a topological insulator. By ignoring the influence of the
bound states, we find that the LDOS oscillating decay behav-
ior in the greater Fermi velocity side is similar to that for a step
line edge on a single TI surface. While in the smaller Fermi
velocity side, the LDOS oscillations near the line edge show
a slower decay as x−1/2, which is in contrast with the x−3/2

decay seen for the step line edge. In this case the wavevector
of the LDOS oscillation is no longer equal to the diameter of
the CEC of surface band, but it is sensitively dependent on the
ratio of the two Fermi velocities.

The organization of this paper is as follows. In Section 2,
we formulate the model Hamiltonian for a step line edge on
the surface of a 3D TI, and show that the bound states make an
important contribution to the total LDOS in the vicinity of the
step edge on the surface. We present the LDOS oscillations
decaying behavior induced by a line edge where surfaces with
different Fermi velocities meet and discuss the result, which
is different from that for a line step edge in Section 3. And in
Section 4, we draw a summary.

2. A step line defect on the single surface of an
infinitive 3D TI
The atomic structure defects are actually unavoidable in

real TI samples. Here, we model an atomic step on the sur-
face of a 3D TI as a δ -function scattering potential rather than
a step-function potential because there is no potential differ-
ence across the step edge, as pointed out by An and Ting.[37,38]

For the step-function potential, a large potential difference be-
tween two sides of the surface may destroy the low-energy ef-
fective approximation for the model’s Hamiltonian. The low-
energy effective Hamiltonian for the surface states of a 3D TI

in the presence of an electrostatic potential is

H = h̄v(σxky−σykx)+V (x), (1)

where σx and σy are the Pauli spin matrices, v the Fermi ve-
locity, and V (x) the electrostatic potential. In units of h̄ = 1,
the energy spectrum for V (x) = 0 is E = svk, where s = ±1.
This low-energy effective Hamiltonian is accurate enough for
Bi2Se3, whose Fermi surface is nearly isotropic, to study the
scattering properties of electron states. But for Bi2Te3 with a
strongly warped surface band, this model is suitable only for
the situations where the energy is near the Dirac point.

Firstly, we consider a one-dimensional (1D) square-well
potential V (x) = V0[θ(x)− θ(x− d)] on the surface of a TI,
where θ(x) is a step function and d the width of the po-
tential well. With momentum conservation in the y direc-
tion, we can express the eigenfunction for Hamiltonian (1) as
Ψ(x,y) = ψ(x)e ikyy, with ψ(x) = [φ1(x),φ2(x)]T. By substi-
tuting the wave function into the eigenequation corresponding
to Hamiltonian (1), we obtain

φ
′′
1 (x)+

[
(V0−E)2

v2 − k2
y

]
φ1 = 0,

φ2(x) =
vφ
′
1− vkyφ1

V0−E
(2)

for 0≤ x ≤ d. In the limitation of |V0| � E, we can take the
following general form for the wave function

ψ(x) = Asin
(
|V0|

v
x
)
+Bcos

(
|V0|

v
x
)

× |V0|
V0

[
Acos

(
|V0|

v
x
)
−Bsin

(
|V0|

v
x
)]

, (3)

where A and B are constants. Obviously,

ψ(0) =
[

B,
|V0|
V0

A
]T

according to Eq. (3), hence, the wave function can be rewritten
as ψ(x) = e iσyV0x/vψ(0).

To get a δ -function potential located at x = 0, let us take
the limit of V0→∞ and d→ 0, while keeping V0d/v=α (con-
stant). Therefore, we have ψ(d→ 0+) = e iσyα ψ(0); that is,

ψ(x→ 0+) = e iσyα
ψ(x→ 0−). (4)

Actually, this boundary condition means that the direction of
spin polarization turns an angle of 2α in an anti-clockwise di-
rection in the x–z plane, when tunneling through the step edge.
For α < 0, it is an angle of |2α| in the clockwise direction.

