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Hopf bifurcation control for a coupled nonlinear relative
rotation system with time-delay feedbacks∗
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This paper investigates the Hopf bifurcations resulting from time delay in a coupled relative-rotation system with time-
delay feedbacks. Firstly, considering external excitation, the dynamical equation of relative rotation nonlinear dynamical
system with primary resonance and 1:1 internal resonance under time-delay feedbacks is deduced. Secondly, the averaging
equation is obtained by the multiple scales method. The periodic solution in a closed form is presented by a perturbation
approach. At last, numerical simulations confirm that time-delay theoretical analyses have influence on the Hopf bifurcation
point and the stability of periodic solution.
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1. Introduction
The study of rich nonlinear behaviors such as bifurca-

tion and chaos has become an important component in the
field of nonlinear system. The research on nonlinear behav-
iors can be found in dynamical system,[1–3] neural network
system,[4–6] financial system,[7,8] and biological system,[9–11]

etc. The time delay, as a kind of basis nature of the physical
phenomenon, has a great influence on those rich nonlinear be-
haviors of nonlinear system.[12–14] For an SIS (Strategic Infor-
mation System) epidemic model[15] with time delays, the in-
fluence of time delay on the stability of equilibria is displayed.
The action of time delay in a non-autonomous system[16–18]

is investigated. It is obtained that time delay may be used as
a simple but efficient ‘switch’ to control motions of a system.
There are many remarkable studies focusing on nonlinear be-
haviors control by using time delay. The band of the satura-
tion control in an auto-parametric dynamical system is inves-
tigated by using the linear delayed feedback.[19–22] Consider-
ing a forced Holmes–Duffing system, the effects of linear de-
layed velocity feedback on controlling the fractal eroded safe
basin are investigated.[23] The nonlinear delay feedback is ap-
plied to move the critical bifurcation point and stabilize the
periodic solution in a relative rotation system.[24] Although
many remarkable studies on uncoupled nonlinear system have
been done as mentioned above, researches on the nonlinear
delayed feedback control in nonlinear coupled systems have
rarely been proposed. The rolling mill system is a represen-
tative mechanical coupled dynamic system and a multi-degree
of freedom system in actual industrial production. Many re-
markable studies on uncoupled nonlinear system of rolling

mill with two masses have been done.[25,26] Wang et al.[27]

investigated the time-delay neural network with two masses
and chaotic control of the complex networks by the method
of Open Plus Nonlinear Closed Loop (OPNCL) and the Time-
Delay Feedback Control (TDFC) respectively. However, the
researches on those dynamical equations with two masses are
not applied to the actual well in work conditions of multi-
degree of freedom. Therefore, in order to analyze thermody-
namical characteristics of this kind of multi-degree of freedom
system completely and effectually, we intend to apply a non-
linear time delay to the coupled system with three masses to
create a Hopf bifurcation and control the stability of periodic
solutions. The research results provide a theoretic basis and
a reference for suppressing torsional vibrations of the rolling
mill caused by nonlinear time delay. This paper is organized
as follows: The dynamical equation of the nonlinear coupled
relative rotation system of a three-mass rolling mill is estab-
lished in Section 2. With the application of the perturbation
technique, averaging equations of coupled system with pri-
mary and 1:1 internal resonances are presented in Section 3.
Section 4 outlines the effect of time-delay parameters on the
creation and stability of Hopf bifurcation. Numerical simula-
tions are performed to verify the analytical results in Section 5.
Finally, conclusions are given in Section 6.

2. Coupled nonlinear relative-rotation system

Considering a relative rotation system of a three-mass
rolling mill, the total kinetic and potential energy of the system
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can be described as
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The Lagrange function L and dissipation function F are
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The generalized torque is

