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We present the transmission spectra of light transmitting a metallic thin film perforated with differently shaped sub-
wavelength hole arrays, which are calculated by a plane-wave-based transfer matrix method. We analyze the transmission
peak positions and the phase-shift angles of different surface plasmon polariton (SPP) modes by using the microscopic
theoretical model proposed by Haitao Liu and Philippe Lalanne [Liu Haitao and Lalanne Philippe 2008 Nature 452 728],
in which the phase shift properties of the SPPs scattered by the subwavelength hole arrays are considered. The results show
that the transmission peak position and the minus phase shift angle of the SPP increase as the hole size increases. On the
other hand, the effective dielectric constant of the metallic film can be deduced by the microscopic theoretical model.
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1. Introduction
Surface plasmon polaritons (SPPs) have attracted exten-

sive and intensive attention of many scientists because of
their potential application in localized field enhancement,[1–5]

photonics, and nanophotonics circuit construction,[6–10] Ra-
man scattering enhancement,[11–15] biochemical sensor,[16–20]

and so on. SPP[21] is a collective oscillation of free elec-
trons in a metal film and the magnitude of its wave vec-
tor is a little larger than that of the incident light wave vec-
tor. SPP can be excited by scattering a single subwavelength
hole, which interacts with other subwavelength structure[22]

and modulates the propagation behavior of SPP along the
metal–dielectric interface. The interaction between light
and metal nanostructures has been extensively investigated,
both experimentally and numerically.[23–27] Two-dimensional
(2D) and one-dimensional (1D) periodical metallic nanostruc-
tures can support SPP at their surface by offering recipro-
cal lattice vectors,[25,26] induce extraordinary optical trans-
mission (EOT),[28–30] and the strong enhancement of local
field.[2] Therefore, periodical metallic nanostructures have ex-
tensive applications in building photonics and nanophoton-
ics circuits,[6] field enhancement devices,[2] and biosensor
devices,[17] etc.

However, there is little difference between the SPP prop-
erties given by the rigorous theoretical method and those ob-
tained from the simple surface plasmon model. In 2008,
Liu and Lalanne proposed the microscopic surface plasmon
model and achieved surface plasmon results that were in bet-

ter agreement with the results simulated by rigorous theoret-
ical method.[31] Meanwhile, the concept of phase shift angle
was proposed in the microscopic surface plasmon model,[32]

which results from scattering of SPP by microstructures and
which is associated with shape, size, and other structure pa-
rameters.

In this paper, simulated transmission spectra of periodic
circular and square hole array by the plane-wave-based trans-
fer matrix method (PWTMM) are presented.[33,34] The mi-
crostructured period considered is 0.5 µm in width, 1.0 µm in
length, 100 nm in thickness, and the structure size is variable.
The transmission peak position and the minus phase shift an-
gle of SPP are discussed by comparing the simple surface plas-
mon model and the microscopic surface plasmon model.[31]

The results show that the minus phase shift angle of SPP
changes with the structure parameters, such as array period
and hole size. The transmission peak position and the minus
phase shift angle of SPP increase as hole size increases. Mean-
while, we can also deduce the effective dielectric constant of
the metallic film by using the microscopic surface plasmon
model.[31] These results will help us to realize the phase shift
relation of the surface plasmon polariton, and present the sur-
face plasmon polariton propagating at the metal–dielectric in-
terface more precisely.

The rest of this paper is arranged as follows. In Section 2,
we present the transmission spectrum results of periodic cir-
cular and square hole arrays and phase shift results simulated
by the microscopic surface plasmon model.[31] In Section 3,
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we further discuss the phase shift properties of the microstruc-
tures. Finally in Section 4, we draw some conclusions from
the present studies in this paper.

2. Results for circular and square hole arrays
The transmission spectra of periodic nanostructures are

simulated by using PWTMM. The film thickness is set to be
about 0.1 µm and the periods of periodic circular and square
hole array are 0.5 µm and 1.0 µm, respectively. Meanwhile,
the geometric size of these nanostructures is also changeable;
for instance, the circular hole radius is changed from 0.10 µm
to 0.25 µm, the square hole radius is changed from 0.40 µm to
0.50 µm. In the simulation, the dispersion of gold[32] is fully
accounted for and the structural symmetry is fully exploited
to reduce the computational burden.[33] For the circular and
square hole array samples, the system has a two-fold mirror-
reflection symmetry. The unknown plane-wave coefficients,
which are the important quantities considered in PWTMM,
along different crystalline directions, have an intrinsic and def-
inite correlation. As a result, the unknown variables can be
reduced four-fold and this significantly reduces the computa-
tion time and memory requirement[33] of the computer. We
exploit 21× 21 plane wave numbers in the simulation. We
also test the convergence of numerical simulations by simu-
lating a plane-wave number changed from 21× 21 = 441 to
27× 27 = 729, and the overall spectra. In particular, the ma-
jor features, such as the transmission peaks of different orders,
only change slightly. This means that a good convergence has
been achieved.

