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A radial non-uniform helicon equilibrium discharge model∗
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Helicon discharges have attracted great attention in the electric propulsion community in recent years. To acquire the
equilibrium properties, a self-consistent model is developed, which combines the helicon/ Trivelpiece–Gould (TG) waves-
plasma interaction mechanism and the plasma flow theory under the confinement of the magnetic field. The calculations
reproduce the central peak density phenomenon observed in the experiments. The results show that when operating in the
wave coupling mode, high magnetic field strength B0 results in the deviation of the central density versus B0 from the
linear relationship, while the density rise becomes flatter as the radiofrequency (rf) input power Prf grows, and the electron
temperature Te radial profile is mainly determined by the characteristic of the rf energy deposition. The model could provide
suggestions in choosing the B0 and Prf for medium power helicon thrusters.
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1. Introduction
While the helicon plasma source has been well known

as the ion source in the variable specific impulse magneto-
plasma rocket (VASIMR),[1,2] there is a growing interest in
its usage as an electrodeless thruster, which avoids the elec-
trode corruption problem that occurs in many thrusters.[3,4]

Recently, several concepts have been presented, e.g. the he-
licon double layer thruster (HDLT),[5,6] other compact plasma
thrusters,[7–10] etc. However, for the propulsion application,
there is a limited understanding of the behavior of the equilib-
rium discharge properties in a thruster.

Early studies of the helicon ionization mechanisms were
elaborated in Refs. [11] and [12], in which the Landau damp-
ing was recognized as a dominant mechanism for radiofre-
quency (rf) power deposition between the antenna and the
plasma. The Trivelpiece–Gould (TG) modes were not discov-
ered until the electron mass was taken into account in the fluid
model, which was implemented to solve the possible wave
branches.[13–17] Now, there is a consensus that the high ion-
ization mechanism of the helicon discharges lies in the strong
damping of the TG modes. Although numerous codes[18–20]

based on this theory have been developed, studies of equilib-
rium discharge properties are relatively rare.

Numerical studies on the thermodynamic processes can
be traced to Suwon,[21] in which a uniform global discharge
model derived from Liebermann and Litchtenberg’s work[22]

was presented. In that model, the plasma density was assumed
to be uniform in the bulk and decreased rapidly in the sheath
region, and the magnetic field effect was indirectly manifested
by the energy deposition process, and its influences on the
plasma flow were not discussed. Thus, this is not suitable

for the practical helicon discharges, which usually have non-
uniform radial density profiles and are under the magnetic con-
finement.

Fruchtman et al.[23] developed a variable separation tech-
nique and studied the two-dimensional (2D) effects of the he-
licon discharges. Ahedo[24] presented a one-dimensional (1D)
parametric analysis of the magnetized cylindrical plasmas, in
which study it was found that the plasma response was fully
characterized by the electron gyroradius, the electron and the
ion collision mean free-free-paths. Then, this model was gen-
eralized to the 2D case[25] to study the plasma flow inside a
discharge tube, which gave an insight into the helicon dis-
charges. However, the rf power deposition process between
the antenna and the plasma was neglected in these calcula-
tions. As a result, Te was assumed to be uniform, and the
electrons were assumed to be hot, which is not the case in the
medium rf power discharges with Te being between 2 eV–8 eV.

Recently, Curreli and Chen[26,27] proposed a self-consis-
tent radial non-uniform helicon discharge model, in which the
radial distributions of Te and ne were iteratively solved. In this
model the magnetic confinement effects on the plasma fluid
properties are neglected.

In this paper, we report the development of a non-uniform
model describing the radial behaviors of the helicon dis-
charges. This model mainly considers the helicon/TG waves-
plasma interaction mechanism and the plasma flow theory un-
der the confinement of the magnetic field. The rest of this pa-
per is organized as follows. In Section 2 the developed basic
plasma fluid model is depicted. In Section 3, the subsequent
discussion on the thermodynamic properties of the helicon dis-
charges in the uniform Te case is given. In Section 4, the wave-
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plasma interaction theory is first described briefly, and then the
energy balance theory is presented. The comparisons between
experimental results and simulation results are made in Sec-
tion 5. The variations of fluid properties with non-uniform
Te are presented in Section 6. Finally, some conclusions are
drawn from the present study in Section 7.