Q j =
3

∑
i=1

F i
i

∂θi

∂q j
, ( j = 1,2,3), (5)

where J1, J2, J3 are moments of inertia. θi and θ̇i (i = 1,2,3)
are rotational angle and speed of rotational angle, respectively.
k is torsional rigidity, and c is damping coefficient. q denotes
generalized coordinate. F i

i = Ti +Fc
i , where Ti is generalized

external torque, and Fc
i is generalized damping force. Then

substituting Eqs. (3)–(5) into dissipation Lagrange equation

d
dt

(
∂L
∂ q̇i

)
− ∂L

∂qi
+

∂F
∂ q̇i

= Qi (6)

yields,
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1 −K23 (θ2−θ3)−Fc

2 = J2θ̈2,

K23 (θ2−θ3)+Fc
2 −T2 = J3θ̈3, (7)

where θ̇i (i = 1,2,3) is the angular acceleration. The equa-
tion (7) can be changed into another form(
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+
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A kind of nonlinear sliding friction force is considered, sup-
posing
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where m1, m2, n1, n2 represent the damping coefficients.
Thus, by substituting Eq. (9) into Eq. (8), one may yield(
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Setting
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1 =
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1
J2

m2, b1 =
1
J2

n1, b2 =
1
J2

n2,

the equation (10) can be written as

ẍ1 +ω
2
1 x1−g2x2 + c1ẋ1 +d1ẋ3

1−h2ẋ2−b2ẋ3
2 = F1, (11)

ẍ2 +ω
2
2 x2−g1x1 + c2ẋ2 +d2ẋ3

2−h1ẋ1−b1ẋ3
1 = F2. (12)

3. Perturbation analysis of time-delay feedback
system
We consider controlling the Hopf bifurcation of sys-

tem (11) and (12) by a time-delay feedback control law. The
goals of control are: (i) to create Hopf bifurcations at the crit-
ical point; (ii) to stabilize the Hopf bifurcations. We may ex-
plicitly write the controller as follows:

F1 =−α ẋ1 (t− τ1)−β ẋ3
1 (t− τ2) . (13)

By adding the controller given by Eq. (13) to systems (11)
and (12), one may obtain the following system with time-delay
feedbacks

ẍ1 +ω
2
1 x1−g2x2 + c1ẋ1 +d1ẋ3

1−h2ẋ2−b2ẋ3
2

= −α ẋ1 (t− τ1)−β ẋ3
1 (t− τ2) , (14)

ẍ2 +ω
2
2 x2−g1x1 + c2ẋ2 +d2ẋ3

2−h1ẋ1−b1ẋ3
1

= f2 cos(Ω2t) , (15)

where F2 = f2 cos(Ω2t) and it represents the external excita-
tion item.
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For Eqs. (14) and (15), the periodic solutions and their
stabilities can be analyzed with the aid of averaging equa-
tions. Here, the averaging equations are obtained by using the
method of multiple scales. Setting

Tn = ε
nt, n = 0,1, . . . , (16)

ε is a small parameter, and then the derivatives about t become
expansions in terms of the partial derivatives according to

d
dt

=
dT0

dt
∂

∂T0
+

dT1

dt
∂

∂T1
+ · · ·= D0 + εD1 + · · · , (17)

d2

dt2 = D2
0 +2εD0D1 + ε

2 (D2
1 +2D0D2

)
+ · · · , (18)

where Di denotes ∂/∂ i, thus one may seek an approximate
solution of Eqs. (14) and (15) in the form

x1 = x10 (T0,T1)+ εx11 (T0,T1)+ · · · , (19)

x2 = x20 (T0,T1)+ εx21 (T0,T1)+ · · · . (20)

Now substituting Eqs. (17)–(20) into Eqs. (14) and (15), yields

(D2
0 +2εD0D1)(x10 + εx11)+ω

2
1 (x10 + εx11)

= ε(g2x2− c1ẋ1−d1ẋ3
1 +h2ẋ2 +b2ẋ3

2
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2
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1). (21)

Balancing the same powers of ε results in the following or-
dered perturbation equations:

D2
0x10 +ω

2
1 x10 = 0,
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2
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2
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3
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− β [D0x10 (t− τ2)]
3 ,
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2
2 x21

= −2D0D1x20 + f2 cos(Ω2t)+g1x10− c2D0x20

− d2 (D0x20)
3 +h1D0x10 +b1 (D0x10)

3 . (23)

The general solution of Eq. (22) in the complex form is given
by

x10 = A(T1)e iω1T0 + Ā(T1)e−iω1T0 ,

x20 = B(T1)e iω2T0 + B̄(T1)e−iω2T0 . (24)

