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Hopf bifurcation control for a coupled nonlinear relative
rotation system with time-delay feedbacks”
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This paper investigates the Hopf bifurcations resulting from time delay in a coupled relative-rotation system with time-
delay feedbacks. Firstly, considering external excitation, the dynamical equation of relative rotation nonlinear dynamical
system with primary resonance and 1:1 internal resonance under time-delay feedbacks is deduced. Secondly, the averaging
equation is obtained by the multiple scales method. The periodic solution in a closed form is presented by a perturbation
approach. At last, numerical simulations confirm that time-delay theoretical analyses have influence on the Hopf bifurcation

point and the stability of periodic solution.
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1. Introduction

The study of rich nonlinear behaviors such as bifurca-
tion and chaos has become an important component in the
field of nonlinear system. The research on nonlinear behav-
iors can be found in dynamical system,!'=3! neural network

[7.8] and biological system,*-!1]

system, 4%/ financial system,
etc. The time delay, as a kind of basis nature of the physical
phenomenon, has a great influence on those rich nonlinear be-
haviors of nonlinear system.!!>~'4 For an SIS (Strategic Infor-
mation System) epidemic model!'>! with time delays, the in-
fluence of time delay on the stability of equilibria is displayed.
The action of time delay in a non-autonomous system!!¢-18]
is investigated. It is obtained that time delay may be used as
a simple but efficient ‘switch’ to control motions of a system.
There are many remarkable studies focusing on nonlinear be-
haviors control by using time delay. The band of the satura-
tion control in an auto-parametric dynamical system is inves-
tigated by using the linear delayed feedback.!'2%I Consider-
ing a forced Holmes—Duffing system, the effects of linear de-
layed velocity feedback on controlling the fractal eroded safe
basin are investigated./?3! The nonlinear delay feedback is ap-
plied to move the critical bifurcation point and stabilize the
periodic solution in a relative rotation system.>*! Although
many remarkable studies on uncoupled nonlinear system have
been done as mentioned above, researches on the nonlinear
delayed feedback control in nonlinear coupled systems have
rarely been proposed. The rolling mill system is a represen-
tative mechanical coupled dynamic system and a multi-degree
of freedom system in actual industrial production. Many re-
markable studies on uncoupled nonlinear system of rolling
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mill with two masses have been done.>>2%1 Wang ez al.l?!
investigated the time-delay neural network with two masses
and chaotic control of the complex networks by the method
of Open Plus Nonlinear Closed Loop (OPNCL) and the Time-
Delay Feedback Control (TDFC) respectively. However, the
researches on those dynamical equations with two masses are
not applied to the actual well in work conditions of multi-
degree of freedom. Therefore, in order to analyze thermody-
namical characteristics of this kind of multi-degree of freedom
system completely and effectually, we intend to apply a non-
linear time delay to the coupled system with three masses to
create a Hopf bifurcation and control the stability of periodic
solutions. The research results provide a theoretic basis and
a reference for suppressing torsional vibrations of the rolling
mill caused by nonlinear time delay. This paper is organized
as follows: The dynamical equation of the nonlinear coupled
relative rotation system of a three-mass rolling mill is estab-
lished in Section 2. With the application of the perturbation
technique, averaging equations of coupled system with pri-
mary and 1:1 internal resonances are presented in Section 3.
Section 4 outlines the effect of time-delay parameters on the
creation and stability of Hopf bifurcation. Numerical simula-
tions are performed to verify the analytical results in Section 5.
Finally, conclusions are given in Section 6.

2. Coupled nonlinear relative-rotation system

Considering a relative rotation system of a three-mass
rolling mill, the total kinetic and potential energy of the system
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can be described as

3
= 1 . 1. . 1. .

E=Y -Ji0? = -J,0} + -J,0} + ~J;67 1
;211 211"‘222"‘233» ()
1 2, 1 2

U= 5K12(91 —6) +5K23(92—93) . (2)

The Lagrange function L and dissipation function F are
L=E-U
e ey lneo Lk (6 — 6,)?
= 510+ 510+ 5505 = S K12 (01 = 62
1
— 5Ka3 (62— 63)°, 3)
1 . .o
F = EC(GI 792) . 4)

The generalized torque is

—l

0j=) F3 - (j=123), )
=1 94j

where Ji, J», J3 are moments of inertia. 6; and §; (i = 1,2,3)
are rotational angle and speed of rotational angle, respectively.
k is torsional rigidity, and c is damping coefficient. g denotes
generalized coordinate. Fii = T;+ FF, where T; is generalized
external torque, and FY is generalized damping force. Then
substituting Egs. (3)—(5) into dissipation Lagrange equation