Next, we consider the effect of the step edge on the sur-
face of a TI in the framework of scattering theory. First, one
can write down the following expressions of the wave function
for the scattering states with incident momentum k = (kx,ky)

and the electron group velocity along the x axis vx > 0

ψS(x < 0) =
1√
2

(
1

−ise iθ

)
e ikxx + r

1√
2

(
1

ise−iθ

)
e−ikxx,
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ψS(x > 0) = t
1√
2

(
1

−ise iθ

)
e ikxx, (5)

where s = sgn(E), θ = arctan(ky/kx) is the incident angle,
r and t are the reflection and transmission amplitudes, re-
spectively, for the scattering process. Because vx(s,𝑘) =
(∂E/∂kx)ky = v2kx/E, hence, vx >0 needs skx >0. Therefore,
we can obtain r and t from Eq. (5) with the help of boundary
condition (4)

r = − e iθ sinθ sinα

scosα cosθ + i sinα
,

t =
scosθ

scosα cosθ + i sinα
. (6)

Consequently, the tunneling probability is obtained by further
calculation through T = |t|2 for the scattering process.

Meanwhile, there are possibly exit bound states[33,34]

along the step line edge and they decay exponentially as x→
±∞. The general form of its wave function can be written as

ψB(x < 0) = C eκx
(

E
v(ky−κ)

)
,

ψB(x > 0) = C e−κx
(

E
v(ky +κ)

)
, (7)

where κ2 = k2
y −E2/v2, C is a constant to be determined. By

matching the wave functions (5) at the line edge with bound-
ary condition (4), we obtain the energy dispersion for bound
states: −E tanα = vκ , hence, E = ±vky cosα . Because the
value of E tanα must be negative, the sign of E is determined
for a given α . This is a physical realization of the Tomon-
aga model, which is well described in Ref. [45], but here we
derive it in a different approach. Therefore, the final form of
normalized wave function for the bound states is obtained

ψB(x < 0) =

√
−sky sinα

2(1+ ssinα)
e−skyxsinα

(
cosα

s+ sinα

)
,

ψB(x > 0) =

√
sky sinα

2(1− ssinα)
eskyxsinα

(
cosα

s− sinα

)
. (8)

Finally, we can calculate the LDOS near the step edge by
summing over all possible independent states. For E tanα > 0,
there are no bound states. So that the LDOS only has a contri-
bution to the scattering states as

ρS(x,E) = ∑
s,kx,ky

|ψS|2 δ (E−ES). (9)

For E tanα < 0, in contrast, the bound states make an impor-
tant contribution to the LDOS in the vicinity of the step edge
as

ρB(x < 0,E) = ∑
s,ky

|ψB|2 δ (E−EB)

= − E
2πv2

tanα

cosα
e−2Ex tanα/v. (10)

Therefore, when we study the LDOS near a step line edge on
the surface of a 3D TI, the contributions of both scattering and
bound states should be taken into account; that is, the total
LDOS is

ρ(x,E) = ρS(x,E)+ρB(x,E). (11)

In the rest of this section, we give a few numerical exam-
ples of the spatial distribution of spin polarization and LDOS
for the system of a step line edge on the surface of a 3D TI.
We note that the numerical calculation here do not depend on
the detailed material parameters.

In Fig. 1, we plot the spatial distribution of spin polar-
ization for a scattering state with incident angle θ = π/6 and
δ -function potential strength α = π/3, where the (red) dashed
line for 〈σx〉, (blue) dotted line for 〈σy〉, (green) dash–dotted
line for 〈σz〉, and (black) solid line for 〈σxz〉. As is shown in
the figure, the electron spin polarization 〈σx〉 and 〈σz〉 compo-
nents oscillate periodically along the x axis in the region x < 0
owing to the interference of incident and reflected waves. In
the region x > 0, on the contrary, the spin is locked in the sur-
face plane [〈σz〉= 0, see the (green) dash–dotted line] because
there is only a transmitted plane wave. We note that the com-
ponents of spin polarization 〈σx〉 and 〈σz〉 are not continuous
at x = 0, while 〈σy〉 and the spin polarization on the x–z plane
〈σxz〉 are continuous. This indicates that the direction of spin
polarization changed suddenly at the step edge. As mentioned
above, the direction of the spin polarization turns an angle of
2α in anti-clockwise direction in the x–z plane when tunneling
through the δ -function potential. Therefore, in the rest of this
paper, we limit the range −π/2 ≤ α ≤ π/2, unless otherwise
stated, because the physics for α and α +π are the same.
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Fig. 1. (color online) The spatial distribution of spin polarization for
a surface state scattered from a step edge on the surface of a 3D TI,
where the incident angle θ = π/6 and the δ -function potential strength
α = π/3.