Then equation (23) becomes

D2
0x11 +ω

2
1 x11

= (−2iω1D1A− ic1Aω1−3id1ω
3
1 A2A

− iαAω1 e−iω1τ1 − i3βω
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1 A2Ae−iω1τ2)e iω1T0

+ (g2B+ ih2Bω2 + i3b2ω
3
2 B2B)e iω2T0

+ (id1ω
3
1 A3 + iβω

3
1 A3 e−3iω1τ2)e3iω1T0
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3
2 B3 e3iω2T0 + cc,
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0x21 +ω

2
2 x21
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3
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3
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3
1 A3 e i3ω1T0 + cc, (25)

where cc stands for the complex conjugate of the preceding
terms.

We consider the Hopf bifurcation of system equa-
tions (14) and (15), when the primary resonance and 1:1 in-
ternal resonance occur, and thus let

ω1 = ω2 + εσ1,

Ω2 = ω2 + εσ2,

where σ1 and σ2 are the detuning parameters and σi =

O(1) ,(i = 1,2).
Equation (25) can be rewritten as

D2
0x11 +ω

2
1 x11

= (−2iω1D1A+g2Be−iσ1T1 − ic1Aω1−3id1ω
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1 A2A
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3
2 B2Be−iσ1T1 − iαAω1 e−iω1τ1

− 3iβω
3
1 A2Ae−iω1τ2)e iω1T0 +(id1ω

3
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3
2 B3 e−3iσ1T1 − iβω

3
1 A3 e−3iω1τ2)e3iω1T0 + cc,

D2
0x21 +ω

2
2 x21

=

(
−2iω2D1B+

f2

2
e iσ2T1 +g1Ae iσ1T1 − ic2Bω2

− 3id2ω
3
2 B2B+ ih1Aω1 e iσ1T1 +3ib1ω

3
1 A2Ae iσ1T1

)
e iω2T0

+ (id2ω
3
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3
1 A3 e i3σ1T0)e3iω2T0 + cc. (26)

To eliminate the possible secular terms which may appear in
Eq. (26), it is required that

2ω1D1A+ ig2Be−iσ1T1 + c1Aω1 +3d1ω
3
1 A2A

− h2Bω2 e−iσ1T1 −3b2ω
3
2 B2Be−iσ1T1 +αAω1 e−iω1τ1

+ 3βω
3
1 A2Ae−iω1τ2 = 0,

2ω2D1B+
i f2

2
e iσ2T1 + ig1Ae iσ1T1 + c2Bω2 +3d2ω

2
2 B2B

− h1Aω1 e iσ1T1 −3b1ω
3
1 A2Ae iσ1T1 = 0. (27)

At this point, it is convenient to express the complex functions
A and B in the polar form as

A =
1
2

r1 e iθ1 , (28)

B =
1
2

r2 e iθ2 . (29)
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And it is easy to show that

D1A =
1
2

e iθ1
(
ṙ1 + ir1θ̇1

)
, (30)

D1B =
1
2

e iθ2
(
ṙ2 + ir2θ̇2

)
. (31)

Substituting Eqs. (28)–(31) into Eq. (27), yields

ω1
(
ṙ1 + ir1θ̇1

)
+

ig2r2

2
e i(θ2−θ1−σ1T1)

+
c1ω1r1

2
+

3d1ω3
1 r3

1
8

− h2ω2r2

2
e i(θ2−θ1−σ1T1)

−
3d2ω3

2 r3
2

8
e i(θ2−θ1−σ1T1)+

α

2
r1ω1 e−iω1τ1

+
3βω3

1 r3
1

8
e−iω1τ2 = 0,

ω2 e iθ2
(
ṙ2 + ir2θ̇2

)
− i f2

2
e iσ2T1 +

ig1r1

2
e i(θ1+σ1T1)

+
c2ω2r2

2
e iθ2 +

3d2ω3
2 r3

2
8

e iθ2 − h1ω1r1

2
e i(θ1+σ1T1)

−
3b1ω3

1 r3
1

8
e i(θ1+σ1T1) = 0. (32)