2. Basic theory and assumption
Assuming that the plasma is quasi-neutral, macroscopic

conservations of mass, momentum for the electrons and ions
are

∇ ·ne𝑢e = neviz, (1)

∇ ·ne𝑢i = neviz, (2)

mene𝑢e ·∇𝑢e = −∇neTe−qne∇φ +qne𝑢e

×B0−mene (νen +νiz)𝑢e, (3)

mine𝑢i ·∇𝑢i = −∇neTi−qne∇φ +qne𝑢i

×B0−mine (νin +νiz)𝑢i. (4)

Here, m j and 𝑢 j are the mass and the velocity for species j
( j = e, i); q is the electric charge and the ions are assumed to
be single ionization; φ is the electric potential; ne is the plasma
density; νiz, νei, νen , and νin are the ionization, electron–ion,
electron–neutral, and ion–neutral collision frequencies respec-
tively.

For an axisymmetric problem, following a similar proce-
dure to those of Hooper[28] and Ahedo and Merino,[29] the
vectorial magnitudes are decomposed into the longitudinal
(parallel to 𝐵0) and azimuthal components as follows:

𝑢 j = 𝑢̃ j +uθ j𝑙θ , (5)

where 𝑙θ is the azimuthal unit vector, 𝑢̃ j · 𝑙θ = 0, and uθ j is
the azimuthal velocity. In the helicon plasma source tube, 𝐵0

generated by the solenoid or the Helmholtz coils is almost uni-
formly distributed along the axial direction.

Assuming macroscopic stationary and radial ambipolar
diffusion, and neglecting the axial velocity, the governing
equations of the radial and azimuthal components for the plas-
mas are

1
r

d
dr

(rneur) = neviz, (6)

miur
dur

dr
= − Ti

ne

dne

dr
− e

dφ

dr
− eB0uθ i

−mi (νin + viz)ur +mi
u2

θ i
r
, (7)

miur
duθ i

dr
= −eB0ur−mi (νin + vei + viz)uθ i

−mi
uθ iur

r
, (8)

meur
dur

dr
= −Te

ne

dne

dr
+ e

dφ

dr
− eB0uθe

−me (νen + viz)ur +me
u2

θe
r

, (9)

meur
duθe

dr
= eB0ur−me (νen + vei + viz)uθe

−me
uθeur

r
. (10)

For the low temperature plasma discharges, several simplifica-
tions can be made.

1) Since Ti� Te, the ion thermal pressure is neglected;
2) Compared with the ion inertia term, the electron inertia

term involving pure radial velocity is negligible;
3) As demonstrated by Hooper[28] and Ahedo and

Merino,[29] the ratio between the ion and electron azimuthal
velocities is proportional to me/mi, thus the ion azimuthal cy-
clotron can be neglected for both the collision and collisionless
cases.

Using the above assumptions and combining Eqs. (7) and
(9) to eliminate the electric potential, the differential equations
for ne, ur, and uθe can be expressed as[24]

dur

dr
+ur

d lnne

dr
+

ur

r
= νiz, (11)

ur
duθe

dr
+

uθeur

r
=

eB0

me
ur−νeuθe, (12)

ur
dur

dr
+ c2

s
d lnne

dr
=

me

mi

u2
θe
r
− eB0

mi
uθe−νiur, (13)

where νe = νiz + νei + νen , νi = νin + νiz,[24,26] and cs is
the Bohm velocity. For the axisymmetric configuration, the
boundary condition at r = 0 is

ur = uθe = ln
ne

n0
= 0, (14)

where n0 is the density in the center. In order to avoid singu-
larity, here, we take the first order Taylor approximation of the
radial functions at a location r0� rp (rp is the plasma radius):

ur|r0
=

dur

dr

∣∣∣∣
r=0
· r0 =

νiz

2
r0, (15)

uθe

∣∣∣∣
r0

=
duθe
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r=0
· r0 =

eB0

2me

νiz

νiz +νe
r0, (16)
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ne

n0

∣∣∣∣
r=0

=
d lnne

dr
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r=0
· r0 =

1
c2

s

[
−
(

dur

dr

)2

−νi
dur

dr

− eB0

mi

duθe

dr
+

me

mi

(
duθe

dr

)2]∣∣∣∣
r=0

r2
0. (17)