In order to further explain the electron spin rotation at the
step line edge, figure 2(a) presents the transmission probability
T versus potential strength parameter α and incident angle θ .
As we can see from the figure, T oscillates periodically with
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α in a period of π , which ensures our above conclusion. Ob-
viously, T is always 100% (perfect transmission) in the case
of low incident angles because the backscattering of surface
states by nonmagnetic impurities is completely suppressed.[24]

On the other hand, perfect transmission is always achieved
for any incident angle θ when potential strength parameter
α = nπ (where n is an integer), which is similar to the reso-
nant tunneling in graphene quantum wells.[46,47] This happens
because the step line edge has no effect of obstruction to elec-
trons due to the unchanged spin direction.
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Fig. 2. (color online) Transmission probability T versus δ -function po-
tential strength parameter α and incident angle θ , where (a) for a step
line edge on a single 3D TI surface, and (b) for a line edge where two
surfaces meet from surface 2 to surface 1, with v2/v1 = 5/6.

Next, figure 3 shows the calculated LDOS in one side of
a step line edge with δ -function potential strength parameters
α = ±π/4 on a single 3D TI surface, where the (black) solid
curve in the main/inset figure for ρS/B(x,E) stemming from
pure scattering/bound states, the (red) dashed curve for the to-
tal ρ(x,E) contributed by both scattering and bound states,
and the (blue) dotted curves are plotted from the expression
1±[1/(2πkx)]3/2 for their envelope. It is clearly seen that
the LDOS decays monotonically x−3/2 away from the step
defect, which is in agreement with recent STM experimen-
tal observation[35] and theoretical predictions[29–32] on Bi2Se3.
This faster decay, in comparison with the x−1/2 decay seen in
the conventional 2DEG,[41] implies the nature of Dirac elec-
trons on 3D TIs. Importantly, the (black) solid line in the inset
figure for the LDOS stemming from bound states shows a very
sharp peak, that is, the LDOS is very large near the step edge,
but exponentially decays rapidly away from it with the decay
length v/2E |tanα|. Consequently, this leads to a very strong
total LDOS near the step edge, as shown by the (red) dashed
line. Far away from the step edge, however, the bound states
do not modify the exponential behavior of the LDOS oscilla-
tions. Moreover, it is worth mentioning that, when α = nπ

(where n is an integer), the LDOS oscillations will disappear
because that there is no spin rotation at the step, as indicated
in Fig. 1 and Fig. 2(a).
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Fig. 3. (color online) LDOS above the Dirac point near a step line edge
on 3D TI surface with α = ±π/4, where the (black) solid curve for
the LDOS stemming from pure scattering states, the (red) dashed curve
for the LDOS stemming from both scattering and bound states. The
(blue) dotted curves plotted from expression 1±[1/(2πkx)]3/2 are their
envelope decaying as x−3/2, where k is the wave vector at energy E and
ρ(∞,E) = |E|/2πv2 the LDOS in the absence of the step edge. The
inset shows the LDOS stemming from pure bound states.

3. A line edge where two surfaces meet for a fi-
nite 3D TI
In this section, we study the surface states scattering off a

line edge where the front and side surfaces meet with different
velocities v1 and v2 for a finite strong 3D TI. Without losing
the generality, we definitely presume that v1 > v2. Here we are
only interested in the LDOS oscillations away from the edge,
which is easily detected by an STM tip. Hence, we ignore the
bound states that make no contribution to the decaying expo-
nent of the LDOS at long distance, as discussed in Section 2.