Separating real and imaginary parts of Eq. (32), we can obtain
the averaging equations of system (14) and (15)

ṙ1 =
ig2r2

2ω1
sinφ1−

c1r1

2
−

3d1ω2
1 r3

1
8

+
4h2ω2r2 +3b2ω3

2 r3
2

8ω1
cosφ1−

α

2
r1 cos(ω1τ1)

−
3βω2

1 r3
1

8
cos(ω1τ2), (33)

r1
(
φ̇1 + φ̇2

)
= r1 (σ2−σ1)+

g2r2

2ω1
cosφ1

−
4h2ω2r2 +3b2ω3

2 r3
2

8ω1
sinφ1−

α

2
r1 sin(ω1τ1)

−
3βω2

1 r3
1

8
sin(ω1τ2), (34)

ṙ2 =
f2

2ω2
sinφ2−

g1r1

2ω2
sinφ1−

c2r2

2

−
3d2ω2

2 r3
2

8
+

4h1ω1r1 +3b1ω3
1 r3

1
8ω2

cosφ1, (35)

r2φ̇2 = r2σ2−
f2

2ω2
cosφ2 +

g1r1

2ω2
cosφ1

+
4h1ω1r1 +3b1ω3

1 r3
1

8ω2
sinφ1, (36)

where φ1 = θ2−θ1−σ1T1, φ2 = σ2T1−θ2.
Setting p1 = r1 cos(φ1 + φ2), q1 = r1 sin(φ1 + φ2), p2 =

r2 cosφ2, q2 = r2 sinφ2. Equations (33)–(36) can be rewritten
in the Cartesian coordinates as

ṗ1 = −q2 (σ2−σ1)−
g2q2

2ω1
− c1 p1

2
− 3d1ω2

1 p1

8
(

p2
1 +q2

1
)

+
h2ω2 p2

2ω1
−

3b2ω3
2 p2

8ω1

(
p2

2 +q2
2
)
+

α

2
[q1 sin(ω1τ1)

− p1 cos(ω1τ1)]−
3βω2

1
8

[−p1 cos(ω1τ2)

+ q1 sin(ω1τ2)]
(

p2
1 +q2

1
)
,

ṗ2 = −q2σ2−
g1q1

2ω2
− c2 p2

2
− 3d2ω2

2 p2

8
(

p2
2 +q2

2
)

+
h1ω1 p1

2ω2
+

3b1ω3
1 p1

8ω2

(
p2

1 +q2
1
)
,

q̇1 = p1 (σ2−σ1)+
g2 p2

2ω1
− c1q1

2
− 3d1ω2

1 q1

8
(

p2
1 +q2

1
)

+
h2ω2q2

2ω1
+

3b2ω3
2 q2

8ω1

(
p2

2 +q2
2
)
− α

2
[p1 sin(ω1τ1)

+ q1 cos(ω1τ1)]−
3βω2

1
8

[p1 sin(ω1τ2)+q1 cos(ω1τ2)]

×
(

p2
1 +q2

1
)
,

q̇2 = p2σ2 +
f2

2ω2
+

g1 p1

2ω2
− c2q2

2
− 3d2ω2

2 q2

8
(

p2
2 +q2

2
)

+
h1ω1q1

2ω2
+

3b1ω3
1 q1

8ω2

(
p2

1 +q2
1
)
. (37)

Equation (37) is a first-order coupled differential equation
which has to be solved simultaneously. The bifurcation and
stability analysis for the original system (14) and (15) can
now be carried out by using the averaging equations given by
Eq. (37), and will be discussed in more details in the next sec-
tion.