4oLy o or_
dr \ 9¢; dqi  9qi

Ty — K12 (61 — 62) — Ff = J, 64,
K12(61 —92)+F1C—K23 (92—93)—F2C 2.1292,
K»3 (6, — 63) +F5 —T> = J363, @)

Qi (6)

yields,

where 6; (i =1,2,3) is the angular acceleration. The equa-
tion (7) can be changed into another form

(61 —6,) + JIJTJZhKu (61 —62) + ]IJLZJZ Ff
iT] + iKB (6,—63)+ lFZC
Ji J S 7
(6,—63) + Ji:}f K3 (6, — 63) + szj;f Fy
1 1 1.
= E 2+ZK12(91 — 92)+ EFI . (8)

A kind of nonlinear sliding friction force is considered, sup-
posing
. . . . \3
FY =m (61— 602) +n (61— 62)",
. . R . \3
F5=my (6, —63) +n (06— 63)", ©)
where my, my, ny, ny represent the damping coefficients.
Thus, by substituting Eq. (9) into Eq. (8), one may yield
Ji+J

(61—6,) + i

K12 (61— 6,)

J1+J2
JiJ2

Ji+J»
J1J>

+ my (61— 6) + ni (61— 6,)°

1 1 1 . .
— T4 K3 (62— 63)+ —ms (6> — 6
7 1+J2 23 (6 3)+12m2(2 3)

1 . .
+ L (6,— 93)37

(éz - 93) +

Jr+J3
JrJ3
1

1 1 L
= — —Ki2(6, -6 —my (6 —6
7 2+J2 12 (61 2)+J2m1(1 2)

Jo+J3
JoJ3

my (92 - 93) +

K>3 (6, — 63)

Jr+J3

. . 3
s ny (6, — 63)

1 . .
+ LM (61— 92)3- (10)

Setting

S+

JiJa
Lt
s

X1=0—-6, x=0-06, of = K1,
2,  Jt+hs it h

= K»s, ¢ =
JoJ3 S Jih "

nmay,

the equation (10) can be written as

X+ 0Fx] — goxy +c1X) +d1X3 —hoy — b3 = Fy, (1)

jé2+a)22x2—g1x1+czx2 +d2x§—h1x1 —bl)'c? =F. (12)

3. Perturbation analysis of time-delay feedback
system

We consider controlling the Hopf bifurcation of sys-
tem (11) and (12) by a time-delay feedback control law. The
goals of control are: (i) to create Hopf bifurcations at the crit-
ical point; (ii) to stabilize the Hopf bifurcations. We may ex-
plicitly write the controller as follows:

F=—o (t—1)—Bi(t—1). (13)

By adding the controller given by Eq. (13) to systems (11)
and (12), one may obtain the following system with time-delay
feedbacks

X1+ 0fx) — gaxa + 1) +d1X] — oy — b3

= —oky (t—1) — B} (1 — ), (14)
¥ + 03Xy — g1X1 + CoXp + doXs — hyxy — b1 X3
= facos(&t), (15)

where F> = f;cos (£,t) and it represents the external excita-
tion item.
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For Eqgs. (14) and (15), the periodic solutions and their
stabilities can be analyzed with the aid of averaging equa-
tions. Here, the averaging equations are obtained by using the

method of multiple scales. Setting
T,=¢", n=0,1,..., (16)

€ is a small parameter, and then the derivatives about ¢ become
expansions in terms of the partial derivatives according to

d dly 9 dT 9

dr dt 8To+ dr 8T1+ o+eDi+---, (A7)
d2
@:D3+28D0D1+82 (D} +2DoDs) + -+, (18)

where D; denotes d/di, thus one may seek an approximate
solution of Egs. (14) and (15) in the form

x1 =x10(To, 1) +&x11 (To, 1) +- -, (19)
X2 = X0 (To,Tl) + &x71 (T(),T1) +--- (20)

Now substituting Eqs. (17)—(20) into Egs. (14) and (15), yields

(D} +2eDoD1 ) (x10 + €x11) + ©F (x10 + €x11)
= &(goxa — 11 — di i} + hoia +box3
— o) (1= 1) — B (1 — m)),
(D3 +2eDoD ) (x20 + £x21 ) + ©F (x20 + £x21)
= &(f2c08(1) +g1x1 — cpir — dai3 + ki +bi7). (21)