The low-energy physics of the two surfaces can be well
described by the effective Hamiltonians

H1 = v1(σxky−σykx), H2 = v2(σxky−σykx). (12)

The wave functions are given as follows for left and right inci-
dent waves with wave vectors 𝑘 = (kx,ky) and 𝑘′ = (−k′x,ky),
respectively,

ψL(x < 0) =
1√
2

( 1
v1(ky− ikx)

E

)
e ikxx

+r
1√
2

( 1
v1(ky + ikx)

E

)
e−ikxx,

ψL(x > 0) = t
1√
2

( 1
v2(ky− ik′x)

E

)
e ik′xx,

ψR(x > 0) =
1√
2

( 1
v2(ky + ik′x)

E

)
e−ik′xx

+r′
1√
2

( 1
v2(ky− ik′x)

E

)
e ik′xx,

ψR(x < 0) = t ′
1√
2

( 1
v1(ky + ikx)

E

)
e−ikxx. (13)
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with E = sv1

√
k2

x + k2
y = sv2

√
k′2x + k2

y .
Similar to that used in Section 2, we model the line edge

as a δ -function scattering potential which located at x = 0,
with different Fermi velocities in two sides, x < 0 and x >

0.[46] Considering the current conservation, we can get the
boundary condition at the line edge as

ψ(x→ 0+) =
√

v1/v2 e iσ yα
ψ(x→ 0−),

with which one can obtain the reflection and transmission am-
plitudes of the scattered waves incident from both sides, re-
spectively. The expressions are

r = e iθ
scosα sin

(
θ −θ ′

2

)
+ i sinα sin

(
θ +θ ′

2

)
sinα cos

(
θ −θ ′

2

)
− iscosα cos

(
θ +θ ′

2

) ,

t = −
√

v1

v2

iscosθexp
[

i
(

θ −θ ′

2

)]
sinα cos

(
θ −θ ′

2

)
− iscosα cos

(
θ +θ ′

2

) ,

r′ = −e−iθ ′
scosα sin

(
θ ′−θ

2

)
+ i sinα sin

(
θ ′+θ

2

)
sinα cos

(
θ ′−θ

2

)
− iscosα cos

(
θ ′+θ

2

) ,

t ′ = −
√

v2

v1

iscosθ ′exp
[

i
(

θ ′−θ

2

)]
sinα cos

(
θ ′−θ

2

)
− iscosα cos

(
θ ′+θ

2

) ,

(14)

where s = sgn(E), θ = tan−1 (ky/kx), and θ ′ = tan−1 (ky/k′x).
The energy conservation requires that v1(k2

x + k2
y)

1/2 =

v2(k
′2
x +k2

y)
1/2. Therefore, we can obtain a relation sinθ/v1 =

sinθ ′/v2, which is similar to the Snell’s law in optics. We
can also obtain the transmission probability as T (T ′) = 1−
|r(r′)|2, where T (T ′) represents the transmission probabil-
ity from surface 2(1) to surface 1(2). Note that our expres-
sions (14) are consistent with those in Ref. [44], but different
notations are used here.

Figure 2(b) presents the transmission probability T as
a function of δ -function potential strength parameter α and
incident angle θ , incident from surface 2 to surface 1 with
v2/v1 = 5/6. Similar to the case of a step line edge, T also
oscillates periodically with α in a period of π , and shows per-
fect transmission with low incident angles. Moreover, the total
reflection occurs similarly to optics in the large incident angle
case. Here, we have omitted the transmission probability T ′

due to its similarity with Fig. 2(a).
The LDOS observed by STM experiments should include

the contributions of both left and right incident waves. So we
construct the new energy eigenstates as follows:[27]

ψ
new
L =

∣∣s,kx,ky
〉

L + r(𝑘)
∣∣s,−kx,ky

〉
L + t(𝑘)

∣∣s,k′x,ky
〉

R√
2

,

ψ
new
R =

∣∣s,−k′x,ky
〉

R + r′(𝑘′)
∣∣s,k′x,ky

〉
R + t ′(𝑘′)

∣∣s,−kx,ky
〉

L√
2

.