4. Hopf bifurcation control
A represents the Jacobian matrix of Eq. (37) on an equi-

librium, and denotes the characteristic polynomial of the Jaco-
bian matrix as

D(λ ) = k0λ
4 + k1λ

3 + k2λ
2 + k3λ + k4. (38)

Setting

∆1 = k1, ∆2 =

∣∣∣∣ k1 k0
k3 k2

∣∣∣∣ , ∆3 =

∣∣∣∣∣∣
k1 k0 0
k3 k2 k1
0 k4 k3

∣∣∣∣∣∣ ,
and the Hopf bifurcation conditions can be described as fol-
lows:

ki > 0, (39)

∆1 > 0, (40)

∆2 > 0, (41)

∆3 = 0, (42)
d∆3

dτ1

∣∣∣∣
τ1=τ10

6= 0. (43)

Here τ1 = τ10 is assumed as a desired parameter point of Hopf
bifurcation to be created. If system (37) holds for Eqs. (39)–
(43), there will be a Hopf bifurcation at τ1 = τ10. Equa-
tions (39)–(43) are known as the critical criterion of the oc-
currence of Hopf bifurcations, and the stability of the periodic
solutions depends on the higher-order nonlinear terms in sys-
tem (37). So a proper method is designed to match the bifur-
cation critical conditions.
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Assuming that Hopf bifurcation occurs at the critical
point, where a family of limit cycles bifurcates from the equi-
libriums. We can consider stabilizing the bifurcating limit cy-
cles by using time-delay τ1 in nonlinear state feedback.

Under the critical conditions Eps. (39)–(43), a Hopf bifur-
cation of system (37) is created. Further, introducing a linear
transformation

[p1,q1, p2,q2]
T = M[y1,y2,y3,y4]

T, (44)

where M is the characteristic matrix of Jacobian matrix A at
the critical point. Then converting the system (38) into the
form

ẏ = Jy+F (y) , (45)

where

J =


0 −ω0 0 0

ω0 0 0 0
0 0 λ3 0
0 0 0 λ4

 ,

F(y) = [F1(y),F2(y),F3(y),F4(y)]T denotes the nonlinear
terms of the system. We write the stability condition of Hopf
limit circle as

β2 = 2Re

{
g20g11−2 |g11|2−|g02|2 /3

2ω0
i +

g21

2

}
, (46)

where

g20 =
1
4

[
∂ 2F1

∂y2
1
− ∂ 2F1

∂y2
2
+2

∂ 2F2

∂y1∂y2

+ i
(

∂ 2F2

∂y2
1
− ∂ 2F2

∂y2
2
−2

∂ 2F1

∂y1∂y2

)]
,

g11 =
1
4

[
∂ 2F1

∂y2
1
+

∂ 2F1

∂y2
2
+ i
(

∂ 2F2

∂y2
1
+

∂ 2F2

∂y2
2

)]
,

g02 =
1
4

[
∂ 2F1

∂y2
1
− ∂ 2F1

∂y2
2
−2

∂ 2F2

∂y1∂y2

+ i
(

∂ 2F2

∂y2
1
− ∂ 2F2

∂y2
2
+2

∂ 2F1

∂y1∂y2

)]
,

g21 = G21 +2G1
110w1

11 +G1
101w1

20 +2G2
110w2

11 +G2
101w2

20,

G21 =
1
8

[
∂ 3F1

∂y3
1
+

∂ 3F1

∂y1∂y2
2
+

∂ 3F2

∂y2
1∂y2

+
∂ 3F2

∂y3
2

+ i
(

∂ 3F2

∂y3
1
+

∂ 3F2

∂y1∂y2
2
− ∂ 3F1

∂y2
1∂y2

− ∂ 3F1

∂y3
2

)]
,

G1
110 =

1
2

[
∂ 2F1

∂y1∂y3
+

∂ 2F2

∂y2∂y3
+ i
(

∂ 2F2

∂y1∂y3
− ∂ 2F1

∂y2∂y3

)]
,

G2
110 =

1
2

[
∂ 2F1

∂y1∂y4
+

∂ 2F2

∂y2∂y4
+ i
(

∂ 2F2

∂y1∂y4
− ∂ 2F1

∂y2∂y4

)]
,

G1
101 =

1
2

[
∂ 2F1

∂y1∂y3
− ∂ 2F2

∂y2∂y3
+ i
(

∂ 2F2

∂y1∂y3
+

∂ 2F1

∂y2∂y3

)]
,

G2
101 =

1
2

[
∂ 2F1

∂y1∂y4
− ∂ 2F2

∂y2∂y4
+ i
(

∂ 2F2

∂y1∂y4
+

∂ 2F1

∂y2∂y4

)]
,

w1
11 = − 1

4λ3

(
∂ 2F3

∂y2
1
+

∂ 2F3

∂y2
2

)
,

w2
11 = − 1

4λ4

(
∂ 2F4

∂y2
1
+

∂ 2F4

∂y2
2

)
,

w1
20 =

1
4(2iω0−λ3)