The transmission spectra of periodic circular hole arrays
with period 0.5 µm and 1.0 µm are shown in Fig. 1. Each
of the transmission spectra exhibits several orders of transmis-
sion peaks and dips.[30] These results are consistent with those
in the earlier literature,[31,35,36] and the transmission intensi-
ties change is greater as the circular hole radius increases. The
lattice constant has a dominant effect on the wavelengths of
the transmission peaks and dips, while the hole radius also has
some, but far weaker, effects.[36] The transmission enhance-
ment and suppression for the periodic circular hole arrays with
hole radius 0.24 µm and the period 0.5 µm, are at 850 nm and
790 nm, corresponding to the SPPs (10) mode at the SiO2/Au
interface, at 660 nm and 615 nm, corresponding to the SPPs
(11) mode at the air/Au interface, and at 590 nm and 560 nm,
corresponding to the SPPs (10) mode at the air/Au interface.
The transmission enhancement and suppression for the peri-
odic circular hole arrays with the hole radius 0.24 µm and the
period 1.0 µm, are at 1590 nm and 1515 nm, corresponding to
the SPPs (10) mode at the SiO2/Au interface, at 1180 nm and
1080 nm, corresponding to the SPPs (11) mode at the air/Au
interface, and at 1045 nm and 1010 nm, corresponding to the
SPPs (10) mode at the air/Au interface.

The transmission enhancement through the subwave-
length hole arrays is associated with excitation of SPP. In the
simple surface plasmon model, the excitation of SPP mode
must satisfy the momentum conservation relation and energy
conservation relation at metal film surface,[25,28] which are ex-
pressed as

𝑘sp = 𝑘0‖+ i𝐺x + j𝐺y, (1)

𝑘sp =
∣∣𝑘sp

∣∣= Re
(

ω

c

√
εm(ω)εd

εm(ω)+ εd

)
, (2)

where 𝑘sp is the wave vector of SPPs, 𝑘0‖ is the parallel com-
ponent of the incident light wave vector, 𝐺x and 𝐺y represent
the reciprocal vectors of the periodic arrays in the x and y di-
rections, respectively, i and j are integers, εm(ω) and εd are
the dielectric constants for gold and the substrate material (air
or silica), respectively. In the infrared wavelength considered
in our simulations, εm(ω) has a very large negative real part.
Consequently, 𝑘sp is larger than, but close to, the wave vector
for light in air.
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Fig. 1. Simulated transmission spectra of circular hole arrays (a) with
the period being 1.0 µm and the hole radius changing from 0.18 µm to
0.24 µm and (b) with the period being 0.5 µm and the radius changing
from 0.10 µm to 0.15 µm.

The positions of transmission peaks simulated by the sim-
ple surface plasmon model, which originate from the excita-
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tion of SPP from Eqs. (1) and (2), are given as follows:

λpeak = λsp = Re
[√

εm(ω)εd

εm(ω)+ εd

]
× a
|i𝑥+ j𝑦|

, (3)

λdip = λwood =
√

εda, (4)

where λdip is the wavelength corresponding to the anomaly
in the transmission spectrum. From Eqs. (3) and (4), we can
achieve the positions of the transmission enhancement and the
adjacent transmission suppression. For instance, the transmis-
sion enhancement and transmission suppression positions for
the circular hole array with period 0.5 µm and hole radius
0.18 µm are, respectively, at about 793.53 nm and 750 nm,
corresponding to the SPPs (10) mode at the SiO2/Au inter-
face. The difference between the transmission enhancement
and transmission suppression is about 43.53 nm, while the
value is about 40 nm extracted from the simulated transmis-
sion spectrum results shown in Fig. 1. Therefore, we can find
that the position difference simulated by the simple surface
plasmon model is larger than that by the PWTMM simulated
results. Meanwhile, we can find that the difference exists in
the transmission anomaly in the transmission spectrum, which
shows the insufficiency of the simple surface plasmon model.