Equations (11)–(13) are then simultaneously solved using
the fourth-order Runge–Kutta scheme, at rf f = 13.56 MHz,
neutral pressure p0 = 3 mTorr (1 Torr = 1.33322×102 Pa), and
rp = 4 cm.
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3. Fluid properties under uniform TeTeTe

Equations (11)–(13) can be integrated to give the radial
profiles of ne, ur, and uθe under given p0 when Te is uniform.
For most of low temperature plasma discharges, the sheath
radial dimension is far less than the plasma radius, and the
sheath effects on the macroscopic fluid properties can be ne-
glected, thus, we assume that the ions reach Bohm velocity at
the plasma edge.

In the typical helicon discharges, the values of ne are be-
tween 1011 cm−3–1013 cm−3. Figure 1 shows the variations of
Te with B0 in the central density range mentioned above. For
any specified density level n0, Te descends monotonically as
B0 increases. The results show that Te does not vary signifi-
cantly for different values of n0, and any particular density in
this range, e.g. 1012 cm−3, will be sufficient to make reliable
predictions. Furthermore, since n0 varies only with Prf under
the conditions given above, it can be reasonably deduced that
the variation of Prf has little influence on Te. This is due to the
fact that the ionization collisions consume the majority of the
input energy for the medium power helicon discharge, thus the
energy fraction for the temperature rise is small.
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Fig. 1. (color online) Plots of electron temperature Te versus B0 for
central plasma density n0 = 1011, 1012, and 1013 cm−3. The unit
1 Gs = 10−4 T.
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Fig. 2. (color online) The ratio of azimuthal uθe to radial ur versus r at
B0 = 500 Gs.

In the bulk plasma as shown in Fig. 2, the ratio of uθe to
ur varies with r gradually. To explain this, we note that the
following relationship:

ur

cs
� 1 (18)

holds in the bulk, which can be deduced from the combination
of Fig. 3 with Fig. 4, and then equation (19) is obtained as

ur

cs

.
= 10−2. (19)

Equation (11)–(13) can be expressed as

dur

dr
=

eB0

mi

uθeur

c2
s

+νi
u2

r

c2
s
+νiz−

ur

r

me

mi
u2
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s
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s

, (20)

duθe
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=

eB0

me
−νe

uθe

ur
− uθe

r
. (21)

Meanwhile, the following approximations are satisfied:

eB0

mi

uθeur

c2
s
∼ 102, νi

u2
r

c2
s
∼ 102, νiz ∼ 105,

ur

r
∼ 103, (22)

eB0

me
∼ 109, νe

uθe

ur
∼ 106,

uθe

r
∼ 103. (23)

Then, equations (20) and (21) can be simplified into

dur

dr
∼ νiz, (24)

duθe

dr
∼ eB0

me
. (25)

Equations (24) and (25) indicate approximately linear increase
of the two velocities in the radial direction under the condi-
tions of Eqs. (18) and (19), which results in the trend shown in
Fig. 2.
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Fig. 3. (color online) Plots of ratio of azimuthal velocity ur to cs versus
r for different values of B0.

To examine the effect of neglecting B0, the plasma radii
are taken to be the same values in our calculation in accor-
dance with Ref. [26]. The results are displayed in Fig. 5,
showing that higher Te is obtained when B0 is neglected. As in
the case of 0.3 mTorr, values of Te are greater than 13 eV for
rp = 2.5 cm, and 25 eV for rp = 1.5 cm, respectively.
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Fig. 4. (color online) Ratio of azimuthal velocity ur to cs versus r in the
bulk at B0 = 500 Gs.
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Fig. 5. (color online) Variations of electron temperature Te with p0 for
different values of plasma radius rp.