Balancing the same powers of € results in the following or-
dered perturbation equations:

2 2
Dgx10 + wyx10 =0,

Djxa0 + 03x20 =0, (22)

Dixi1 + 07x1
= —2DgDix10 + g2x20 — ¢1Dox10 — dy (Dox1o)’
+ haDax2 + b2 (Doxao)® — aDoxio (1 — 1)
— B[Doxi0(t— w)I’,
D(2)x21 + (022le
= —2DgD1x20 + f2cos (2t) + g1x10 — c2Dox20
— d (Dox20)” + h1Dox10 + b1 (Doxio)” - (23)

The general solution of Eq. (22) in the complex form is given
by

X10 ZA(Tl) eioTo —|—A(T1) e_iwlTO,
x20 = B(Ty) e!®T0 + B(1;)e 12T, (24)

Then equation (23) becomes

2 2
Dix11 + wyx11

= (2@ D1A — iciAw; — 3id| 0 A’A
— oA e 19T —i3Bw]A%Ae 101 2) i1 T
+ (g2B+imBa, + i3b2(1)2332§) el®T
4 (ld] 0.)13A3 4 1[56013143 6731(01 Tz)e3i(1)| Ty
— iby3B* 3100 4 cc,
D§xo1 + 03x21
= (—2i@D1B — ic;Bw, — 3id, @3 B*B) e 270
+ frcos(ot) + (g1A + ihAw; +i3b 0] A*A) e !0
+ idy @3 B3 370 — ip 7 A3 B3O T0 4 ¢, (25)
where cc stands for the complex conjugate of the preceding
terms.
We consider the Hopf bifurcation of system equa-

tions (14) and (15), when the primary resonance and 1:1 in-
ternal resonance occur, and thus let

W, =, + €07,
Q) =+ €0y,
where 07 and o0, are the detuning parameters and ©; =
o(l),(i=1,2).
Equation (25) can be rewritten as
Dixi1 + @ixy
= (=2ioD1A+gBe 19T —iciAm; —3id, 0] A’A
+ ihBwye 19T 4 3iby 3 B?Be 19T —jgAm eI
—3ipwiA?Ae 1) el | (id) A3
_ 1b2a€B3 e—3i61Tl _ 1/30)13143 e—3ia)112) e3i(1)1T() +CC,
D}x21 + 03x2

= (— 2ien DB+ % el 4 g1 A’ — iy Bon
— 3id,3B*B + il Aw; e T 4 3ib, w?A2Aei"lTl) el@To
+ (idy 3B — ib i A3 e 39 T0) 31210 | ¢, (26)

To eliminate the possible secular terms which may appear in
Eq. (20), it is required that
201D1A + ingeiiG] hy c1Awy +3d; waZZ
— hyBaye 19T —3pyw3B*Be 191 4 gA@ e 10T
+3BwiA%Ae 1™ = 0,

20,D B+ % el tigiAei T 4 c;Bwy +3dr 02 B*B

— hAw e —3b 0 A’Aei T = 0. 27

At this point, it is convenient to express the complex functions
A and B in the polar form as

1 .

A= Er,elGl, (28)
1 )

B= Erzelez. (29)
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And it is easy to show that

1 . .
DiA = ' (1 +ir6), (30)

1 . .
DB = 5elez (F2+ir26). 31)

Substituting Egs. (28)—(31) into Eq. (27), yields

o (7 +1ir 91) + 71g;r2 ei(62-01-01Ty)
Cc1ory 3d1(1)13r%_hz(l)zrzei(gz,glfglﬂ)
2 8 2
3d2(1)§}”3
8
3Boir)
e

8

ei(92*91*01T1)+gr1wle*iw11’1
—ion _
12— (),

if2 jien , 18171 i(ei+oT)
5 e + > e
(X023 %) ei62 i 3d20)23r% 6192 . hl(l)lrl
2 8 2
3.3
_ ?’bl% ei@i+oiT1) — (. (32)
Separating real and imaginary parts of Eq. (32), we can obtain

(x)zeiez (f’z + irzéz) —

el(@i+aTh)

the averaging equations of system (14) and (15)

. igzrz . cir M
1= 2, Sing: 2 8
4hyanry+3by 513 o
n S0 cos Oy — 3" cos (i Ty)
3Bwir
_ %cos(wﬂz)a (33)
. . r
(91 +¢2) = (02—61)+%cos¢1
4h 3by3r3 o
_ 2602”28‘;1 200515 sin¢1—§r15in(wlrl)
3Bwir
_ %sin(wl ), (34
Py = %Sin%—%smm_%
3drw3r;  4hjoyr +3bwir
B 82 3 o Ll cosgr, (35)
r2¢2 = VZGZ_%COS%+%COS¢I
4hywyry +3b @3
LR UL (36)

where (Pl = 92 — 91 — GlTl, (}b = Gle — 92.