Liu and Lalanne proposed the microscopic surface plas-
mon model[31] to explain the different extraordinary light
transmissions through periodic air–hole array and the concept
of phase shift angles.[32] According to this model, the modi-
fied momentum conservation relation is presented as follows:

𝑘sp =
∣∣𝑘0‖+ i𝐺x + j𝐺y

∣∣+ arg(τ)/a, (5)

where arg(τ) is the phase shift due to the scattering of nanos-
tructure and the dependence of its magnitude on the detailed
geometric parameters of the air holes, such as the hole size
and shape.[32] In the case of normal incidence of light, we can
directly obtain the wavelength at which SPPs are excited in
the gold film perforated with air–hole arrays, which is given
as follows:

λ
′
peak = λsp = Re

[√
εm(ω)εd

εm(ω)+ εd

]
× a
|i𝑥+ j𝑦|+ arg(τ)/2π

, (6)

where a is the lattice constant of periodic hole arrays, i and
j are integers. We can obtain the positions of transmission
enhancement and the results are more precise than those sim-
ulated by the simple surface plasmon model. By comparing
Eqs. (3) and (6), we can obtain the phase shift angle of SPP
resonant mode and the effect of the phase shift angle on the
transmission peak position[32] as follows:

λ ′peak

λpeak
=

1

1+
arg(τ)

2π ∗ |n𝑥+m𝑦|

, (7)

arg(τ) =
(

λpeak

λ ′peak
−1
)
∗ 2π

|n𝑥+m𝑦|
, (8)

where n and m are integers, λ ′peak and λpeak are the trans-
mission enhancement positions simulated by the microscopic
surface plasmon model[31] and the simple surface plasmon
model, respectively, arg(τ) is the phase shift angle resulting
from the scattering of nanostructures, and λ ′peak/λpeak is the
transmission peak position proportion.[31] In this work, we use
the simulated results as the rigorous transmission peak posi-
tion to examine the phase shift angle.

Figure 2(a) shows the transmission peak position propor-
tions for the circular hole array with period 1.0 µm. When the
hole size increases by 60 nm corresponding to the SPP (10)
mode at the air/Au interface, the transmission peak position
proportion changes from 1.0249 to 1.04. When the hole size
increases by 60 nm corresponding to the SPP (11) mode at
the air/Au interface, the transmission peak position proportion
changes from 1.023 to 1.046. When the hole size increases
by 60 nm corresponding to the SPP (10) mode at the SiO2/Au
interface, the transmission peak position proportion changes
from 1.06 to 1.098. Meanwhile, as shown in Fig. 2(b), the
transmission peak position proportion changes from 1.163 to
1.173 when the hole size increases by 50 nm for the circu-
lar hole array with period 0.5 µm, corresponding to the SPP
(10) mode at the air/Au interface. The transmission peak po-
sition proportion changes from 1.22 to 1.26 when the hole
size increases by 50 nm for the circular hole array with pe-
riod 0.5 µm, corresponding to the SPP (11) mode at the air/Au
interface. The transmission peak position proportion changes
from 1.05 to 1.07 when the hole size increases by 50 nm for
the circular hole array with period 0.5 µm, corresponding to
the SPPs (10) mode at the SiO2/Au interface. We can obtain a
conclusion that the transmission peak position proportion in-
creases as the hole radius increases. In comparison, the lat-
tice constant has a more obvious influence than the circular
hole radius, which accords with the previous results.[28,35,36]

For example, the transmission peak position proportion of the
circular hole array with period 1.0 µm is about 1.03, corre-
sponding to the SPP (10) mode at the air/Au interface, while
the transmission peak position proportion of the circular hole
array with period 0.5 µm is about 1.16, corresponding to the
SPP (10) mode at the air/Au interface. The transmission peak
position proportions are all larger than 1.0, which shows that
the transmission peak positions simulated by the microscopic
surface plasmon model[31] are red-shifted apparently and the
shifted levels are affected by the nanostructure parameters.
Therefore, the scattering effect of the nanostructure induces
the surface plasmon resonant position to increase.