In fact, values of Te measured in the medium power he-
licon discharge experiments[5,30] are usually between 2.0 eV–
8.0 eV for the medium rf power. According to Curreli and
Chen’s[26] explanation, the inelastic threshold of argon is
around 12 eV and the radiation loss will limit Te to below 5 eV
or so. Here, we have shown that the appropriate Te can be ob-
tained just by considering the finite B0 effect (Fig. 5). Under
the magnetic confinement, the azimuthal cyclotron consumes
the energy absorbed (Fig. 2), which is a considerable energy
loss channel.

4. Energy balance
Here, we follow a similar procedure to that in Ref. [19]

to calculate the energy deposition under the antenna current
I0 = 1 A:

Rp =
∫

v
Pvdv =

∫
v
Re(J ·E) dv. (26)

The deposited power into plasma Pabs with rf input power Prf

is

Pabs =
2Prf

Rp +Rc

∫ Ls

0
PV dz, (27)

where Rc is the resistance of external transmission cables.

The energy loss at r is mainly due to the particle collisions
and axial sheath. The former includes the neutral ionization,
excitation, and elastic collisions, and the latter is caused by the
plasma recombination at the tube ends.

The ionization cost per particle is

εc =
(Kizεiz +Kexεex +Kelεel)

Kiz
, (28)

where εiz, εex , and εen are the ionization, excitation, and elas-
tic collision energies respectively, and Kiz, Kex , and Ken are the
corresponding rate constants.[24,26] The collisional energy loss
then can be expressed as

Pcol = Lsneεcνiz. (29)

As the axial sheath loss, the ion hits the wall with an en-
ergy of Vs + 0.5Te, where Vs is the sheath voltage (for Ar+,
Vs ≈ 4.7Te), and the electron hits the wall with an energy of
2Te, thus each electron–ion recombination pair causes an en-
ergy loss of εsh =Vs +2.5Te. Then the wall sheath loss is

Psh = 2necsεsh. (30)

The energy balance equation should be expressed as

Ls∇ ·
(

1
2

mene𝑢
2
e +

pe

γ−1
+ pe

)
𝑢e

= Pabs−Psh−Pcol−Lsene𝑢e ·∇φ , (31)

where pe and γ are the electron pressure and specific heats
ratio, respectively.

Equations (11)–(13) give the radial profiles of ne(r),
which are used to calculate the Pabs(r) via the wave–plasma
interaction code, and the updated Te(r) solved by Eq. (31) is
again taken into Eqs. (11)–(13). The procedure is repeated till
the ne(r) and Te(r) are converged to the equilibrium values.
In this model, we neglect the neutral depletion effect which
means that the gas pressure is kept constant. According to
some reported experiments on the helicon source thrusters, the
actual ionization fraction is low and the neutral depletion ef-
fect will not change the plasma property significantly. So the
model will not be applicable for the discharge conditions when
the input power is tens to hundreds of kilowatts, in which the
electrons are hot and the neutral gas is nearly completely ion-
ized. In Section 3, the calculated results are in accordance
with those from the global model in Ref. [22], which shows
the reasonability of the model.
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5. Comparison with the experiments
To verify the model, we take several experiments for ex-

ample, which include the different exciting frequencies and
the widely used antenna types.

Case 1 The experiment conducted by Toki et al.,[31]

which has the following parameters: rp = 1.25 cm, B0 =

45 Gs, p0 = 50 mTorr, argon, f = 67.8 MHz, Rc = 0.2 Ω,
and the antenna is the double loop type.
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Fig. 6. (color online) Comparison of Toki et al.’s experiments with the
simulation (central).

Case 2 The experiment conducted by Chen,[32] which
has the following parameters: rp = 2.5 cm, B0 = 80 Gs,
p0 = 20 mTorr, argon, f = 13.56 MHz, Rc = 0.6 Ω, and the
antenna is a type of single loop antenna.
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Fig. 7. (color online) Comparison of Chen’s experimental results with
the simulation results (radial averaged).

Figures 6 and 7 show the comparisons between the exper-
imental results and the simulation results. It is obvious that the
model developed can give appropriate approximations, which
indicates that the model is capable of predicting the radial vari-
ation trend of the helicon discharge. The next section will give
the detailed simulations of the radial discharge characteristics
when B0 and Prf are varied.