Setting pi = ricos(9y + 2). q1 = risin(d1 + ¢2), p2 =
rycos Pn, g2 = rasin¢,. Equations (33)—(36) can be rewritten
in the Cartesian coordinates as

©q apr 3dioipr, 5, 5
)= Se 2~ 5 (i+a)

haps 3b2@3py 5 o O
- = o T
o S0, (pz+LIz)+2[qlsln( 171)

3Bw?
8

P1 = —q2(00—0

— D1 COS((Dl‘L'l)]— [—pl COS(a)1T2>

+ gisin(01 )] (pT +41)

o g1 apy 3hoipy 5
P2 = —q202 20, > 3 (P2+612)
hopy  3bioip , 5
+ 20, 80, (P1+Q1)7
. @pr aq 3diorq , 5 5
g1 = pi (o 1)+2wl 5 2 (Pt +4i)
hg 3br03q , 5 5 & .
-= T
+ 20, + 8oy (P2+612) 2[1915111( 1T1)
3B w? )
+ g1 cos (0171)] — ﬁS L [p1sin(@ %) + g1 cos(@ 1))
x (pi+4qi),
. Lo e @ 3dh0igp, , 5
e G —_— — —
q2 P2 2+2w2+ 20, > ] (P2+q2)
moig  3biodq , 5,
. 37
T ey T R, (PIT) (37)

Equation (37) is a first-order coupled differential equation
which has to be solved simultaneously. The bifurcation and
stability analysis for the original system (14) and (15) can
now be carried out by using the averaging equations given by
Eq. (37), and will be discussed in more details in the next sec-
tion.

4. Hopf bifurcation control

A represents the Jacobian matrix of Eq. (37) on an equi-
librium, and denotes the characteristic polynomial of the Jaco-
bian matrix as

D(A) = koA* + ki A3 + A% + ks A +ky. (38)
Setting
ki ko O
Ay =k, Az—‘zl io s A3 =k kay ki |,
30 0 ks ks
and the Hopf bifurcation conditions can be described as fol-
lows:
ki >0, 39)
A >0, (40)
Ay >0, (41)
A3 =0, (42)
dAa
== £0. (43)
dzy T1=T10

Here 71 = 719 is assumed as a desired parameter point of Hopf
bifurcation to be created. If system (37) holds for Eqgs. (39)—
(43), there will be a Hopf bifurcation at 7; = 719. Equa-
tions (39)—(43) are known as the critical criterion of the oc-
currence of Hopf bifurcations, and the stability of the periodic
solutions depends on the higher-order nonlinear terms in sys-
tem (37). So a proper method is designed to match the bifur-

cation critical conditions.
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Assuming that Hopf bifurcation occurs at the critical
point, where a family of limit cycles bifurcates from the equi-
libriums. We can consider stabilizing the bifurcating limit cy-
cles by using time-delay 7; in nonlinear state feedback.

Under the critical conditions Eps. (39)-(43), a Hopf bifur-
cation of system (37) is created. Further, introducing a linear
transformation

[p17q17p23q2]T:M[ylay27y3vy4}Ta (44)

where M is the characteristic matrix of Jacobian matrix A at

the critical point. Then converting the system (38) into the

form
y=Jy+F(y), (45)
where
0 —awp 0 O
J— w 0 00
10 0 A 0 |
0 0 0 A

F(y) = [F(y),B(y),Fs(y), F4(y)]T denotes the nonlinear
terms of the system. We write the stability condition of Hopf
limit circle as

_ 820811 —2lgnl* — gl /3. | g
B, = 2Re{ 200 1+ > (- (46)
where
1 [82F1 %R 0%F,
S N N A
4 (82F2 B 82F2 5 82F1 >:|
dyi 9z ondy2) [
o = l |:82F1 n 82F1 4 (82F2 n 82F2>:|
i 4 Qy% By% By% ay% ’
1 [82F1 PR R
270 T 9 Tovom
i (aze _I*h 9°F ”
3y% 8y% dy19y2 '