(15)

for the left and right incident waves as well as their outgoing
ones, respectively, with skx,sk′x > 0. On the other hand, there
will be states of total reflection ψ tr

R on surface 2 as

ψ
tr
R =

∣∣s,−k′x,ky
〉

R + r′(𝑘′)
∣∣s,k′x,ky

〉
R√

2
, (16)

where r′(𝑘′) = e iϕ(α,θ ′) with the angle for total reflection
θ ′ > θc = sin−1(v2/v1). Including both the contributions of
scattering states and the states of total reflection, the total
LDOS is obtained as

ρ(x,E) = ∑
skx,sk′x>0, ky,

θ ′<θc

(
|ψnew

L |2 + |ψnew
R |2

)
δ (E−ES)

+ ∑
skx,sk′x>0, ky,

θ ′>θc

∣∣ψ tr
R
∣∣2 δ (E−ES). (17)

In Fig. 4, we present the LDOS with α = π/4 and two ra-
tios of the Fermi velocities v1/v2 in certain energy, where the
(black) solid line stands for v1/v2 = 1.01, the (red) dashed line
stands for v1/v2 = 1.1, and the (blue) and (green) dash–dotted
lines stand for their decaying envelope, respectively. Obvi-
ously, it is seen that a line edge on the surface of topological
insulators induces standing waves in LDOS, which is discon-
tinuous at x = 0 with quite different oscillation feature in the
two sides (asymmetry). The wave vector of LDOS oscillations
is sensitive to the ratio of v1/v2 and is no longer equal to the
diameter of CEC of surface band, which is unlike the situa-
tion in the step line edge on single 3D TI surface in surface 2
(with the smaller Fermi velocity). It also shows a slower de-
cay x−1/2 far from the line edge, even though it does not fit
the decay curve in the vicinity, which is in contrast with the
x−3/2 decay in the case of step edge. However, the LDOS fea-
ture in surface 1 (with the greater Fermi velocity) is nearly the
same as that in the step edge case. These distinct behaviors
of LDOS oscillation in the two sides are believed to partially
be the result of the total reflection. Actually, we also obtained
some plots for the velocity ratio v1/v2 far away from 1, such
as 2, 2.1, and so on, which is not presented here because of the
limitation of space. The new decaying behavior x−1/2 did not
change with the velocity ratio v1/v2. It is interesting that if v1

and v2 are not quite the same, such as v1/v2 = 1.01, the new
decaying behavior x−1/2 just appears. This indicates that the
new decaying behavior appears with the total reflection’s ap-
pearance. We also obtained a plot for α = π/8, which is still
not presented here because of the limitations of space. The
result shows that the LDOS behavior is not sensitively depen-
dent on the value of α; that is, it is model-independent.
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Fig. 4. (color online) LDOS as a function of distance from the line
edge along the x axis with different velocity ratios, where the (black)
solid line for v1/v2 = 1.01, the (red) dashed line for v1/v2 = 1.1, (v1 is
for x < 0, v2 for x > 0), and the dash–dotted curves are their envelopes
decaying as x−1/2 (the blue lines are from 0.102±

√
1/600πx, and the

green ones are from 0.087±
√

1/600πx).

4. Summary
In summary, by using a δ -function potential to model an

atomic step line edge on the surface of a single 3D TI and a
line edge between two surfaces of a 3D TI with different Fermi
velocities, we have studied the decaying behavior of LDOS
oscillations near and away from the edges, respectively. For
the step line edge on single surface, the bound states existed
along the step edge significantly contribute to the LDOS near
the edge, but do not modify the exponential behavior of the
LDOS oscillations away from it. Importantly, this effect may
explain the anomalous behavior of LDOS oscillation near the
step observed by recent STM experiments. In addition, the
recovered x−3/2 power-law decaying behavior for LDOS os-
cillation away from the step is also understood from the spin
rotation for surface states scattering off the step defect with
magnitude depending on the strength of the δ -function poten-
tial. For a line edge, the electron refraction and total reflection
occur at the edge, which is analogous to optics. By ignoring
the influence of bound states, we show that the LDOS oscillat-
ing decay behavior in the greater Fermi velocity side is similar
to that for a step line edge on a single TI surface. However,
in the smaller Fermi velocity side away from the edge, the
LDOS oscillation shows a decaying behavior as x−1/2, and the
wavevector of the LDOS oscillations is no longer equal to the
diameter of the CEC of surface band but is sensitive to the ra-
tio of the two Fermi velocities. We hope that these effects for
general TI materials may be verified by STM with high preci-
sion.
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