The minus phase shift angles of the periodic circular hole
array simulated by the microscopic surface plasmon model[32]
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are shown in Figs. 2(c) and 2(d). Meanwhile, we can obtain
that the minus phase shift angle of the hole array with period
1.0 µm changes from 8.73◦ to 13.78◦ corresponding to the SPP
(10) mode at the air/Au interface. Meanwhile, the minus phase
shift angle of the hole array with period 0.5 µm changes from
50.46◦ to 53.08◦, corresponding to the SPPs (10) mode at the
air/Au interface. The minus phase shift angle increases with

the circular hole radius increase for the periodic circular hole
array with the same period. On the one hand, we can obtain
that the lattice constant has two-fold effects on the SPP and
more effects on the phase shift angle of SPP. On the other hand,
the SPP scattered by the adjacent hole can interact with each
other and the period has a stronger effect on the interference
of the adjacent SPP.
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Fig. 2. Simulated transmission peak position proportion of circular hole arrays with the periods of 1.0 µm (a) and 0.5 µm (b); simulated
minus phase shift angle of circular hole arrays with the periods of 1.0 µm (c) and 0.5 µm (d).

The transmission spectra of periodic square hole arrays
are shown in Fig. 3. The periods of the periodic square hole
array are 0.5 µm and 1.0 µm, respectively, and the square
hole size changes from 0.4 µm to 2.0 µm. The transmis-
sion spectra exhibit several orders of transmission peaks and
dips.[30] These results are consistent with those in the earlier
literature[25] and the transmission intensities increase with the
square hole radius increase. The lattice constant has a domi-
nant effect on the wavelengths of the transmission peaks and
dips, while the square hole size also has a certain but far
weaker effect. The transmission enhancement and suppression
for the periodic square hole arrays with the period 1.0 µm and
the square hole size 0.42 µm, are at 1585 nm and 1515 nm,
corresponding to the SPP (10) mode at the SiO2/Au interface.
The transmission enhancement and suppression for the peri-
odic square hole arrays with period 0.5 µm and the square hole
size 0.42 µm are at 840 nm and 795 nm, corresponding to the

SPP (10) mode at the SiO2/Au interface.
The simulated position difference of transmission en-

hancement and transmission suppression for SPP is larger than
that simulated by the simple surface plasmon model as shown
in Fig. 3. According to the microscopic surface plasmon
model,[31] we can obtain the transmission peak position pro-
portion and the phase shift angle of the square hole array as
shown in Fig. 4. The transmission peak position proportions
of the square hole array with the period 1.0 µm and hole size
changed from 0.40 µm to 0.50 µm are shown in Fig. 4(a). The
transmission peak position proportion changes from 1.0547 to
1.055 when the hole size increases by 100 nm for the square
hole array with period 1.0 µm, corresponding to the SPP (10)
mode at the air/Au interface. The transmission peak position
proportion changes from 1.163 to 1.163 when the hole size in-
creases by 40 nm for the square hole array with period 0.5 µm,
corresponding to the SPP (10) mode at the air/Au interface.
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The transmission peak position proportions are all larger than
1.0 in Figs. 4(a) and 4(b). The transmission peak positions
simulated by the microscopic surface plasmon model[31] are
redshifted compared with those simulated by the simple sur-
face plasmon model and the shift levels are affected by the
nanostructure parameters, such as the array period and hole
size. Meanwhile, we can draw a conclusion that the transmis-
sion peak position proportion increases as hole size increases.
In comparison, the lattice constant has a more obvious effect