(
∂ 2F3

∂y2
1
− ∂ 2F3

∂y2
2
−2i

∂ 2F3

∂y1∂y2

)
,

w2
20 =

1
4(2iω0−λ3)

(
∂ 2F4

∂y2
1
− ∂ 2F4

∂y2
2
−2i

∂ 2F4

∂y1∂y2

)
.

The stability of the bifurcation solutions in coupled sys-
tem (14) and (15) can be estimated according to Eq. (46).
When β2 (τ2) < 0, the created Hopf circle is stable. On the
contrary, if β2 (τ2) > 0, it is unstable. Obviously, β2 is the
function with respect to τ2, and we can control the stability of
limit cycles by time-delay τ2.

5. Numerical results

In order to improve the computation efficiency of the per-
turbation technique, nonlinear coupled equations (14) and (15)
are solved numerically by using the Runge–Kutta method. The
objective is to choose a proper time-delay τ1 to match the crit-
ical Hopf bifurcation conditions and the nonlinear term τ2 to
obtain the stability of the created bifurcation solution.

System parameters can be taken as ω1 = 1.1547, b1 = 0.4,
c1 = 0.2667, d1 = 0.2667, g1 = 0.5, h1 = 0.4, ω2 = 1.095,
b2 = 0.4, c2 = 0.82, d2 = 0.24, g2 = 0.5, h2 = 0.9, f2 = 0.01,
Ω2 = 1.295, α = 0.3. By using Eqs. (39)–(43), one may show
that a Hopf bifurcation occurs in the equilibrium when τ10 =

1.145+5.48k (k = 0,1,2, . . .). After determining τ1 = τ10, we
gain the expression of the stability condition with respect to
the nonlinear term τ2, given by

β2 = 0.0294−0.1803β cos(ω1τ2)

− 0.02147β sin(ω1τ2) . (47)

Choosing β = 0.5, when τ2 ∈ (−0.855+5.291k,1.175+
5.291k) (k = 0,1,2, . . .), we can get β2 < 0, and the system
produces supercritical Hopf bifurcation. System trajectory is
irrelevant to initial values.

When τ2 ∈ (1.175+5.291k,4.536+5.291k) with
(k = 0,1,2, . . .), we can get β2 > 0, and the system produces
subcritical Hopf bifurcation. System trajectory is relevant to
initial values. The numerical simulation (Figs. 1–3) can verify
the results. τ2 should be positive.

When τ2 = 1.1 ∈ (0,1.175) (k = 0), β2 < 0. The limit
circle of supercritical Hopf bifurcation is stable.

When τ2 = 1.2 ∈ (1.175,4.536), β2 > 0, and system pro-
duces subcritical Hopf bifurcation. System trajectory depends
on initial values: when initial values are small, equilibrium
point is locally asymptotical stable, as shown in Fig. 2; when
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initial values are large, the time response jumps to larger am-
plitude and unstable limit cycle, as shown in Fig. 3. The theo-
retical analyses that we can control the stability of limit cycles
by time-delay τ2 in Section 4, are confirmed by the above nu-
merical simulations.
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Fig. 1. Stable limit cycle (a) time history, (b) phase diagram.
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Fig. 3. Unstable limit cycle (a) time history, (b) phase diagram.

6. Conclusions

In this paper, the method of time-delay feedbacks is pro-

posed for controlling the Hopf bifurcation in a coupled non-

linear relative rotation system. The analytical results illustrate

the effect of time delay on the creation of Hopf bifurcation as

well as on the stability of periodic solutions. We can gain the

following conclusions.

(i) Time delay in linear term can affect the creation of

Hopf bifurcations.

(ii) Time delay in nonlinear term can be used to stabilize

Hopf limit circles. Our results can provide a theoretic basis

and a reference for suppressing torsional vibration of rolling

mill by nonlinear time delay.
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