6. Variations of fluid properties with non-
uniform TeTeTe

The exciting antenna with a radius of 4.2 cm and a length
of 20 cm is used in the following calculations, which is a type
of the m = 1 half-helical antenna, Rc = 0.5 Ω.
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Fig. 8. (color online) (a) The ratio of radial plasma density ne to central
density n0, (b) electron temperature Te, and (c) the ratio of azimuthal
velocity ur to cs versus r for different values of B0.
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Figure 8 shows the radial variations of the plasma ther-
modynamic parameters for B0 of 100 Gs, 300 Gs, and 500 Gs.
The central density peak characteristic is retained, although
the main rf power absorption happens at the plasma edge. Te

shows large variation with B0 and the radial variation trend is
in accordance with the energy deposition profile. ur remains
low in the bulk and rises rapidly in the pre-sheath region.

Figure 8(b) shows that the central heating is significant,
which is caused by the radial non-uniform density and is dif-
ferent from the uniform density case.
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Fig. 9. (color online) Variations of (a) plasma density ne, (b) elec-
tron temperature Te, and (c) plasma resistance Rp with B0 for the case
Prf = 500 W.
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Fig. 10. (color online) Variations of (a) plasma density ne, (b) electron
temperature Te, and (c) plasma resistance Rp versus Prf for B0 = 400 Gs.

Figure 9(a) shows the variations of the central and radial
average values of ne and Te with B0 at Prf = 500 W. The av-
erage density versus B0 follows linear relationship at low field
strength, which has been observed in the experiments, and is
in accordance with the wave dispersion relationship of the he-
licon waves. However, the central density slope changes when
B0 > 300 Gs. This could be explained as the fact that at higher
B0, the TG waves damp more quickly and the bulk plasma is
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mainly heated by the helicon waves, which results in the more
steepened profiles.

As shown in Fig. 9(b), Te decreases as B0 increases. At a
constant input power, on the one hand, from Fig. 9(c), we can
find that larger B0 results in inefficient coupling between the
antenna and the plasma; on the other hand, the growth of the
plasma density consumes more energy, thus Te decreases.

Figure 10 shows the variations of central and average ne

and Te with rf input power at B0 = 400 Gs. This figure shows
that the plasma density increases rapidly from 1010 cm−3 at
10 W to about 1012 cm−3 at about 50 W rf input power, then
the ‘saturation’ trend is evident. At low power, the main ab-
sorption is in the capacitively coupled mode, then, as Prf in-
creases, the discharge shifts to helicon/TG waves coupling re-
gion, when the sudden rise of the plasma density occurs.

Figure 10(a) shows that the increased Prf leads to the flat-
tened density profiles, which is different from the scenario in
Fig. 10(a), and that the density is ‘saturated’ as Prf grows.
Since the corresponding central and average Te in Fig. 10(b)
remain stable, the increased energy is lost by the inefficient
coupling between the antenna and the plasma as shown in
Fig. 10(c).

7. Conclusions
A radial non-uniform helicon discharge model is studied.

This model focuses on the radial plasma properties and can
give reasonable predictions of the density, electron tempera-
ture varying with the magnetic field strength, and the rf input
power. This model is applicable when the ionization fraction is
low, so that the neutral depletion effects can be neglected. Us-
ing the model, we find that the Te radial distribution is mainly
determined by the energy deposition, and the density profiles
show the central peak characteristics under different input pa-
rameters, which is consistent with the experimental results re-
ported.

As B0 increases, caused by the magnetic confinement and
the TG wave edge damping, the density profile ne(r) becomes
sharper. At higher B0 (e.g. the electric propulsion application),
the bulk radial velocity is low, which lessens the subsequent
divergence of the plasma plume and enhances the energy con-
version efficiency. However, the radial density is highly non-
uniform in this case, which may lead to non-uniform thrust in
turn.

As Prf increases, the density will be ‘saturated’ due to the

inefficient coupling, which limits the maximum thrust density
and lessens the efficiency. However, at higher Prf, the rela-
tively flattened radial density and stable Te are useful because
they can enhance the working stability of the thruster.
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