11 11 ) )
821 = Ga1 +2G 1owy; + Gio1wao + 2GT1ow11 + Glo1wao,

Gy — 1[835 9 F PR R
8 dy; dyidy; dyidy: 9v3
. 83F2 (93F2 (93F1 83F1
+1(a3+aa 9H2a 33”’
yi  ovidy; dyidy: 9y
Gl 1[ IR I’°F, < R R )
10 = 5 [ 9yidys | dyadys | \dyidys  Iyadys )]’
o2 1[ IR 82F2 ( °F 9°F )
10 = 3 | Gyidys T ayadys  \Fyidys  dvadya )]
Gl 1 [ 82F1 82F2 < 32F2 82F1 )_
012 [9yidys  9y20ys dy19y3 a)’29}'3 ’
2 1 9’k 82F2 < 0°F, 82F1 )
1 2 [ 9y1dys &y28y4 8y18y4 dy20ys )|’

| 1 (J°F J*F
PR [EE— + JE— R
423 8y% ay%

win =
NER 82F4+82F4
I aa\ oy 93 )’

| 1 (82F3 ’F, . I°F )
W = ; —2i )
4(2ian —X3) \ dy} 9y} dy19y>
e 1 (82F4 _I’Fy Y J*Fy )
0 4Q2im—23) \ 9y} 9y3 dyi1dy2 )

The stability of the bifurcation solutions in coupled sys-
tem (14) and (15) can be estimated according to Eq. (46).
When S, (172) < 0, the created Hopf circle is stable. On the
contrary, if B2 (1) > 0, it is unstable. Obviously, 3, is the
function with respect to 7, and we can control the stability of
limit cycles by time-delay 7.

5. Numerical results

In order to improve the computation efficiency of the per-
turbation technique, nonlinear coupled equations (14) and (15)
are solved numerically by using the Runge—Kutta method. The
objective is to choose a proper time-delay 7; to match the crit-
ical Hopf bifurcation conditions and the nonlinear term 7, to
obtain the stability of the created bifurcation solution.

System parameters can be taken as w; = 1.1547, b1 =0.4,
c1 = 0.2667, di = 0.2667, g1 = 0.5, hy = 0.4, @, = 1.095,
by =04,c,=0.82,d,=0.24, g =0.5, h, = 0.9, f, =0.01,
€, =1.295, ox = 0.3. By using Egs. (39)—(43), one may show
that a Hopf bifurcation occurs in the equilibrium when 7j9 =
1.145+5.48k (k=0,1,2,..
gain the expression of the stability condition with respect to

.). After determining 1) = T}0, we

the nonlinear term 7, given by

B2 = 0.0294 —0.1803B cos (0 T2)
—0.02147B sin (0, 12) . (47)

Choosing § = 0.5, when 1 € (—0.855+5.291k,1.175+
5.291k) (k=0,1,2,..
produces supercritical Hopf bifurcation. System trajectory is

.), we can get B < 0, and the system

irrelevant to initial values.

When 1w, € (1.175+5.291k,4.536+5.291k) with
(k=0,1,2,...), we can get B, > 0, and the system produces
subcritical Hopf bifurcation. System trajectory is relevant to
initial values. The numerical simulation (Figs. 1-3) can verify
the results. 7, should be positive.

When 7, = 1.1 € (0,1.175) (k=0), B> < 0. The limit
circle of supercritical Hopf bifurcation is stable.

When 17, = 1.2 € (1.175,4.536), 3, > 0, and system pro-
duces subcritical Hopf bifurcation. System trajectory depends
on initial values: when initial values are small, equilibrium
point is locally asymptotical stable, as shown in Fig. 2; when
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initial values are large, the time response jumps to larger am-
plitude and unstable limit cycle, as shown in Fig. 3. The theo-
retical analyses that we can control the stability of limit cycles
by time-delay 7, in Section 4, are confirmed by the above nu-
merical simulations.
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Fig. 1. Stable limit cycle (a) time history, (b) phase diagram.
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Fig. 2. Stable focus (a) time history, (b) phase diagram.
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Fig. 3. Unstable limit cycle (a) time history, (b) phase diagram.

6. Conclusions

In this paper, the method of time-delay feedbacks is pro-
posed for controlling the Hopf bifurcation in a coupled non-
linear relative rotation system. The analytical results illustrate
the effect of time delay on the creation of Hopf bifurcation as
well as on the stability of periodic solutions. We can gain the
following conclusions.

(1) Time delay in linear term can affect the creation of
Hopf bifurcations.