than the square hole size, which accords with the previous
result.[25] For example, the transmission peak position propor-
tion of the square hole array with period 1.0 µm is about 1.074,
corresponding to the SPP (10) mode at the air/Au interface,
while the transmission peak position proportion of the circular
hole array with period 0.5 µm is about 1.163, corresponding to
the SPP (10) mode at the air/Au interface. In conclusion, the
scattering effect of the nanostructure induces the SPP position
increase.
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Fig. 3. (a) Simulated transmission spectra of circular hole arrays with the period being 1.0 µm and the hole size changing from 0.40 µm to 0.5 µm, and
(b) simulated transmission spectra of square hole arrays with the period being 0.5 µm and the radius changing from 0.18 µm to 0.22 µm.
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Fig. 4. Simulated minus phase shift angles of the periodic square hole arrays with the periods of 0.5 µm and 1.0 µm, respectively, by the microscopic
surface plasmon model. Panel (a) is for the simulated transmission peak proportion of square hole array with the period 1.0 µm, panel (b) for the
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The minus phase shift angle changes from 18.675◦ to
18.685◦ when the hole size increases by 100 nm for the pe-
riodic square hole array with period 1.0 µm, corresponding to
the SPP (10) mode at the air/Au interface. Meanwhile, the mi-
nus phase shift angle changes from 50.46◦ to 53.08◦ when the
hole size increases by 40 nm for the periodic square hole array
with period 0.5 µm, corresponding to the SPP (10) mode at the
air/Au interface. The minus phase shift angle increases with
the square hole size increase for the periodic square hole array,
and it is larger than that simulated by the simple surface plas-
mon model without considering the scattering of SPP by the
nanostructure. In comparison, the lattice constant has a more
obvious effect on minus phase shift angles than the square hole
size, which is consistent with the previous result.[25] For exam-
ple, the minus phase shift angle of the square hole array with
period 1.0 µm is about 18.68◦, corresponding to the SPP (10)
mode at the air/Au interface, while that of the circular hole ar-
ray with period 0.5 µm is about 50.26◦, corresponding to the
SPPs (10) mode at the air/Au interface. Meanwhile, the minus
phase shift angle reflects the scattering effect of the nanostruc-

ture, which is affected by the nanostructure parameters, such
as structure period and hole size. The minus phase shift angle
of the square hole array is a little larger than that of the circular
hole array, which shows that the scattering effect of the square
hole is a little larger than that of the circular hole array.

The existence of the minus phase shift angle shows the ef-
fect of the nanostructure on the SPP, which induces the change
of the SPP phase. Meanwhile, the above results are consistent
with previous results[25] and we also simulate the near field
intensity distribution to observe the scattering effect of the
nanostructure by the finite element methods, which is supplied
by the Comsol Corporation. The result is shown in Fig. 5. We
can clearly observe the resonant wave excited by the nanos-
tructure shown in Figs. 5(a) and 5(c). Meanwhile, the near-
field intensity profile shows the SPP propagation away from
the circular hole center, which is quite different from the re-
sults simulated by the simple surface plasmon model from the
field intensity profiles in Figs. 5(c) and 5(d). The results show
the existence of the SPP phase shift scattered by the nanos-
tructure and the corresponding resonant wave.
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3. Further discussion

The transmission peak position proportion and the minus
phase shift angle increase with the period and the hole size in-
crease. The phase shift angle reflects the scattering effect of
the nanostructure and it is affected by the hole size and other
structure parameters. We can deduce the effective dielectric
constant equation of the periodic nanostructure from the mi-
croscopic surface plasmon model and the simple surface plas-
mon model according to Eqs. (2) and (3), when the light is
incident with an incident angle of 0◦,

εmeff =
gεg

εg−g
, (9)

g =

(
2πc

wλspp

)2

=

(
λ0

λspp

)2

, (10)

where εmeff is the effective dielectric parameter corresponding
to the gold material with periodic hole array, εg is the dielectric
constant of the glass substrate, w and c are the frequency and
the light speed in vacuum respectively, and λ0 and λspp are
the incident light wavelength in air and the surface plasmon
wavelength along metal–dielectric interface respectively.

We can deduce the effective dielectric constant of the
metal for the periodic circular hole array with the period
1.0 µm and the hole radius 0.18 µm, corresponding to the SPP
(10) mode at the air/Au interface. We can deduce that the mi-
nus phase shift angle is about 8.737◦ and the surface plasmon
wavelength is 1.02487µm. The effective dielectric constant is
about −101 for the metal film with periodic circular hole ar-
ray according to Eqs. (9) and (10). This means that we can
achieve the effective dielectric constant of metal film with the
periodic hole array and it can be used to directly simulate the
transmission spectrum and field intensity.

4. Conclusions

In this paper we simulated the transmission spectrum
for the periodic hole array by PWTMM. The transmission
peak position proportion and the minus phase shift angle
are achieved by comparing the microscopic surface plasmon
model and the simple surface plasmon model. The transmis-
sion peak position proportion and the minus phase shift angle
increase as the hole size increases, and the lattice constant has
a stronger effect on transmission peak position proportion and
minus phase shift. In view of the minus phase shift angles re-
flecting the scattering effect of the nanostructure, the scattering
effect of the square hole is larger than that of the circular hole
array. Meanwhile, we can further observe the scattering ef-
fect of the microstructures and the change of surface plasmon
polariton.
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