(i1) Time delay in nonlinear term can be used to stabilize
Hopf limit circles. Our results can provide a theoretic basis
and a reference for suppressing torsional vibration of rolling

mill by nonlinear time delay.

References
[1] Moradi, Hamed, Alasty, Aria, Vossoughi and Gholamreza 2013 Energy
Convers. Manag. 68 105
[2] Zhang K M and Yang Q G 2010 J. Syst. Sci. Complex. 23 748
[3] Liu B and Meng Z 2008 Acta Phys. Sin. 57 1329 (in Chinese)
[4] Touboul and Jonathan 2008 SIAM J. Appl. Math. 68 1045
[5] LinY P,LiJ B and Zhao X H 2003 J. Syst. Sci. Complex. 16 46
[6] PeiL J and Xu J 2005 Chin. Quar. Mech. 6 269 (in Chinese)
[71 MaJH, Cui Y Q and Liu L X 2008 J. Syst. Sci. Complex. 21 250

[8] Ma C and Wang X Y 2012 Commun. Nonlinear Sci. Numer. Simul. 17
721

[91 Yuan S L and Ma Z E 2001 J. Syst. Sci. Complex. 15 299

[10] Hassouneh M, Nguyen V, Balachandran B and Abed E 2013 J. Comput.
Nonlinear Dyn. 8 21003

104502-6


http://dx.doi.org/10.1016/j.enconman.2012.12.027
http://dx.doi.org/10.1016/j.enconman.2012.12.027
http://dx.doi.org/10.1007/s11424-010-8084-y
http://dx.doi.org/10.1137/070687268
http://dx.doi.org/10.1007/s11424-008-9108-8
http://dx.doi.org/10.1016/j.cnsns.2011.05.029
http://dx.doi.org/10.1016/j.cnsns.2011.05.029

Chin. Phys. B Vol. 23, No. 10 (2014) 104502

[11]

[12]
[13]
[14]
[15]

[16]
[17]

Balakumar B, Tamds K N and Gilsinn D E 2009 Delay Differen-
tial Equations: Recent Advances and New Directions (New York:
Springer-Verlag) p. 231

Zhang F F, Liu S T and Yu W Y 2013 Acta Phys. Sin. 62 220505 (in
Chinese)

Li X J, Chen X Q and Yan J 2013 Acta Phys. Sin. 62 160202 (in Chi-
nese)

Lakshmanan M and Senthilkumar D V 2011 Dynamics of Nonlinear
Time-Delay Systems (New York: Springer-Verlag) p. 154

Yuan S L and Ma Z E 2001 J. Syst. Sci. Complex. 14 327

Xu J and Chung K W 2003 Physica D 180 17

Xu J and Chung K W 2009 Chaos, Solitons and Fractals 40 28

(18]
[19]
[20]
[21]
[22]
[23]
[24]

[25]
[26]
[27]

104502-7

Wang X Y and Wang M J 2009 Acta Phys. Sin. 58 1467 (in Chinese)
Zhao Y Y and Yang R M 2011 Acta Phys. Sin. 60 104304 (in Chinese)
Zhao Y Y and Li C A 2011 Acta Phys. Sin. 60 114305 (in Chinese)
Wang X Y and Zhao Q 2008 Acta Phys. Sin. 57 2812 (in Chinese)
Wang X Y and Meng J 2008 Chin. J. Comput. Phys. 25 247

Shang H L 2012 Acta Phys. Sin 61 180506 (in Chinese)

Liu S, Liu B, Zhang Y K and Wen Y 2010 Acta Phys. Sin. 59 38 (in
Chinese)

Shi P M, Liu B and Hou D X 2008 Acta Phys. Sin. 57 1321 (in Chinese)
Shi P M and Liu B 2007 Acta Phys. Sin. 56 3678 (in Chinese)
Wang X Y and Tang Q 2012 Chin. J. Appl. Mech. 4 410 (in Chinese)


http://dx.doi.org/10.7498/aps.62.220505
http://dx.doi.org/10.7498/aps.62.220505
http://dx.doi.org/10.7498/aps.62.160202
http://dx.doi.org/10.7498/aps.62.160202
http://dx.doi.org/10.1016/S0167-2789(03)00049-6
http://dx.doi.org/10.1016/j.chaos.2007.07.032

	1. Introduction
	2. Coupled nonlinear relative-rotation system
	3. Perturbation analysis of time-delay feedback system
	4. Hopf bifurcation control
	5. Numerical results
	6. Conclusions
	References

